An Example of Doing Mandatory Homework IDZ 3-1

1. Find the Domain of a function z = f(x, y) and Plot this Region.

a) f(x,y) =In(9 —x* —9y?)

Solution: In this function we know that we can’t take the logarithm of a negative number

or zero. Therefore, we need to require that,

2

X
9—x2—9y2>0=>?+y2<1

and upon rearranging we see that we need to stay interior to an ellipse for this function.

Here is a sketch of this region as follows:

-------
-

b) f(x,¥y) ={x+y

-----

Solution: In this case we know that we can’t take the square root of a negative number so

this means that we must require,

x +
Here is a sketch of the graph of this region,

3

y=0

¢) fx,y)=Vx+.y




Solution: Here we must require for each variable that,

x=0andy =0
and they really do need to be separate inequalities. There is one for each square root in
the function. Here is the sketch of this region,

¥

-
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x—y2’

d flxy) =

Solution: We see that f(x, y) is undefined for x = y2. The domain of the function therefore

consists of all points in the xy-plane except those which satisfy y = ++/x. Here is the
sketch of this region,

2. Partial Derivatives

a) Find a total differential du of the function u(x,y,z) = %,fy)
Solution: Let’s do the derivatives with respect to x and y first. In both these cases the
z’s are constants and so the denominator in this is a constant and so we don’t really

need to worry too much about it. Here are the derivatives for these two cases.



Sln(J/)

u,(x,y,z) = Z—Z = and uy, (x,y,z) = — Xcosw)

ay z?2
Now, in the case of differentiation W|th respect to z we can avoid the quotient rule with
a quick rewrite of the function. Here is the rewrite as well as the derivative with respect

to z:

u(x,y,z) = xsin(y)z 2,

then

2xsin(y)
Z3

Finally, the total differential of the function is calculated as follows:

Jdu Jdu Ju
du=—dx+——dy+—dz=

ou _ 3
u,(x,y,z) = 3, = —2xsin(y)z™> = —

0x dy 0z
sm(y) xcos(y) 2xsin(y)
2 dx + 2 dy - T dz
b) Find a total differential df of the function f (x,y,z) = xyz — xe* + xsin y at a point

TE .
(1,2, 1):

Solution: Let’s do the derivatives with respect to x, y and z first.
d
f(x,y) = EP (xyz — xe* + xsiny) = yz — (e* + xe*) + siny

fr(x,y) == (xyz —xe* + xsiny) = xz + xcosy

0
f,(x,y) = Ep (xyz — xe* + xsiny) = xy

Then,

df (x,y,z) = (yz — (e* + xe*) + siny)dx + (xz + xcos y)dy + (xy)dz
Hence,

i

_ —(Z.1— 1 il _
df(l,z,l)—(z 1—(el+1-e )+51n2)dx+(1 1+1- cosz)dy+(1 Z)d =

(E—Ze+1)dx+d +zdz
2 Y3
3. The Use of Chain Rule

a) Compute % ifz=xe®”, x=t?andy=1t"1

Solution: There really isn’t all that much to do here other than using the formula.
dz af dx LI af dy
dt ~ oxdt ay dt



Then,
of

of @ 2
Y — % (yoXV) = pXV xy 9 _ 9 (yoXV) = xy
P> ax(xe ) =e* + yxe*¥ and a(xe ) = x“e
ax _ d 2y _ dy _d . 1N _ -2
dt—dt(t)—Ztanddt—dt(t )=—t
Hence

= (e™ + yxe*)(2t) + x2e™ (—t~?)

= 2t(e™ + yxe™) — t %x2%e™Y

b) Compute % if z=x%y3 + ycosx, x = In(t?) and y = sin(4t)

Solution: In this case it would almost definitely be more work to do the substitution first so
we’ll use the chain rule first and then substitute.

dz

2
i (2xy3 — ysin x) (?) + (3x2y? + cos x) (4cos(4t))

4sin3(4t)Int? — 2sin(4t)sin(In t2
- S n SRLLI )+4cos(4t)(35in2(4t)[lntZ]Z+cos(lnt2))

c) Compute Z—i if z=xIn(xy) + y3 and y = cos(x? + 1)

Solution: This is a special case we have taken above. The formula now is

dz 6f+6fdy
dx ~ ox dy dx

Then,
Y GGy + ) = I + 5
of _ 3
3y~ 3y (xln(xy) +y°) = x—y+ 3y?
dy 2 - 2
T = a(cos(x + 1)) = —2xsin(x* + 1)
Hence

Z_Z = (In(xy) + x—) + (x . +3y*)(=2xsin(x* + 1))

X
= In(xcos(x? + 1)) + 1 — 2xsin(x? + 1)(m + 3cos?(x? + 1))

= In(xcos(x? + 1)) + 1 — 2x?tan(x? + 1) — 6xsin(x? + 1)cos?(x% + 1)



d) Compute Z—i and % if z=e%*sin(3y),x =u-v—v?andy = Vu? + v?

