
Practical Lesson № 1, 2. Calculation of Double Integrals in Polar System of 

Coordinates (13.03.2020, 20.03.2020) 

Class work Answers 

To pass to polar system coordinates   and   (  cosx ,  siny  in 

the double integral  
D

dxdyyxf ,  and find  

the limits of the integration 

1. D is a circle: 

1) 
222 Ryx  ; 

2) axyx  22
; 

3) byyx  22
. 

1)   



2

0 0

sin,cos
R

dfd ; 

2)   









2

2

cos

0

sin,cos
a

dfd ; 

3)   
 


0

sin

0

sin,cos
b

dfd . 

2. D  is common part of the 

following domains axyx  22
 

и byyx  22
. 

   
b

a
arctg

b

dfd
0

sin

0

sin,cos  

  






2 cos

0

sin,cos

b

a
arctg

a

dfd

. 

3. D  is domain given by the 

following inequalities: 0x , 

0y ,   222322 4 yxayx  . 

  






2

0

2sin

0

sin,cos
a

dfd . 

2.To calculate double integral by passing to polar system coordinate 

4.   



R xR

dyyxdx
0 0

22

22

1ln .     222 1ln1
4

RRR 


. 



5. 
D

dxdy
x

y
arctan , where D is part of 

the rang: 122  yx , 922  yx , 

3

x
y  , 3xy  . 

6

2
. 

3. Using the double integrals calculate the solid volumes bounded by given 

surfaces (It is assumed that all parameters included in condition of the 

problems are positive values) 

6. Cylinder 422  yx  and planes 0z  

and 10 yxz . 

40 . 

7. Cylinder
222 Ryx  , paraboloid 

2222 yxRRz   and plane 0z . 

3

2

5
R . 

8. Cylinders xyx  22
 and 

xyx 222  , paraboloid 
22 yxz   and 

planes 0 yx , 0 yx  and plane 

0z . 












1

8

3

8

15
. 

Homework Answers 

1. To find integration limits in double integrals  
D

dxdyyxf ,  passing to 

polar coordinates   and   (  cosx ,  siny ) 

1. D  is domain bounded by circles –

xyx 422  , xyx 822   and 

straight lines xy   and xy 2 . 

  







2

4

cos8

cos4

sin,cos
arctg

dfd

. 

2. D  is inner part of the right lobe of the 

Bernoulli lemniscate 

   222222 yxayx  . 

  









4

4

2cos

0

sin,cos
a

dfd

. 



2. To calculate the given double integrals passing to polar coordinates: 

3. 




D

dxdy
yx

yx
22

22

1

1
. Domain D  is 

defined by inequalities 122  yx , 

0x , 0y . 

 
8

2
. 

4.  
D

dxdyyxR 222
,  

where D  is a circle Rxyx  22
. 











3

4

3

3R
. 

3. Using the double integrals calculate the solid volumes bounded by given 

surfaces (It is assumed that all parameters included in condition of the 

problems are positive values) 

5. Cylinder xyx 222  , planes 

02  zx  and 04  zx . 

2 . 

6. Cylinder axyx 222  , paraboloid 

a

yx
z

22 
  and plane 0z . 

3

2

3
a . 

7. Hyperbolic paraboloid 
a

xy
z  , 

cylinder axyx  22
 and plane 0z  (

0x , 0y ).* 

24

3a
. 

8. Cylinders xyx 222  , 

yyx 222   and planes yxz 2  

and 0z . 












1

22

3
. 
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Practical Lesson № 3, 4. Calculation of the Triple Integrals in Cartesian System 

Coordinates (27.03.2020, 03.04.2020) 

Classwork Answers 

1. Calculate the triple integrals and choose the true answer 

1. 



02

0

1

1 a

dzdyxdxI ; 

2. 



0

1

2

0

0

dydzdxI
a

. 

а) 0I ; 

b)    aaI  11 ; 

c)    aaI 212  ; 

d)   aaI  11 . 

3. 



6

5

3

2

dyzdzdxI
a

a

. 

4. 



a

dzdydxI
0

1

0

0

1

. 

а) 0I ; 

b) aI  ; 

c) aI  ; 

d) aI 2 . 

2. Restore the domain of integration 

Find the domain G  of the integration taking 

into account the limits of integration: 

5.  








2

22

22

22

,,
R

yx

xR

xR

R

R

dzzyxfdydxI . 

 

 

6.  










22

2

22

22

,,
yx

R

xR

xR

R

R

dzzyxfdydxI . 

а) G  is a part of the rotation 

paraboloid 
22 yxz  , 

bounded by plane 
2Rz  . 

 

 O 

 y 

 x 

 R2 

 z 



b) G is part of the rotation 

paraboloid 
22 yxz   

bounded by plane 
2Rz  . 

7.  







R

yx

xR

xR

R

R

dzzyxfdydxI
22

22

22

,, . 

8.  










2222

22

,,
yx

R

xR

xR

R

R

dyzyxfdzdxI . 

а) G is upper part of the cone 

222 zyx   bounded by 

plane Rz  . 

b) G  is the left-hand part of 

the cone 
222 yzx   

bounded by plane Rz  . 

 

Homework Answers 

1. Calculate the triple integrals and choose the true answer 
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 x 
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 z 
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 z 



1. 
yxa

zdzydyxdxI
000

. 

2. 
yxa

zdzydydxI
000

. 

а) 
24

4a
I  ; 

b) 
8

4a
I  ; 

c) 
48

4a
I  ; 

d) 
40

5a
I  . 

3. 
xyxa

dzdydxI
000

. 

4. 
xyxa

zdzydyxdxI
000

. 

а) 
8

4a
I  ; 

b) 
10

5a
I  ; 

c) 
12

6a
I  ; 

d) 
14

7a
I  . 

2. Restore domain of integration 

Find the domain G  of the integration taking 

into account the limits of integration: 

5. 

 







0

222

22

22

,,
yxR

xR

xR

R

R

dzzyxfdydxI . 

6.  






22222

22 0

,,
yxRxR

xR

R

R

dyzyxfdzdxI . 

a) G  is an upper part of the 

sphere  
2222 Rzyx  , which 

is bounded by plane  0z . 

b) G  is a right-hand part of 

the sphere –

 O  y 

 x 

–R 

 z 

 R  R 



2222 Rzyx  , which 

is bounded by plane 0y . 

 

7. 

 







R

yxR

xR

xR

R

R

dzzyxfdydxI
23

3

3

3 222

22

22

,, . 

8. 

 










22222

22 2

3

3

3

3

,,
yxR

R

xR

xR

R

R

dzzyxfdydxI

. 

а) G  is an upper part of the 

hyperboloid 

2222 Rzyx  , 

which is bounded by plane 

Rz 2 . 

b) G  is a lower part of the 

hyperboloid  

2222 Rzyx  , 

which is bounded by plane, 

Rz 2 . 
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