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An indefinite integral. Methods of integrating.
6.1 Antiderivative, properties of an indefinite integral.

The function F(x)is called an antiderivative of the function
f(x) in the interval (a,»), if F(x) is differentiable vxe(a,b) and
F'(x)= f(x).

1°. If F(x) is an antiderivative in the interval (a,b) then
F(x)+ C, where C is any constant , is also an antiderivative.

2°. If A(x) m F,(x) are any two antiderivatives, then
F (x)- F, (x)= C, whence A (x)=F,(x)+C.

The set of all antiderivatives F(x) of a function 7(x) is called an
indefinite integral and is designated by the symbol

j f(x)dx= F(x)+ C.

Properties of an indefinite integral

1O (] 700 = f( X).
° al[ A(x)ax)= F(x)ax
So.jd/-‘ = F( )+c.
4°, [ cr(x)ax=c[ f(x)ax
50 I(ui V)dX:IUdXiI vax.
The table of basic indefinite integrals

. ax
1. | dx=x+C. 13.'[—
J /Xz + g2

+C (n=-1). 14. [tgxax=—In|cos x + C.

—Inlx++/x%+a% +C.

n+l

2. [ x"ax==

n+1
3. .~Cf)((:ln)¢+c (x=0). 15. J.ctgxa’x:ln\sin)¢+c.
X
4 [a*ax=2" +cC (0<a=1). 16. I Earctgi(Jr C.
© Ina X +a a a
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5. [eXdx=eX + C. 17. jdxzarcsin i(+ C.
J 2 2 a

a —X
g C

6. [ cos xax=sin x+ C. 18. I—
y sin x

7. |sin xax=—-cos x+ C.

8.j ax__ tgx+ C. 19. j ntg(§+£) +C.
cos? x COS X 2 4
Q. j ax = —ctgx+ C. 20. Ishx ax= chx+ C.
sin 2 X
arcsin x+ C .
10. j _{ - 21. [ch xax=sh x+ C.
1 X2 —arccos x+ C -
arct C .
1. [ 2 Qe K _harc
1+ X —arcctgx+ C “ch? x
12. I iIn a+j+c. 23. | ax =—cth x+ C.
_X2 2(3 a-— * Sh2 X

Whlle integrating the functions we rarely have an opportunity
directly use the basic formulas. As a rule, the integrand has to be
transformed in order to convert the integral to the tabular. Some
examples of such transformations are presented below:

Examplel
j1+} ax= jl+i§;x ax= jx3/2dx+2jx1/2dx+jxl/2dx—
XN X
2xV2 Lax? o §x3/2+6‘.
Example 2.
1+2x% Jax {1+ x% )+ X2
T b e
Example 3.
ax 1 2 a2 1 (w2 Z1)aol=
e e L
K +1- (2 1) d  1p ax _1 [1-x 1
L ot e

Example 4.
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2 2

ax sin“ x+cos“ x ax ax
= ax= j + = lgx— clgx+ C.
2 2 2 2 2 2
sin© xcos“ x sin © xcos“ x Cos“ x “sin“ x
Example 5.

ax 1, ax 1
[— == = — = cigx+ C.
1-cos2x 2°gjp2 x 2

dx
X+1+-/x-1
Solution. Getting rid of irrationality in a denominator, we get the
following:

J =;I( X+1- x—l)dx=;J(x+1)md(x+1)—;J‘(x—l)l/zd(x—l)=

=1\/(x+1)3 —J(x-1? +cC.

Example 6. J =

3

Example 7.
=8 300 ae= = o2 ) = [0 T10 R ol )
;J'(xz+l—1 1+x2d(x2+1):;j(x2+1 1+x2d(x2+1)—;j«3/1+x2d(x2+1)=

:;J.(XZ +1)4/3 0’()(2 +1)—;I(X2 +1)1/3 0’()(2 +1):1?;r()(2 +1)7/3 —2()(2 +1)4/3 +C

Note. While integrating the same function the results can be
different by their shape. Actually they are either identical, or differ on
some constant value.

The theorem (about invariance of the formulas of integrating).
The shape of the formulas of integrating remains invariable in spite of
whether variable of integrating is an independent variable or some
differentiable ~ function, ie. if [ A(x)ox=F(x)+C  then

J Flo(x))dp(x)= Flo(x))+C.
This theorem allows converting of many integrals to the tabular.
Examples.

