
Homogeneous Linear Equations of the Second Order with 

Constant Coefficients 

Let us consider an equation 

0 qyypy ,    (1) 

where constp   and constq  . 

In order to solve this equation we should construct characteristic 

equations. Characteristic equation may be obtained by change 

derivatives into (1) by corresponding power of the parameter  . Note 

that function y we can consider as derivative of the zero power. So we 

get characteristic equation: 

02  qp       (2) 

While solving a characteristic equation the following cases are 

possible:  

1. Roots of a characteristic equation 21,  are real and 

different, then the differential equation (1) has two linearly 

independent, particular solutions xx
eyey 2

2
1

1 ,


 . 

The general solution of the differential equation (1) is as follows 

2211)( ycycxy   

xx
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2. Roots of a characteristic equation are real and equal each to other 

. Let   21 , i.e.   is a real root of the multiplicity 2. 

 Then 2 particular linearly independent solutions of the 
differential equation (1) correspond to the real root   of the 
multiplicity 2: 

xx xeyey   21 , . 



In this case the general solution of the differential equation (1) is as 
follows: 

2211)( ycycxy   

or 

xx xececxy 
21)(  .  (4) 

3. Roots of a characteristic equation are complex conjugate ones  

Let  ii  21 , . 

Two particular, linearly independent solutions of the differential 
equation correspond to these complex conjugate roots: 

xeyxey xx   sin,cos 21  . 

 In this case the general solution of the differential equation (1) 
looks like: 

xecxecxy xx   sincos)( 21  .   (5) 

Or 

 xcxcexy x  sincos)( 21  .   (6) 

Examples.   Find the general solution of the following equations: 

1. 02  yyy  

Solution. Let’s form the characteristic equations and find its roots 

022   

1,2 11   . 

Now we can construct fundamental system solution ( two linear 

independent partial solution): 

xx eyey  
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If we know fundamental system of the solutions, then general solution 

is their linear combination. That’s  

2211 yCyCy        (8) 

Substitute (7) into (8) and get the general solution 

xx eCeCy 2
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2. 0823  yyy  

Solution. Let’s form the characteristic equations and find its roots 
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Now we can construct fundamental system solution ( two linear 

independent partial solution) taking into account that roots are real 

and different : 

x
x eyey 3

4

2
2

1 ;


 .     (9) 

General solution is linear combination of the obtained solutions. 

That’s  

2211 yCyCy        (10) 

Substitute (9) into (10) and get the general solution 

x
x eCeCy 3

4

2
2

1



  

 

3. 096  yyy  



Solution. Let’s form the characteristic equations and find its roots 

0962    

3,3,0)3( 21
2    

The roots of the characteristic equation are the same. The 

fundamental system in the case is defined as: 

xx exyey 3
2

3
1 ;   .     (11) 

General solution is linear combination of the obtained solutions. 

That’s  

2211 yCyCy        (12) 

Substitute (11) into (12) and get the general solution 

xx exCeCy 3
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or 

)( 21
3 xCCey x   . 

4. 0136  yyy  

Solution. Let’s form the characteristic equations and find its roots 

01362    
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You see that given characteristic equation has a complex conjugate 

root. Real part of the root is ,3 and Image part is ,2  

In this case fundamental system may be written as : 

xeyxey xx   sin;cos 21  .     (13) 



Or   xeyxey xx 2sin;2cos 3
2

3
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   

General solution is linear combination of the obtained solutions. 

That’s  

2211 yCyCy        (14) 

Substitute (13) into (14) and get the general solution 

xeCxeCy xx 2sin2cos 3
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Or  

or 

)2sin2cos( 21
3 xCxCey x   . 

5. Find the particular solution of the equations 

 0294  yyy ,  

satisfying given initial conditions. 

    00 y ,   150 y  

Solution. Let’s form the characteristic equations and find its roots 
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You see that given characteristic equation has a complex conjugate 

root. Real part of the root is ,2 and Image part is ,5  

In this case fundamental system may be written as : 

   xeyxey xx 5sin;5cos 2
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General solution is linear combination of the obtained solutions. 

That’s  

2211 yCyCy        (15) 

Substitute (13) into (14) and get the general solution 

)5sin5cos( 21
2 xCxCey x      (16) 

In order to find partial solution, satisfying initial condition, we should 

substitute values    00 y ,   150 y  into (16) 

We have 

;0,0)05sin05cos( 121
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Calculate derivative 
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 xxeCy x 5sin25cos52
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    3;155,1505sin205cos5,150 22
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2
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The partial solution is  

xey x 5sin3 2  

Below we present tasks for train 

Self-Service Examples 

 



Task Answers 

Find the general solution of the equations: 

9.2. 04  yy . 
2

4
1 CeCy x  . 

9.5. 02  yyy .  xCCey x
21  . 

9.6.  yy2  

015cos15sin2 22  y . 
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9.8. 09  yy . xx eCeCy 3
2

3
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 . 

9.9. 02  yyy .    xx eCeCy 21
2
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Find the particular solution of the equations satisfying given initial 

conditions: 

9.7. 034  yyy ,   60 y , 

  100 y . 

xx eey 324  . 

9.14. 044  yyy ,   20 y , 

  00 y .  xey
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22 . 

 


