Definite integral and its applications

The most important result about integration is the fundamental theorem of
calculus, which states that integration and differentiation are inverse operations in an
appropriately understood sense. Among other things, this connection enables us to
compute many integrals explicitly.

Integrability is a less restrictive condition on a function than differentiability.
Roughly speaking, integration makes functions smoother, while differentiation makes
functions rougher. For example, the indefinite integral of every continuous function
exists and is differentiable, whereas the derivative of a continuous function need not
exist (and generally doesn’t).

The Riemann integral is the simplest integral to define, and it allows one to
integrate every continuous function) as well as some not-too-badly discontinuous
functions on a given definite interval [a, b].

1.1 Definition and properties of definite integrals

The definition of the Riemann integral is motivated by the problem of defining
and calculating the area of the region lying between the graph of a non-negative
function f(x) and the x-axis over a closed interval.
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Let the continuous function y = f(x) be determined in the interval [a, b]. Let’s

divide the interval [ab] into n subintervals by n  points
a=Xg <X << Xjg <Xj<--<X,=Db.Here,

Definition 1. A partition of [a, b] is a set of points P = {xg ,x1 ,...,xn }
satisfyinga =x0 < x1 << xn = b.

Definition 2. A partition P2 of [a, b] is said to be a refinement of P1 if P1 C P2.

Definition 3. If P is any partition of [a,b] and 4x; = x;;,; —x; i = 0,1,...,n —
1), then
u(P) = max Ax;

0<i<s n-1

Is said to be the step of the partition P. It is clear that n > %



Definition 4. Let f(x) be a function defined on the interval [a, b]. If P is a partition of
[a,b] and {&y,&1,..., 861} & € [xi,xi41] (i = 0,1,...,n—1) is a selection of
points for P, then the Riemann sum for f(x) determined by P and the selection

{50'611"'1611—1}' iS O-(xirgi) =Z?:_01 f(fl)AXl .

We also say that the Riemann sum is associated with the partition P.

Other words: on each subinterval [x;_;,X; | we choose some point &; and compose a
sum o, :_ni f (£ )Ax, which is called an integral sum of the function y = f(x) in the

interval [a,b].

Definition 5. Let P be a partition of [a, b] and {&,, &4, ..., -1} be a selection for P.
We say that | is the limit of the Riemann sums o (x;, &;) as the step of the partition
tends to zero, if for every e > 0, thereisa § = & (&) such that u(P) < 3§ implies
I —0| <e.

That is, there exists some final limit of the integral sum o, while
L= Mmax {Axi}—>0, not depending on the way of splitting the interval [a, b] into

0<i<n-1

elementary segments and choice of the points &; .

Definition 6. The limit | is called the Riemann integral of the function f over the
interval from a to b or a definite integral of the function f(x) in the interval [a, b]

and is designated as
b n-1
[ f(dx=lim> f (& )Ax,
The numbers a and b are called the lower limit and the upper limit, respectively.
In this case we say that the function f (x) Is integrable on the interval [a,b].
The geometrical meaning of a definite integral: if f(x)z 0 for any x €[a,b],

b
then I f (x)dx is numerically equal to area of the region (a curvilinear trapezoid) with
a

the base [a, b], restricted by the straight lines x=a, x=Db and the plot of the non-
negative function y = f(x) as seen in Figure.

y _ y=/(0=(




Integrability of continuous and monotonic functions.

Theorem 1. A continuous function f(x) on an interval x € [a,b]is Riemann
integrable.

Theorem 2. A monotonic function f(x) on an interval x € [a,b]is Riemann
integrable.

Remark. Monotonic functions needn’t be continuous, and they may be
discontinuous at a countably infinite number of points.

Theorem 3. If the function f is Riemann integrable on [a, b], then f is bounded on this
interval.

Proof: On the contrary, suppose that f is integrable on [a,b] but unbounded on
this interval. By Definition, for every ¢ > 0 there is a positive number § = § (¢)
such that u(P) <6 (¢) implies|I —o | < e¢. It follows that if u(P) < 6 (¢), then
the Riemann sum o is bounded.

Let P be a partition such that u(P) < & (¢). Since, by assumption, f is
unbounded on [a,b], there exists a subinterval [x,Xk+1] such that the function f is
unbounded on [x,X+1]. Then it is possible, by selecting an appropriate &, €
[xk, Xk +1], 1O arrange that f (&;)A4x; is larger than any pre-assigned number. This
implies that the Riemann sums are unbounded, which contradiction proves the
theorem.

Remark. For the existence of the Riemann integral of function f(x), the

boundedness of f is necessary, but not sufficient.

Suppose a function f is bounded on the closed interval [a,b], and that P =

{xo ,x1 ,...,xn }Iisany partition of [a,b]. We adopt the following notation:
M= sup f(x),M;= sup f[(x),
x€[a,b] XE[X{ Xit1]
m= xel[rcll,fb] fe),m = xe[;{}}:iﬂ]f )

S(P) = Yy MjAx; , s(P) = Yoy mdx;

Definition 7. The S(P) and s(P) are called the upper Riemann sum and the lower
Riemann sum, respectively, for a function f, associated with the partition P of [a,b].