1 1 1
1. IXE’XZ ax= XdX:Zd(XZX:ZIeXZ a’()(z):zas'x2 +C.
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2. [sin > xcos xdx=|cos xdx= d(sin x)| = [sin > xd(sin x)= +C.
(arctgx)? X 2 (arctgx)®
3. | d(arctgx) = [ (arctgx)® d(arctgx)= +C.
1+ X l+ )(2
4. I Xax __ d(Xz) : :;arcsin2+ C.
2? (¢
ax |ax d(In x)
xinx | x (In ) J In x n[in A+

6. I jjzl)z(x =|eXax= a’(ex]:j zzd(e(:i)z :arcsinezx+ C.

7 sin xcos xax _ 2(&2 —b2 )Sin XCOS XX = d(az s,in2 X+ b2 COS2 X} =

Ja?sin? x+ b2 cos? x

1 a’(a2 sin? x+ b° cos X) Ja sin? x+ 6% cos? x
= T — 5 5 5 +C, a#b.
Z(a -b ) Ja%sin? x+ b% cos? x (a —/7)
cos xdx= d(sin x) _
8. J' COSXOX | os2x=1-2sin2 x | = d(sin x)

2+C0s2x .9 \/3-2sin? x

2+C0S2Xx=3-2sIn

dl2sinx) 1 J2sinx

arcsin

1
_ﬁjx/3—23in2x_ﬁ /3

+ C.

O
R ]
A
HOREEE
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10 sin xcos xax cos? Xtgxax tgxax

sin® x+cos? X_ cos? x(l+ z‘g4x)_ cos 2 X(l+ z‘g4x):

g _1 w 1 d|1g? x|

) =—d\lg° x| ==

cos® x 2 2 ‘1+tg4xb

= ; arcz‘g(z‘g2 x)+ C.

6.2 Methods of integrating
6.2.1 Integrating by Substitution (Change of variable)

The method of substitution is one of the main methods for calculating
indefinite integrals. Let the function x=¢(¢)be continuously
differentiable and monotone, then

[ F(x)ax=[ fo(2))e'(t)at.
This method is present in several examples below:
Examples.
1. /= J Sl
4x% —4x+17

Solution. Let’s allocate a full quadrate in the denominator.

2
AX% —4 x+17 = 4()( —X+3-J+16=4(X—;j +16. Then

R
1 3x-1 2 1 (“1}1
lz—j X dx=x=u+"|. —f au =
4 1 2 2
(X_Zj +4 ax= aqu

_3q v +1 au In(u +4)+1arctg +C=
472 14 8u2+4 8 16

:?’In(x2 —X+17)+larcz‘g ~l.¢c
8 4 16
2. /:J 2X+D ax.
X +6x+2

Solution. Let's transform the subduplicate allocating the full
quadrate:

x* +6x+2=(x+3)% -7, then
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X+3 =
2X+5

/:I 0'X—XU3—I US+5

oo’ -17).
()(+3)2 -7 dx= du Ji JF j\/Ui—

—Inju+-u? -7/+C= —In x+3+~/ X° +6x+2 + C.
u2 7 X% +6x+2
3.1=[, T
3/2
(h )/
Solution. The 1% way (change of variable):
X=1[gt ax= at
/= COSzl‘
3/2
(2 422 2
COSsl‘
1+ ctg?t=
_ sin? ¢ X
/= [costdt=sint+ C= ) = +C.
sing= | 9L _ X 1+ x°
1+ 9%t 1+ X2

The 2" way (direct calculus)

a 1 1 )72 1
/=] ’; 2=, (1+ij d(“xzj:
)(3(1+X2j

:—1 -2 1+i 2+C: “ ic
(-2)
1+ x°

4 ax _J‘ ax _
sin? x+ 65sin xcos x—16¢c0s? x 2 sin? x _sinx
CoS +6 —-16
cos? x  COSX
altg x
(tg %) =|t= tgxf__J‘ —Int 2+C=
tg? x+ 6tg x—16 (t+3)% —25 10 [7+8
tg x—2
=—In 9x + C.
10 |tg x+8
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cos® x ( ) 3
5. X t= (| —tr2- 2 |ar=
I2+S|n)( )4 sm)ﬁ j 2+t I( ’ 2+t‘j
2 2
:—[2+21‘—3In(2+z‘)+ C‘:—Sln2 X4 2sin x—3In(2 +sin x)+ C.

