
3. Integration by Parts 

This method reduces the problem of finding the integral to calculation of another 
simpler integral constructed by means the initial integrand. To get the formula of 
integration by parts, let us consider first two differentiable functions u and v and find 
the differential of their product:  

d (u ⋅v) = du v⋅ + u ⋅dv . 

After integration of the last equality we get: 
d (∫ u ⋅v) = du v⋅ +∫ ∫u ⋅dv ,

u ⋅v = du v⋅ +∫ ∫u ⋅dv ,

u dv u v v du⋅ = ⋅ − ⋅∫ ∫ .

The last formula is called the formula of integration by parts. 

How to use it? First of all let us remember that ,dv v dx du u dx′ ′= =  and therefore 
in that formula the initial integrand and the initial integral, namely 

( )f x u v′= ⋅     and    ( )f x dx u v dx′= ⋅∫ ∫ ,

are replaced by new integrand and new integral, namely 

( )g x u v′= ⋅     and    ( )g x dx u vdx′= ⋅∫ ∫ .

Thus, to obtain new integral, one of two factors in ( )f x  should be differentiated, 
another one should be integrated. This method is used to simplify the integral, therefore 

( )f x  should be factorized in such way that after differentiating of one of factors the 
obtained integral becomes simpler.  

Example. Find xxe dx∫ . We should analyze which of two factors, x  or xe , gets

simpler when ones finds the derivative of it? Since xe  is unchanged at differentiating, 
it is better to differentiate the polynomial to decrease its power and make the integral 
simpler. Let us consider both possible variants to check the validity of the assumption: 
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Variant one gives simpler integral. Let us apply the formula by integration by parts to 
find answer: 

 1

x
x x x x x

u v v du
x

u x

dv e dx
xe dx xe e dx xe e C

du dx

v e

= 
 

= = = − = − + = ⋅
 
 = 

∫ ∫ . 

Note 1.  Sometimes the integration by parts must be repeated to get the answer. For 
example, in the integral 2 xx e dx∫  we have to differentiate 2x  twice to get constant and

to obtain simpler integral: 
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∫ ∫ ∫

2 2 2x x xx e xe e C= − + + . 

Note 2. As a rule this method is used in the case when the integrand contains a product 
of polynomial and either trigonometrical or transcendental functions. For such 
integrands the following recommendations could be given. 

For the integral ( ) ( )nP x f x dx∫ , where ( )nP x  is a polynomial of the n-th order, use

the method of integration by parts with the following choice of factors: 
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Examples. 
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Note 3. Sometimes the integration by parts helps to derive the equation for calculating 
the initial integral. Let us demonstrate this procedure by two examples: 

1. I = ∫ a2 + x2 dx .
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Thus we have the equation 

I  x a 2 2x I  a ln2 x x2  a 2  2C ;



4. Integration of Rational Functions

4.1. Integration of Partial Fractions
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3. Find
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Since 4− ≠2x A2 , we are going to take the sign −" "  out the expression 7 12+ −x x4 2 . 
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Note. Integrals dx

x ax2 bx+ + c
∫  and 

( ) 2

dx

cx + d ax bx+ + c
∫  could be reduced to the 

t

integrals of the considered in this section type by means of substitutions x = 1
t

cx + d =
1 , correspondingly.
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4.2. Integration of 2
Cx + D dx

ax bx+ + c∫  and Cx + D dx
ax2 bx+ + c

∫ . 

It is enough to allocate a full square and use a substitution A B± = t  in the integral. 
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Let us allocate the complete square in the denominator. 
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Then 

( )2 2 2 2

115 14
4 1 4 95

5 25 251; 1 1+15 1 1 55

tx
x dt tdt dtI dx t dtdx t ttx

− = t +  +  +   = = = = + =+x = =  + +− +
 

∫ ∫ ∫∫

( )2
2

2 2 2

12 2 9 2 9 2 9ln 1 a+ rctan
25 25 25 2 + 25 25 251 1 1 +1

d ttdt dt dt t
t t t t

+
= + = =+ + t C+ =

+ ∫∫ + ∫ ∫

ln (52 2 1 + arctan(59
25

= −x 1) + −1)x C+ . 
25

Note. Integrals dx

x2 ax2 bx+ + c
∫  and 

(
dx

cx + d )2 ax2 bx+ + c
∫  could be reduced to 

t

the integrals of the considered in this section type by means of substitutions x = 1
t

cx + d =
1 , correspondingly.

Example. 
2

2 2 2 2
2 2

1 1
21

1 21 11 1 11

x dtdx tdt tdtt t
x x tdx dt

t 2t t

  −=  −
=  = = −=  =

− + t++= +

∫ ∫ ∫ ∫

2 2

22 2

1 2 1 (1 ) 1 12 1 1
2 2 21 1

tdt d t x2 +t C +C C
xxt t




+ 1+
= − = − = − + = − + = − +

+
∫

+
∫ . 


	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page



