General Equation of Plane in Space

Theorem (about general equation of plane) Suppose X, y, z are the
coordinates of a point in the Cartesian coordinate system. Any linear equation

Ax+By+Cz+D=0, where A>+B?+C?%=0, is an equation of plane in
space.

@roqf Suppose coordinates of point (xg,Y,2,) satisfy the equation

Ax+By+Cz+ D=0, and denote the coordinates of any other point satisfying this
equation by (x, y, z). then

Ax+By+Cz+D=0, (*)
Axy + By, +Czy + D =0. **)
After subtraction of equation (*) from equation (**) we have
A(X—Xo)+B(y—Yp)+C(z-25)=0. (***)
- Equation (***) can be considered as
" zero scalar product of vector
. . i(A,B,C) and vector
y > MM (X=X0, Y - Vg 2—2p). It means
that for any point M(x,y,z) with
C Figure 26 coordinates satisfying the equation
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(*) the vector WL f, i.e. all point satisfying this linear equation belong to
the plane perpendicular to the vector fi(A,B,C) (Fig.26). Moreover, from (**)
we have that D = —Ax, — By, — Cz,, where (X,, Yo, Zo) satisfies (*).

From the other side the opposite statement is valid as well, i.e. any point

M(x,y,z) of the plane satisfies the equation (*). Indeed, two points of this plane
M and M, form vector in plane perpendicular to the vector fi(A,B,C). So,

0=A(X—X)+B(y—Y)+C(z—2y)= Ax+ By +Cz — Ax, — By, —Cz, =
=Ax+By+Cz+D,
where D =—Ax, — By, —Cz,. Theorem is proven.
Definition. Vector fi(A,B,C) is called the normal vector of plane.

Vector i gives an orientation of the plane. _
To describe some certain plane we have to

'T‘ n
determine also a location which can be given by any |
point of this plane (Fig.27). / /
Definition. Equation
Ax+By+Cz+D=0 /’MO(XO’%)
is called the general equation of the plane.
Definition. Equation / /

A(x—%)+B(y-y,)+C(z—25)=0 Figure 27
is called the equation of the plane with given normal vector fi(A,B,C) and a

point of the plane M (X,, Yo, Zo)-

Ex,amp&e. Let us find an equation of the plane perpendicular to the axis Oz and

passing through the point M(L;-2;3). Since this plane is perpendicular to the

axis Oz It is perpendicular to the vector k(0,0,1) and this vector can be chosen

as a normal vector of the plane. Therefore, (A B,C)=(0,01),

M (X0, Yo, Zo ) = (1—2;3) and the equation of this plane looks like
0(x-1)+0(y—(-2))+1(z-3)=0=2z-3=0<=2=3.
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Equation of Plane with Given Intercepts

Suppose A-B-C-D =0. Let us divide the general equation of the plane
by —D. Then

Ax+By+Cz _1
-D -D -D
7 A or
\ X y Z _
Cre ot et ot
\\ A B C
O "’\/b y> or
X a b c
Figure 28 Where a:—E, b:—E, C:_E are the
A B C

segments cut from the semi-axes of axes Ox,0y,0z or the intercepts (Fig.28).
The last equation is called the equation of plane with the given intercepts.

fx,amplé. Let us find an equation of the plane with equal intercepts and passing
through the point M (L,—2;3). Since the intercepts are equal the equation has a

form:

§+X+£:L

Since the point M(1,—2;3) belongs to this plane the coordinates of this point
satisfy the equation of the plane and therefore

1,223 162 10a-2.
a a a a

Finally we obtain the equation
Xy

—+—+£:1 or x+y+z-2=0.
2 2 2
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Angle Between Two Planes. Parallel and
Perpendicular Planes

Definition. An angle between two planes is Ny o 2
the angle between their normal vectors
(Fig.29). o
From definition we have:
cosoL = WY o a= arccosm, Figure 29
| |

where n;(A,B,,C,) and m,(A,,B,,C,) are the normal vectors of the planes
plane 1: Ax+B;y+C;z+ D, =0,
plane 2: A,x+B,y+C,z+D, =0.
Therefore, conditions of parallel and perpendicular planes look like:

A_B_GC.
A2 BZ CZ’

Plane 1 1 Plane2 < n, L n, < (n,n,)=0< AA, +B,B,+C,C, =0.

Plane 1 || Plane 2 < m|n, < mxm, =0 -2

Example 1. Find the value o such that the following planes are perpendicular:
ax+Yy—-3z2+1=0, x+52-19=0. Since these planes are perpendicular then the
scalar product of their normal vectors n,(a,1,—-3) and f,(1,0,5) is equal to zero
and we have
(M,M,)=0=a+0-15=0-15< o =15.

Example 2. Find the values o and B such that two planes ax+y-3z+1=0,
X—Yy+Pz—-19=0 are parallel. Since these planes are parallel then the
coordinates of their normal vectors i, (c,1,—3) and f,(1,—1,) are proportional

and we have
“_1
_ P -1
AB G e 1 31 {a
A, B, C, 1 -1 B o= B=3



Example 3. Find the angle between the planes x+y-3z+1=0,
X—y+2-19=0. Here i;(1,1,-3) and n,(1,-11). Thus
(n,m,) 1-1-3 -3

= arccos = arccos—— = =

[, JI2 412 4 (-3)212 + (-1)? +12 V1143
\/? \/?
=arccos| —,/— [=m—arccos.,/—.
5= meon

Distance from Point to Plane

o = arccos

i A Let us find the distance from the point
P XP Yp ZP) P(Xp,Yp,Zp) to the plane Ax+ By +Cz+ D =0.
Suppose Mg (X, Yg,29) belongs to this
/_ plane. Then
Xo,yolo AX, + Byy +Czy + D =0 or
Ax+By+Cz+D 0 D = —Ax, - By, — Czq.
Figure 30 Distance from the point P to the plane can
be found as (Fig.30)
d = |pry MoP| = (m.MoP) rﬁﬂ‘op) =
‘A(XP —Xo)+B(yp — ¥p)+C(z —20)1
B JAZ + B2 12
_ |A%p +Byp +Czp — Axg — By —Czg| |Axp +Byp +Czp +D
) JA2 1 B? 1 C2 - Ja?iB%ic?
Thus

|Axp + Byp +Czp + D)
\/A2 +B2+C2
Example 1. Suppose  Xp = yp = 2p =0. Then the distance from the origin to

d=

the plane is equal to
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o
\/A2+BZ+C2
Ex,amp&zz. Find the distance from the point P(1,-2;3) to the plane

X+2y—2z+5=0. By formula we have
J- |Axp +Byp +Czp +D| [1+2(-2)-2-3+5 |-4 4

JA? +B? 1 C2 J2i221(2? 9 3