mo I
The integrals of the form j XM, xS .., x" Ja’x, where R is a

rational function of its arguments are calculated by the substitute of
the variable x=¢¥(k is a common denominator of the fractions),
allowing to avoid irrationality.

ax
6. /= — "
jﬁ(()(+1)
Solution. In the given example k=2, therefore it is necessary to

make a substitution x= 2. Then
20t _, I

At +1) 1% +1

This integral can be also calculated directly.

= 2arctgt+ C = 2arctg-/ x+ C.

The 2™ way: A5
X ax
/_Iﬁ((x+1) N 20(-/x) = 2[( P _Zarcz‘gﬁﬁc
x=t*
7 dx ye s :j“gd[:q[zd":q([z_l)ﬂdt:
“Heelx dx=4t3df et i i
ot (£-1)°
=4 [(t-1)ar+ z‘+1j 4 +In(z+1) |+ C=

2
_4 W+In(%+l)}+ C

While integrating the expressions like R(x,«/xz J_raz) we use the

following substitutions:
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a
xX=a-fgt, dx= al
a) JR(X,V62+X2 )O'X / cos? t

X=a- Sht: dx=a- chtadt

x=asint, dx=acostat
b) jf?(x,m)dx 'I

X=4acost;, dax=-asin td
a acost
= ax=- d

C)IR( X -a j sin ¢’ sin ¢t -

X=a-cht; dx=a-shtat

8.
Ixz 1— x2 a’x:fsin2 t/1-sin? tcos z‘a’tzj'sin2 tcos 2 fdtzijsinz 2 tdt =

— i . sin(4arcsin x
1 1COS4[0’1‘=1(1‘—S|n4[j+6:;(arcsmx— ( )j+c

4 2 8 4 4
|x=cnt ch®tshtdt . ch®t shtolt

0. 1=[ X% - S ~ [ ch? =

j1+ chat 1(z‘+ sh2 z‘)+ C= (arcc/v(+1 sh(2 arcchx)j +C.
2 2 2 2
5
10. 3=[* ox
J1-x2
Solution. The 1% way (change of variable)
5 X =sint, dx=costdt

J =j'XdX > = [ sir z‘a’t:—j(l— cos? 1‘)2 dcost=

\J1-x? 1-x* =cost

2 1
- —j(l— 2cos’t + cos? t)j cost = —cost + 3c:os;?’t - 50035t =

|- (-2 e L2 )-

cost=A1— x*
- 115 1-x2(g+4x? +3x* )+ C.
The 2" way.
_ X ax |7 =1-x, 2tdt=-2xax _
1_ 2 X =1-20+1", Xax= —(1—21‘2 + 1 )z‘o’
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= t(1_2t2 +t4)dt :—j(l—zt2 +t4)dt :—(t—§t3 +%t5j+cz

t

—115(8 +4x% +3x* J/1-x% +C.
11.
ﬁ

COSX t

—sin xax= a’J [/2 [2

sin xax

cos x°/1+ sm X

-]

Jﬁ 43—1+cz e +C.
J2 COS X
While calculating the integrals like j ax we use

a+ bcos x+ csin x
. . . . . X
the universal trigonometric substitution rg— =t or x=2arctgt. Then:

2th
. )
sin x= 2 _ 21 , COS X= 2:1 g , ax= 21

2 2 2
1+[92;( 1+¢ 1+th;( 1+¢ 1+¢

ax
9 +8¢0S x+sin X
Solution. Taking into consideration the formulas above, we get:

12./:[

z‘gi(+1
+C

a(t+1
/=I2d[=2j (+1) ::EarctgilJr C:Earctg
12 +2t+17 (z‘+1)2 +42 4 2
The integrals like

) I P, (x)ax ax

) |

Jax® + bx+ ¢ (x—a)" | ax? + bx+ c

The integral 0) by the substitution x—a = 1 Is converted to the integral
Z

a). The integral a) is calculated by the method of undetermined

coefficients according to the following formula::

P a.
m () = O (X ax® +bx+c+ Af
ax? +bx+c

ax
\ax? + bx+c
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where P, is an m-degree polynomial, @, ; IS an m-1-degree
polynomial with undetermined coefficients, A — indefinite const.