Solution: In this case if we were to substitute in for x and y we would get that z is a function
of u and v and so it makes sense that we would be computing partial derivatives here and that
there would be two of them. Here is the chain rule for both of these cases.

0z _9fax | 3fay 9z _ Of ox  of 0y
E_axau-l_ayauandav_axav dy dv
Then,
0 0
% =5 (e?*sin(3y)) = 2e**sin(3y)
Of _ 0 o 2
@ = @(e sin(3y)) = 3e“*cos(3y)
0x _ 0 ( 2) =
File Uv—v4)=v
0x B 0 ( 2 = )
3 = 37 uv—v°)=u v
dy 0 u
22— (2 2y =~
Ju au( uttv ) Vu? + v2
0 0 v
_y=_( u2+v2) N
Jv Ov Vuz + 2
Here is the chain rule for z—z
9z = (2e**sin(3y))(v) + (3e**cos(3y)) _t
Jdu Vuz + 2
3ue2@v=v")cos(3vu? + v?)
= v(2e2@vv")gin(3/u? + v2)) +
( ( ) N
Now the chain rule for Z—z
% = (2e#sin(3y))(u — 2v) + (Bezxcos(3y))L
ov Vu? + v2

ve2@W v cog(3vu2 + v?)

3
= (u — 2v)(2e2@v="gin(3/u? + v?)) +
vu? + v?

4. The Higher Order Partial Derivatives

a) Compute all four second derivatives of f(x,y) = x?y?

Solution: To take a derivative,' we must take a partial derivative with respect to x or y, and
there are four ways to do it in the following order: x then x, x then y, y then x, y then y.



d (0 d

fox = a<a (x2y2)> = a(zxyz) = 2y2
d (0 d

fxy = @(5 (x2y2)> = E(nyZ) = 4xy
0 d

fyx _a a_(x2y2)> =a(2yx2) = 4xy
_ 2 9 ,

Note. According to Clairaut's Theorem, the mixed partial derivatives are equal, if they are
continuous. That is we might find either f,,, or f,,,.

- - _ xy
b) Compute all second derivatives of f = y?
Solution:
( ) y3-yx? _ i(y3—yx2) _ 2x3y—6xy?®
(x2+y2)2’ X (x2+y2)2 - (x2+y2)3 )
_ v -yx 6x2y?—x*-y* _
f;fy (( +y2)2) - (x2+y2)3 ’fyx - fxy
( ) x3—-xy? _ i( x3—xy? ) _ 2xy3-6x3y
(x2 +y2)2’ oy \(x2+y2)2) — (x2+y?)3
c)

5. Implicit Differentiation Problems for a function z = f(x, y): find % and Z—;

a) x3z% — 5xySz=x%2+y3
Solution: Let’s start with finding Z—i. We first will differentiate both sides with respect to x

0 . . .
and remember to add on a ﬁ whenever we differentiate a z from the chain rule.

Remember that since we are assuming z = z(x, y) then any product of x’s and z’s will be a
product and so will need the product rule!
0z

0z
2 _ _
3x%z% + 2x3 zo 5y5z — 5xy® F = 2x

P
Now, solve for =
ox



0z
(2x3z — 5xy°) % 2x — 3x%z% + 5y°z

0z _ 2x—3x%2* +5y°z
0x -~ 2x3z —5xy®

: a L a
Now we’ll do the same thing for 5 except this time we’ll need to remember to add on a ﬁ

whenever we differentiate a z from the chain rule.

0z 0z
2x3z$ — 25xy*z — 5xy° 3y = 3y?
0z

(2x3z — 5xy°) 3y = 3y?% + 25xy*z
0z _ 3y? +25xy*z
dy ~ 2x3z — 5xy5

The second way for solving this task is the use of the rule,

0z _  OF/dx oz _ _ OF/dy

dx  OF/dz dy  9F/dz’'

where
F(x,y,z) =0

We first rewrite the given function in the form:
F(x,y,z) = x3z% — 5xy°z —x?> —y3 =0
Then, we differentiate F (x, y, z) with respect to x, that is

g—i = 3x2%z%2 — 5y5z — 2x
and with respect to y
Z—g = —25xy*z — 3y?
and, finally, and with respect to z
g—: = 2x3z — 5xy°
Hence,
0z 3x2z2 —5y°z—2x 2x —3x%z% +5y°z
ax  2x3z-— 5xy> T 2x3z— 5xy>
and
0z —25xy*z —3y? 3y? + 25xy‘z
dy T T 2x3z— 5xy> T 2x37— S5xy>

b) x%sin(2y — 5z) = 1 + ycos(6zx)



. : : . : : d
We’ll do the same thing for this function as we did in the previous part. First let’s find a—i.