Geometrically the upper and the lower Riemann sums of y = f (x) are
presented as follows:

foreachi = 1,...,n consider the rectangle with base [x;_1, x;], height M;, and
area M;Ax;. The union of these n rectangles contains the region A = {(x,y): a <
x < b,0< y < f (x)} under the graph; it is a circumscribed rectangular polygon
associated with the partition of [a,b]. Its area is S(P) in Figure.



Similarly, s(P) is the area of an inscribed rectangular polygon, that is, the sum
of the areas of the n rectangles each with base length Ax; and height m; as seen in
Figure.
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Lemma 1. Let o(x;, &;) be the Riemann sum for function f(x) determined by an

arbitrary partition P of [a,b] and any selection {&,, &, ..., ,—41} for the partition P.
Then
s(P) < o(x;, &) < S(P).

Indeed, by the definition of M; and m;, the inequality m; < f (&;) < M; holds for any
& € [x;,x;41]. Hence, by multiplying by Ax;, i = 0,...,n — 1, and then summing
these inequalities, we have the desired inequality.

Lemma 2. For any partition P of [a,b],
SP) = sup o(p&)is(P) = _inf  0(x,).

& € [xiXit1] i € [XiXi41

Lemma 3. If P; and P, are any partitions of [a,b], then

_ _ _ s(P1) = S(P2), _

I.e., a lower Riemann sum is never greater than any upper Riemann sum, regardless of
the partition used.

Theorem 4. For the existence of the Riemann integral of a bounded function f defined
on a closed interval [a,b], it is necessary and sufficient that for every ¢ > 0, there
exists a partition P of [a,b] such that
S(P) —s(P) <e.
Remark. Theorem can be reformulated as follows: For the existence of the
Riemann integral of a bounded function f defined on[a,b], it is necessary and sufficient
that the upper and lower integrals are equal.



The properties of a definite integral.

I X )dx = —j X )dx.

b
2, j f(x)dx=0
3 Ifathe functions f(x) u g(x) are integrable on [a,b], then
a) ICf X )Jdx = Cj x)dx, (C = const).

b

b)j dxj dx+j

4. Additivity of an mtegral. If the function f(x) is integrable on [a,c] and [c,b]
, where ¢ € (a,b), then it is integrable on [a,b] and
b c b
jf(x)dx:j f(x)dx+j f (X)dx.
a
5.1f a<b and integrable on [a, ] function f( )>0, then

(=3

jf X)dx >0,

and the equality to zero is possible if and only if f(x)=0 forany xe(a,b).
6. If a<b and integrable on [a,b] functions f(x)> g(x), then
b b
J f(x)dx > _[ g(x)dx
a
7. If the function f(x) is integrable on [a,b], then |f(x) is also integrable on
[a,b] and the following inequality is valid:

b b
_[ f(x)dx < ﬂ f (x)dx

8. The theorem on an estimate of a definite integral. If integrable on [a,b]
m< f(x)<M, where m=inf f(x), M =sup f(x) then
[a,b] [a,b]
b
m(b—a)sj f(x)dx<M(b-a).
a
9. The Mean Value Theorem. Suppose f is continuous on [a,b]. Then, for
some point & of [a,b]




b

[ £()dx= f(e)b-a).

a
Geometrical meaning of the theorem: let f (x) > (0 Vxe[a,b], then there exists at least

one point &e(a,b), that area of the curvilinear trapezoid, restricted above by the
continuous curve y = f(x) is equal to area of the rectangle with similar base and
altitude, equal to f(&) as presented in Figure.
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10. General Mean Value Theorem. If the functions f(x) and o(x) are

continuous in [a,b], and ¢(x) doesn’t change its sign in this interval, then
b

b
f f (X)p(x)dx = f (@)j o(x)dx a<&<b
a a
11. If the continuous function f(x), x e[-1,1] is even, then
|

!
J' f(x)dx = 2I f(x)dx.

|
If the function f(x) - odd, then I f(x)dx = 0.
|
1.2 The Newton-Leibniz formula. Calculation of definite integrals.

Consider a Riemann integrable function f on [a,b]. Then, forany x € [a,b], f
Is Riemann integrable on [a,x] also, so f;f(t)dt is a well-defined function of x.

Theorem 5. If a function f is Riemann integrable on [a,b], then the function
F(x) = f;{f (t)dt is differentiable at every point of continuity of f . Furthermore,

F'(xo) = ([ F (©dt) = f (o) or dF(xo) = ([ f (t)dt) = f (xo)dx. (If xo s

either a or b, then F'(x,) is to be understood as the appropriate one-sided derivative.)



Corollary. Every function f which is continuous on [a,b] has an antiderivative
on this interval. The function F(x) = f(ff (t)dt is one of the antiderivatives.