2
13 IZ_[ (X +1)a’x .
J— x* +3x-2
Solution.
2
| (X +l)dX = (ax+ b)— x* +3x-2+ A ax .
X/—X2+3X—2 X/—X2+3X—2
Let us differentiate the both parts of the obtained equality:
(XZ +1) = (ax+b) “2Xt3 o +3x-2+
Jox 13x-2 2= 22 +3x-2
A
+ .
J— X? +3x-2
Let’s multiply both parts of the equality on Jox® +3x-2.
X +1=—ax? +2ax—bx+2b—ax2 +3ax—2a+ Aor
2 2 3 3
X +1l=-2ax +x(2a—b+3aj+2b—2a+,4.
Let's equate factors at identical degrees x:
1
-2a=1= a=——.
2
Ya-b=0= p=2a=-—2__9
2 2 2-2 4
E13—2517+ A=1 = A=1+2a—§b=l—l+§:§.
2 2 8
Then
/:—%(2x+9)\/—x2 +3x—2+%j ax =—2X:9\/—x2 13x-2+

(-3
R X_i
4 2
27 .
+? arcsin(2x-3)+ C.

The integrals like jﬁ[x,/vw,...,p/ ax+b ]a’x, where R is a
31X+b1 a1X+b1

rational function of its arguments, are calculated by the substitution
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ax+b
aLx+b
allowing to avoid the irrationality.

14. /= j
J X+2
Solution. Let’s transform the denominator:

Y(x-1)° (x+2)° % (et O (e 2 :%-1)8[”2]5 _

(x-1)°
x-11 x-1"

= t¥ (where k is the least common multiply of the fractions)

Then
22 _ga (D)=062) sy

/_j ax ~ x-1 (x-1)2 ~

X+2(X—1)24 X+2 _3dX :4t,3d[’ dX :—ﬂl‘gdt‘

x-1 x—1 ( 2

3

__4plar_4 4 +c

3 [4 t 3f X+

6.2.1 Method of integrating in parts

Let the functions w=u(x),v=1x) have the continuous
derivatives, then the following formula of integrating in parts is valid:
[ udv=uv- [ vau)

Note. The formula doesn’t produce the final result but only
transforms the problem from calculating the integral j uadv 1o

calculating the integral j vau, that at the successful choice of u and v

can be much more simple.

It should be mentioned there are no common methods for the
right choice of u and v, but we can try to give some recommendations
for certain cases.

205



As a rule, the method of integrating in parts is used in the case
when the integrand includes the product of rational and transcendental
functions and other methods are unsuitable.

For example, IP X)COS oLXaX, IP X)sin a.xax, IP x)e** dx,
I x¥ arctgxax, j XX In xax, etc.

If the integrand has a look like P, (x)cosax, P, (x)sinax,

P, (x)e**, the polynomial ~,(x) is selected as u.

If the integrand is a product of logarithmic or inverse
trigonometric functions and a polynomial, the mentioned functions are
selected as u.

Examples.
1.
u=x, au=4d
jxsin Xax dv=sin xdx | =— Xcos X+jcos X0X= — XCOS X+sin x+ C.
V=—C0S X
2.
u=arctgx, au= ) )
jxarctgxdx: 1+ x ] _ arctgx- > — 1 I 2o
2 2 1+ x2

dv= xdx, v= X2

X;arctg —I%de:iarctgx—;jdm;jlj; _
2

X arctgx— X + 1 arctg x+ C.
2 2 2

In some cases due to the method of integrating in parts we
manage to obtain the equation concerning the initial parameter.

3. /:j | a? + X dx.

Solution. The 1% way (integrating in parts).
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u=-a% + x* au = Xox
/:jx/a2+)(2dx: a2+ x%|=

dv=adx, v=x

X a +x? —[a%+x 0’)(+av2
j ; Ix/af + x°

=x/a% +x% —/+a? In(x+x/x2 +a? )+2(,‘

Thus, we obtain the equation concerning the initial parameter, i.e.
concerning 1. Solving this equation, we obtain:

21=x/a’+x* +a° In(x+x/x2 +a2j+26‘
/=;(X\/a2 +X° +a° In[x+x/x2 +a° D+C

The 2" way (integrating by method of change of variable).