Don’t forget to do the chain rule on each of the trig functions and when we are differentiating
the inside function on the cosine we will need to also use the product rule.

d 0
2xsin(2y — 5z) + x2cos(2y — 5z) (-5 é) = —ysin(6zx)(6z + 6x é}

P
Now, solve for =
0x

0z 0
2xsin(2y —5z) — 5 axzcos(Zy —52) = —62ysin(6zx) — 6yxsin(6zx) £
0z
2xsin(2y — 5z) + 6zysin(6zx) = (5x%cos(2y — 5z) — 6yxsin(6zx)) Fp
0z _ 2xsin(2y — 5z) + 6zysin(6zx)
0x ~ 5x2cos(2y — 5z) — 6yxsin(6zx)
Now let’s take care ofg—;. This one will be slightly easier than the first one.
x2cos(2y — 52)(2 — 5 25 — cos(6 in(62x) (63 2
os(2y — 5z 3y = cos(6zx) — ysin(6zx)(6x ay)
0z _ 0z
2x2cos(2y — 5z) — 5x2cos(2y — 5z) 3y = cos(6zx) — 6xysin(6zx) 3y
0z
(6xysin(6zx) — 5x2cos(2y — 52)) 3y = cos(6zx) — 2x?cos(2y — 5z2)
0z _ cos(6zx) — 2x*cos(2y — 52)
dy ~ 6xysin(6zx) — 5x2cos(2y — 52)

The second way is a bit easier.
First let’s get everything on one side to form the function:
F(x,y,z) = x%sin(2y — 5z) — 1 — ycos(6zx) = 0
Now, the function on the left is F(x, y, z) and so all that we need to do is use the formulas
developed above to find the derivatives.

0z 2xsin(2y — 5z) + 6yzsin(6zx)

ox —5x2cos(2y — 5z) + 6yxsin(6zx)
and

0z 2x%cos(2y — 5z) — cos(6zx)

dy - —5x2cos(2y — 5z) + 6yxsin(6zx)

6. Find the plane tangent to a multi-variable function at a point.

a) Find the plane tangent to and a straight line normal to x? + y2 + z? = 4 at (1,1,V2).



Solution: For a surface given by a differentiable multivariable function z = f(x, y) the
equation of the tangent plane at (x,, yo, Zo) IS given as
fx (%0, ¥0) (x — %) + £, (%0, ¥0) (¥ = ¥0) = (2 —2p) =0
whereas the canonical equations of the straight line normal to the tangent plane at
(%0, Y0, Zp) 1S given as
(x—x0)  —y0) (2—2)
f}(xo»YO)._-f§(xo»YO)-_ -1

As the point (1,1,v/2). is on the upper hemisphere, so we can use f(x,y) =
4 —x% —y2. Then,
fe(oy) = —x(4—x* —y*)™2and £, (x,y) = —y(4 — x* — y*) 72,

SO
QD =f,11) = -1/V2
and the equation of the plane is

1 1
—\/—E(x—l)—ﬁ(y—l)+\/§.

The equation of the straight line is
k-1 _@-1D_z-v2
X 1 1
V2 V2

7 =

b) Find the equation of the tangent plane to and a straight line normal to z = In(2x + y)
at M,(—1,3).

Solution: We first find the applicate of the point at which the tangent plane and a normal

straight line to the surface should be found: z, = f(—1,3) = In(2(—=1) + 3) = In(1) =

0

Then,
oY) = 5 fe(-13) = 2
fy) = 5o f(-13) = 1

So, the equation of the plane is then,
z—0=2x+1)+ (D) —-3)
z=2x+y—1
The equation of the straight line is



x+1) -3 z-0
2 1 -1

¢) Find an equation for the plane tangent to 2x2 + 3y? — z%2 = 4 at (1,1, —1).
Solution: We find the partial derivatives by using implicit differentiation. First let’s get
everything on one side to form the function:

