
GROUP I-219ia, KH-219 ae,219iae,219,iбe,219iве 

 

2.8. Practice Lesson № 7. 

Gradient and Directional Derivatives 
 

Classwork Answers 
 

Derivative with respect to given direction. Gradient 

7.1. 1) 
22 yxz  . Find zgrad  at the 

point  2,3 . 

2) 
224 yxz  . Find zgrad  at the 

point  1,2 . 

3) 
x

y
z arctg . Find zgrad  at the point 

 00 , yx . 

1) ji 46  ; 

2)  ji 2
3

1
; 

3) 
2
0

2
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yx
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


. 

7.2. 1) Find the point at which gradient 

of the function 









y
xz

1
ln  is the 

following ji
9

16
 . 

1) 









4

3
,

3

1
; 
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
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7
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7.3. 1) Find derivative of the function 

133 222  xyyxxz  at the point 

 1,3M  with respect to direction from 

this point to point  5,6 . 

2) Find derivative of the function   

13322  yxyyxz   at the point 

 1,2  with respect to direction from this 

point to the origin. 

1) 0 ; 

 

 

 

2) 5 . 

7.4. Find derivative of the function   

 yxz  ln  at the point  2,1 , lying on 3

2
. 



parabola xy 42   with respect to 

direction of this parabola. 

7.5. Find derivative of the function 

xyzzyxu  322  at the point 

 2,1,1M  with respect to direction, 

generating with coordinate  axes  the 

angles 60 , 45 , 60  relatively. 

5 . 

7.6. To prove that a derivative of the 

function  zyxfu ,,  with respect to 

direction of its gradient is equal to 

modulus of the gradient. 

 

Homework Answers 
 

Derivative with respect to given direction. Gradient 

7.7. 1) 
yx

x
z


 arcsin . Find an angle 

between gradients of this function at the 

points  1,1  и  4,3 . 

2) The functions 22 yxz   and 

xyyxz 33   are given. Find an 

angle between gradients of these 

functions at the point  4,3 . 

1) 99,0cos  , 8 ; 

2) 99,1cos  , 

03101   . 

7.8. Find the points at which modulus 

of the gradient of the function 

 2
3

22 yxz   are equal to 2. 

2) Points lying on the 

circle 
3

222  yx . 

7.9. 

1) Find derivative of the function 

xyz arctan  at the point  1,1  with 

 

1) 
2

2
; 

 



respect to direction of bisector of the 

first coordinate angle.  

2) Find derivative of the function   

 yx eez  ln  at the origin with respect 

to direction of the ray, generating the 

angle   with abscissa. 

 

 

2) 
2

sincos 
. 

7.10. Find derivative of the function 

x

y
z arctan  at the point 









2

3
,

2

1
, lying 

on the circle 0222  xyx  with 

respect to direction of this circle. 

2

1
. 

7.11. Find derivative of the function 

xyzu   at the point  2,1,5A  with respect 

to direction from this point to point 

 14,4,9B . 

13

98
. 

7.12. Find derivative of the function 

r
u

1
 , где 2222 zyxr   with respect 

to direction of its gradient. 

2

1

r
. 

 

2.9. Variants of the Control Tasks for Topic 

“Differential Calculus of the Function 

with Several Variables” 
 

CARD № 1 

Task 1. Find equation of the tangent plane and normal straight 

line to given surface S  at the point  0000 ,, zyxM  

S : 0846222  xzzyx ,  1,1,20 M . 

Task 2. Verify, does the function u  satisfy the given 

equation? 



0









y

u
y

x

u
x , 

y

x
u arctan . 

Task 3. Investigate for extreme the following function 

yxyxyz 142 2   

Task 4. Find the greatest and the smallest values of the 

function  yxzz ,  in domain D , bounded by given curves: 

xyyxz  3 , :D  xy  , 4y , 0x . 

Task 5. Find derivative of the function 24 zxy   at 

the point  2,1,10M  with respect to direction kjil  22 . 

CARD № 2 

Task 1. Find equation of the tangent plane and normal straight 

line to given surface S  at the point  0000 ,, zyxM  

S : xyyzx 24 222  ,  2,1,20 M ; 

Task 2. Verify, does the function u  satisfy the given 

equation? 
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u
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x

y
u  . 