X= asht
/:jx/ar2 + X% dx=| dx= achtat =azjc/721‘dz‘:
a% + x% = ach
t -t
X —
sht‘:—:e 4
a 2
t Xt \/32+X2 t
2 e = . e >0,
a l' a a _

—f (1+ch2t)dt=""—"+"—sh2t+c =
2 4

=In(x+x/ X2 + 32 )—Ina
2x«/a2 + x2

32

Sh2t=2shtcht=

:;x/az + X +E;2In[x+x/a2 +XZJ+C

4.
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u:i, au= S|n2x ax
COS X i
/:I ax CoS“ X ltgx—j tox sinx
cos® x | 4 ax oS X cos? x
V= , V=1lgx
cos? x
t9x in 2 fgx 2 fgx
R _Ism X e 9 _J-l cos” x . _.[ ax +I ax _
COSX * cos3 x COS X cos® x COSX * cosd x ° COSX
gx
:g—l+lntg( j+26‘
COS X 4

Similarly, like in the example 3, we obtain the equation
concerning 1, which solution gives us the following:

X T
g -+ | |+C.
o{5+3))

5 /= j e?X cos nxax

u=e%, du=ae®dx
axSinx  a

j e?X cos nxax= - —e J'eax sin nxax=
sin n.
dv=cos nxax, Vv= n

n

u=e%, du=ae®dx
coS /1x| =
n

adv=sin nxdx, v=-

:eaxsinnx_a eaXcosnx a
n n n

j e?¥ cos nxdx | =

/

ax 2

e .
=—— SIN /IX+
n

/+C.

acos nx) a

n 2

n
az X
/| 1+ |=——(nsin nx+ acos nx)+ C.
n*) n

: C
/ziz(nsm NX+ acos nx)+ﬁ/7 =
as+n as+n

_ ei(nsin nx+ acos nx) + C; .

82 +-ﬂ2

The method of integrating in parts is combined with the method
of integrating by substitution of variables.
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For example,
6.

_ 42 _
/:J'sin2 (ﬁ()a’x: ;_ t2 ’ :Zj'z‘sin2 z‘dz‘:ZJ'z‘lczOSZZ‘dt:
X=21al
2 u=t, au=at 2 .
t t sin2t 1, .
= — | tcos2tdt= i =——t + = |sin2fdt=
2 J adv=cos2tdt, v= sin 21 2 2I

2 .
=t2 - [sm22t_ icosZH sz((ﬁ(—sin 2&)—31005 2-/x+ C.

6.2.3 Integration of rational fractions

The antiderivative function exists for any continuous function (it
can be strictly proved). However, the problem of finding the analytical
expression of the antiderivative function in the elementary functions,
I.e. in final combination of elementary function, has an exact solution
only in some separate cases. Here is the table of “similar” integrals,
but the integrals in the first line can be represented in the elementary
functions, and at the second — those, can’t be integrated in the
elementary functions.

ax Ie‘ﬁ(a’x Jln Xax I ax IearCSi”XdX I@dx

sin x X m
Isin xdx J‘e—XZ o | [ ax [ e aix | [ /sin xax
X In x X 41

Only rather small class of functions can be integrated in the
elementary functions. For example, Chebishev has proved the theorem

the integral from the differential polynomial jx’”(a+bx” )p ax, where

n, m, p are the rational numbers, can be expressed through the
elementary functions only in three following cases:

1.p is an integer (Consider x=¢", where N is a common
denominator of the fractions m and n)
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m+1

2. is an integer. (Consider a+ bx” =", where N is a common

denominator of the fraction p).
3 m+1

n
common denominator of the fraction p).
The rational fractions belong to the functions, which integrals
can be expressed through the elementary functions. Rational fraction
we call the following relation:

+p is an integer. (Substitute b+ax™” =t", where N is

R(%) Po(x)  agx” +a X"+ +a, x+a,

CQm(x) Bo X+ by X 4 v b xt b,
Any rational fraction can be represented as a sum of a

polynomial and elementary fractions. Elementary fractions are the
fractions of the four following types:

b) .
(x-a)”
Ax+ B

X2+ px+q

Ax+ B
()(2 + pX+ q)n
Finding the integrals of the rational fractions should be carried
out according to the following scheme:
1. If n > m (the improper fraction), we should secure an

integer part, presenting the integrand as a sum of the integer part of a
polynomial and proper rational fraction.