Theorem 6. (The Fundamental Theorem of Calculus). Let f be a continuous
function defined on [a,b]. If F is any antiderivative of f on [a,b], then the following
formula holds:

¢ b
I f(x)dx = F(x)
" a

The formula is called the Newton-Leibnitz formula, it establishes relation
between definite and indefinite integrals and allows calculus of definite integrals as
the difference of values at high and low limits of integrating.

~F(b)- (o)

Examples.

74
1. Find the integral [sin xdx.
7,

7 Vs

3 =
Solution: fsinxdx= —cosx + C, I.e. jsinxdx= —cosx?,=—{cos£—
% n :
1 3
cosz} = ——+£.
4 2 2

Remark. The definite integrals with variable upper (lower) bound can be used
to define new functions that cannot be expressed in terms of finite combinations of the
familiar elementary functions.

Method of substitution in a definite integral.

Let the function f(x) be continuous in the interval [a,b], and the function
x = ¢(t) is monotone and has the continuous derivative in the interval [a,f5], where
ola)=a and o(B)=b, then the following formula concerning the change
(substitution) of variable in a definite integral is valid:

b p
[ £0dx= [ f(o(t)o'(t)dt
a o
While changing the integrating variable the values of the function ¢(t) shouldn’t
fall outside the limits of the interval [a,b] while t being changing in [¢,f5]. If the
function o(t) is monotone in the interval [a,f], the mentioned condition is executed.
Examples.

a
1. 1 =Jx/a2 — x2dx
0



Solution. Let x=asint. Let’s define the new integrating limits for variable t.
Let x=0, i.e. x is equal to low limit of integrating in the initial integral. Then in state
of t can be accepted any solution of the equation asint =0, for example t =0. While
calculating high limit for variable t in state of x we put high limit of integrating equal
to a and solve the equation a=asint, from here we obtain sint=1,

t= T, 27n, nez, i.e. the equation has an infinite set of the solutions. Thus, taking

the solution t:;T (at n=0) while changing t from 0 to g we obtain the variable x

will change monotone from 0 to a. Thus

X =asint,
dx—acostdt| 2 7
l=ly—0 t=0 |= I\/az—a2 sin? tacostdt =a? Icosztdt:

0 0

X=a, t:%
")

1 2 2 in2
:azj' +costdt:a_(t+sm tj
0

N

%_i(EJrsinn)_naz.

2 20 2 Jog 22 2

In2
2.1 = j 1—e2Xdx.
0

Solution. The function +/1—e2* is continuous and monotone in the interval [-
In2,0]. Considering t =+/1 - e2*  we find the integrating limits for variable t. At x =0

we have t=0; at x=—In2 we find t:\/l—e‘z"“2 \/l ~In4 \/2— It’s obvious

Y
the function inverse for t equal to x = M12—t) will be continuous and differentiable

NE]

in the interval 0 <t < o Then

In2 —e?X =t2 —2e%Xdx = 2tdt,
- [ V1 V1-eZdx= 4 —tdt __tdt =
0 S e2X 42 4
B2 ag 22 g)ig | DD RGN P
1= [ o—= [ Y5 dt:(t+—ln— =240 }—z
) t°-1 5 t°-1 2 t+1), 2 —3+l
2

B oo e =B inf—va).
2t 2



2n

: : : X . .
3. While calculating the integral | = j 2oy using the substitution t=tan§
+ COS X

, we find low limit of integrating equal to t =tan0 =0, high limitequalto t=tanz =0

. Then
0 0
dt dt
"2£ A 1-t2 _2£t2+3_0’
(1+t 2+ 5
1+t

> (0. The reason of this is that the

that is impossible, i.e. the integrand
2 + COS X

function tan~ in the point x = e [0, 2n] has a break and therefore doesn’t have the

continuous derivative. The substitution t:tang is inapplicable in the interval [0, 27]

. The following integral can be calculated as follows.

X—m=1
T dx Tt T dt f dt
JA2—=0—)—TE :jz =2 t:j -
o T LosX sl -n — €08 01+2sin®> - 0
.ot 1
sin“ — t+1
sin? -~
t t
d| cot - A
——2} ( Zj == A'arctanCOt2 _4rm_zon
0§+£cot21 V3 V3 V32 V3
2 2 2 0
The formula of integrating in parts
b h b
Iudv:uv —jvdu.
a
a a
Examples.
3
1. I:Jarcsin‘/de.
1+ X

0

: _ : / X
Solution. Considering u = arcsin.[—— , then
1+ X



3

e (e

3
/ X
| =xarcsin,|——
1+

1+x

P
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(g >;

dx dx
(1+x)2:2\/§(1+x) and dv=dx,x=V.

13 xdx ( ) ( )
—Eoﬁ(ler)—Barcsm —g 1+( ) —
dgﬁgz _n—&ZJrarctg&O:n—ﬁ+arctgf:
1+ /X