Task 3. Investigate for extreme the following function 

568 33  xyyxz . 

Task 4. Find the greatest and the smallest values of the 

function  yxzz ,  in domain D , bounded by given curves: 

yxxyz 2 , :D  3x , xy  , 0y . 

Task 5. Find derivative of the function )2ln( 2 yx   at the 

point  4,4 A  of the parabola xy 42   with respect to the direction of 

this curve. 

 



CARD № 3 

Task 1. Find equation of the tangent plane and normal straight 

line to given surface S  at the point  0000 ,, zyxM  

S: 73222  zxyzyx ,  1,2,10M . 

Task 2. Verify, does the function u  satisfy the given 

equation? 

 333 yx
y

u
y

x

u
x 









, 33ln yx

x

y
u  . 

Task 3. Investigate for extreme the following function 

5622 33  xyyxz . 

Task 4. Find the greatest and the smallest values of the 

function  yxzz ,  in domain D , bounded by given curves: 

xyxyxz 42 22  , :D  01 yx , 3x , 0y . 

Task 5. Find derivative of the function  22 34ln yxyx   

at the point  0,2A  with respect to the direction of the vector collinear 

to the bisector of the 1
st
 coordinate angle. 

 

CARD № 4 

Task 1. Find equation of the tangent plane and normal straight 

line to given surface S  at the point  0000 ,, zyxM  

S: 846222  xyzyx ,  2,1,10 M . 

Task 2. Verify, does the function u  satisfy the given 

equation? 
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u
x ,   22 1ln  yxu . 

Task 3. Investigate for extreme the following function 



10232 22  yxxyz . 

Task 4. Find the greatest and the smallest values of the 

function  yxzz ,  in domain D , bounded by given curves: 

82222  yxyxz , :D  0x , 0y , 01 yx . 

Task 5. Find derivative of the function 
x

z
xz  3  at the 

point  3,2,1A  with respect to the direction of kji





2 . 

CARD № 5 

Task 1. Find equation of the tangent plane and normal straight 

line to given surface S  at the point  0000 ,, zyxM  

S : 1342 222  yzzyx ,  1,1,20 M . 

Task 2. Verify, does the function u  satisfy the given 

equation? 

 
x

u
xy

yx

u
y




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


ln1

2

, yxu  . 

Task 3. Investigate for extreme the following function 

 yxxyz  6 . 

Task 4. Find the greatest and the smallest values of the 

function  yxzz ,  in domain D , bounded by given curves: 

2232 yxyxz  , :D  0x , 1x , 0y , 6y . 

Task 5. Find derivative of the function  

xyzy arctan2   

at the point  5,4,1 A  with respect to the direction of ji





34  . 

 

CARD № 6 



Task 1. Find equation of the tangent plane and normal straight 

line to given surface S  at the point  0000 ,, zyxM  

S : 153422  xxyyxz ,  4,3,10 M . 

Task 2. Verify, does the function u  satisfy the given 

equation? 
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Task 3. Investigate for extreme the following function 

  22
21 yxz  . 

Task 4. Find the greatest and the smallest values of the 

function  yxzz ,  in domain D , bounded by given curves: 

1642 22  xxyyxz , :D  0x , 0y , 03 yx . 

Task 5. Find derivative of the function  222 ln2 yzx   at 

the point  1,1,2 A  with respect to the direction of  0;1;0 


. 

 

CARD № 7 

Task 1. Find equation of the tangent plane and normal straight 

line to given surface S  at the point  0000 ,, zyxM  

S : 10542 22  yxyyxz ,  8,1,70 M . 

Task 2. Verify, does the function u  satisfy the given 

equation? 
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Task 3. Investigate for extreme the following function 

  15 22
 yxz . 

Task 4. Find the greatest and the smallest values of the 

function  yxzz ,  in domain D , bounded by given curves: 



22233 22  yxyxz , :D  0x , 0y , 01 yx . 

Task 5. Find derivative of the function   242cos yzyx   

at the point  1,4/,2/ A  with respect to the direction of 

 2;1;2 


 

 