2. Disclose the denominator of a proper rational fraction
Q,,(x) on the factors, correspondent to real and couple of complex

, where (p? —44)<0.

c)

d)

roots, i.e. factors like (x—a)~, (XZ + X+ q)rwhere (p? -44g)<0.
3. Disclose a proper rational fraction on simplest according to
the following theorem:
The theorem. If
O (X)=by (x-a)* (x-b)P ...(x2 + pX+ q)“ ...(x2 + Ix+ s)v,
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then proper irreducible rational fraction R(x)= () can be
m\ X
represented the following way:
P
R(x)= ”(X): A4, a +ot At —2 5
Omn(%) (x-a)* (x—a)*?! (x=a)  (x=p)P (x-b)P
Mx+ N M1 x+ Ny M, 1 X+ Ny
+ Lttt +.t
(XZ + DX+ q)“ (x2 + DX+ q)“ (X + pX+ ‘7)
N Px+ Q Pl X+ Nl PV_]_ X+ NV_]_
(XZ + Ix+ s)v (x2 + Ix+ s)v_l (X ? o+ et 5)

The coefficients A A ..., B, B, ,... can be defined according to the

following. The obtained equation is an identity, therefore reducing the
fractions to the common denominator we obtain the identical
polynomials in the numerators on the right and left. Equating the
coefficients of the common degrees x we obtain a system of equations
for defining the undetermined coefficients A A ..., B, B, ,....

Alongside with the mentioned we can use the next remark for
defining the undetermined coefficients: as the polynomials, obtained
in the left and right sides of the equation, after reducing to the
common denominator are identically equal, their values are equal at
any X. Giving x concrete values we’ll get the equations for defining
the unknown coefficients. It’s convenient to choose real roots of the
denominator. On practice we can use both methods for finding the
undetermined coefficients simultaneously.

4. The integrals of the simplest rational fractions are
calculated according to the following formulas:

a)J'——AIn\x a+cC

b) A
J.(x—av

dx= Al(x-a)™" d(x-a)= +C, n#1

(L-n)(x-a)""

Axs B f(2x+ p)—fp+B y
C)I—+0'X=j 2 2 a’X:ZIn()(2 + X+ q)+

X2+ px+q X2+ px+q
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) :";\In()(2 + pX+ q)+

+(B_Apjj A x+75)

2
p p
X I _
g) o,
B—'—qp )(+£
2 - arcz‘g22 + C,where (p? -4g) <0,
I
4 4

While calculating the integrals of fractions of the 4™ type we
have to make the following conversions of the integrand:

e)
A A
“@2x+p)-=p+B
j Ax+ B dX:J‘ 2 2

(2 + preq)’

O'(X2 + pXx+ q)

A
0’)(:2_[

(x2 + px+ g)" (2 + px+ g)"

—n+l
+(B—Ap]j ax n:A(x2+,0X+q) +(B—Apj-
2 (X2+p)(+q) 2 1-n 2
X+£=l‘
ax 2
| =\ dx= at =

( 2 )—/7+1
AlXx® + px+q ( A )
o B—*,U .
2 1-n 2

2

jdtn where q—p—>0.

(2‘2 +a2) 4
For calculating the integral 7, =j at , ne N we use either the

(12 +a? )”

method allowing to represent the integral /, through the integral 7,4,

or substitution t=a-tg z.
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There are some examples of integrating the rational fractions.

+12 is improper, as degree of the
- X

numerator is equal to degree of the denominator. Let’s secure the

integer part.

Solution. 1) The fraction

X +1 =(X3_X2)+(1+X2):1+ X% +1
X - X X - x? B2

Then the initial integral will be converted to the following two

integrals:
/- j( X +1 Ja’ [ b+ jl”dx.
? (x-1)
2) Denominator of the fractlon of the second integral has real
multiple roots and can be represented as a product x* (x-1).
Let’s disclose the integrand on the simplest fractions.

X +1 A B, C

)(2()(—1) )(2 X' x-1
Let’s reduce to the common denominator and equate the
numerators:

1+ X = Ax=1)+ Bx-1)x+ CxX*.
For finding the coefficients at first let’s assume x=1 and get 2=C,
then considering x=0 we find the coefficient A=-1. Equating the x
coefficients, we find B from the equation' A- B=0, B=-1.

(X—l)
X

Therefore, /= x —j—— = 2]

Z'ng_lzj ax

(x- 1)()( +x+1).

Solution. Let’s disclose the fraction on the simplest:
1 A Bx+c

= + :
()(—1)()(2 +X+l) X1 X2 4 x+1
then 1= Ax2 + x+1)+ (Bx+ c)(x-1)
Let x=1then1=3A A=1/3.

+C.
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Equating factors at identical degrees x (for example, the 1% and the
2"%) we obtain the set of equations for finding the rest coefficients:

X 0=A+C-B, C=-2/3
x? 0= A+ B= B=-1/3.

Then
1 1
“(2x+1)-=+2
J~ ax :1 I X+ 2 |I’IX—1—1J.2 2 dx=
x3-1 37 x-1 +X+1 3 3 X2+ x+1
Inx—l—ln( +x+1)— a(x+1/2) , =
(x+1/2)? +(f}
1 1. (5 1 2 x+1
="Inlx-1-"In\x° + x+1)-— arct + C.
o \ I w1} arag ™
3. /= j

(XZ +9)

Solution. The integrand is the simplest rational fraction of the 4"
type. Here are two ways for calculating the integral of this fraction.
The 1% way
poa nlot)r g e

(X2 +9)2 d (X2 +9)
u=x dv= Xax .
X+ 9)

1J~ d(X2 + 9) —J. ax 1

=ldu=dxv== il I x| _
(X2+9y X249 9 2(x2 +9) (x2 +9)

j xax

X% +9 9 (X2+9)2

1

1 a’x 1 X 1 x 1 X
=— + - =—arclg_—+ - +
18° 42 +9 18 42 ,9 54 3 18 42,9

The 2”OI way
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X
x=319z (gz=—
ax 9 7 3 az 1 2
J'iz :BI :—jcos 20z=
(X2+9)2 ax= 3az 00322(91‘ 2z+9)2 27
2 g
cos“ z

1 ¢1+cos2z 1 sin2z C 1 2sin zcos z c 1 gz

— | ————dz=— 7+ +C=—72+—————+C=—7+ +
27 2 54 27 -2 54 27 -2 54 54(1+ [gz |

Note. While calculating the integrals of rational functions
sometimes we can avoid disclosing them on the simplest using other
methods, for example'

/=]
(# —1)
Solution. This integral can be calculated using the method of
integrating in parts:

Jet gyl :10’(1‘2—1)_ e ot Vzljd(tz—l):_ 1
N R
we obtain
ot e ot 1 41
e ) 2 e e ) e
2. /:Iz‘g5xa’x.
Solution. The 1% way:
togx=t
[ 19° xax=| x=arctgr | = | t52 dt = tdt_d(ﬂw:l ! d(fz):ﬁ_u_
; ot 1+1¢ 27 1442
/X =
1+ 12

2 2
IU a’u 1 u l+1a’u:1 Iu la’u+j au _
1+u 1+u 2 1+u 1+u
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2
1J(u—l)a’u+1lnl+ u _1lu-1)
2 2

+;Inu+1+ C=

u=1t?,
t=tgx, | =
u=tg?

:i(rgzx—l)z +; In tgzx+1 + C:i(z‘gzx—l)z —; In(cos2 X)+ C.

The 2™ way:

jtg5 xax= | z‘g%{
cos? x

fg X wtx tg*x
_J' {COS x_le _——T—/n{cosxhc.

3.

- ljdXz [ t9° xatg x— [ 19° xox=

2 pa_(f2 _1)=5/=1 Z‘2+4—(1‘2—1)df:1 at
I( )( ) ( ) 5j(t2 —1)(1‘2 +4) 5I¢2 1

11‘1
'[t+45

_1 arctg;‘ + C.

r+1 10
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