F(x,y,z) =2x?+3y? —2z2—-4=0

Then,
dF 0F
fe(,y) = aF’fy(x Y) = —3F
62
oF
ol (2x +3y%2—z?2—4) =
oF 6
o 2 2 _ .2 _ 1) —
3y~ 3y (2x* 4+ 3y*—z°—4) =6y
oF 0
T _ T .2 2 _ .2 _ 4\ — _
P aZ(Zx + 3y“ —z“ —4) 27
So,
fx(x Y)—__: fx(l 1) =2
and
fy)=——= fy(l 1)=3

So, the equation of the plane is then,
z+1=2(x—-1)+3(y—-1)
z=2x+3y—6
The equation of the straight line is
x—1) w-1) =z+1
2 3 -1

. Find the gradient of the function w = w(x,y,z) = 5x2 — 2xy + y? — 4yz + z%? + 3xz
and its directional derivative in the direction of vector u = —7 + 2] + 2k at a point
My(1,-2,3)
We first calculate the partial derivatives of f

fr(x,y,z) =10x—2y+ 3z

fy(x,y,z) =-2x+2y—4z

f,(x,y,z) =—4y+ 2z + 3x,



then substitute them into Equation

SO

Vf(x,y,2) = fu(x,y, 2T + £, (0,5, 2)] + f,(x,y, 2)k =
= (10x — 2y + 32)T + (—2x + 2y — 42)] + (—4y + 2z + 3x)k
Then,

VFi(1,-23)=(10-1-2-(-2)+3-3)1+(-2-1+2-(-2)—4-3)]
+(—4-(=2)+2-343-1Dk =237— 18]+ 17k
The directional derivative of f in the direction of uis given by
d - IR
%(x, v,z) =Vf(x,y,2) - u=fi(x,y,z)cosa + f,(x,y,z)cos B + f,(x,y,z)cosy.
Since the vector is u not unit, we find the magnitude of u

[z =VEDEF @7+ @7 =Vvo =3

Therefore, a unit vector in the direction of 1: IS

—_

U —I+2j+2k 1,2 22
— = =—=l+=j+=
lull 3 3 3 3
1 2 2
cosa = —g,cosﬁ =2 and cosy =3

Hence,

s (1) w (o ()%

. Find the Local Extrema of the Function

flx,y) = x3 + 2xy — 6x — 4y2.
We first calculate f, (x,y) and f, (x, y):
fe(x,y) =3x2+2y—6

fy(x,y) = 2x — 8y
Equate the equations to zero yielding the system of equations:

3x2+2y—6=0

2x—8y =0

The second equation gives 2y = %. Substituting it into the first equation, we have the

solutions to this system are (— % — Z) and (§,§) Therefore they are critical points of f .

Next, we calculate the second partial derivatives of f:

fXX(x’y) = 6x!fxy(x:y) = 21 fyy(x;Y) = —8
Therefore,



p(-375) ~(-575) 1 (575) - (-575) -

6(—%)-(—8)—22=78>0

p(53)=e(3:3) v (53) 10 (5:3) =
6(%)-(—8)—22 = —68<0

Applying the theorem to point (—% —2) where f,.,.(x,y) =6x =6 (— z) =-9<0
leads to case 2, which means that the point corresponds to a local maximum.
Applying the theorem to point (§,§) leads to case 3, which means that the point is a
saddle point.

Example. Use the second derivative test to find the local extrema of the function:
1
gx,y) =§x3 +y%+2xy —6x—3y +4

Setting g, (x,y) and g, (x, y) equal to zero yields the system of equations
x2+2y—6 =0
2y+2x—-3 =0.

To solve this system, first solve the second equation for y . This gives y = 3_2& Substituting

this into the first equation gives
x?+3-2x—6 =0
x%—2x—3 =0
x-3)x+1) =0.

Therefore, x = —1 or x = 3. Substituting these values into the equation y = % it yields the
critical points (—1,2) and (3, —g).

Calculate the second partial derivatives of g :

Jux(X,y) = 2x
gxy(xi y) =2
gyy(x; y) =2

Then, we find a general formula for D :
D(xo,y0) = gxx(xo»YO)gyy(xo»yo) - (gxy(xo,yo))z
== (ZXO)(Z) - 22 == 4x0 - 4
Next, we substitute each critical point into this formula:



D(—L;) =@ -@)?=-4-4=-8

3
D(3,—§) =20B)NR2)-2)?*=12-4=8.
We note that, applying Note to point (—1,%) leads to case 3, which means that (—1,2) IS a

saddle point. Applying the theorem to point (3, — g) leads to case 1, which means that (3, — %)

corresponds to a local minimum.

9. Example 1. Find the absolute minimum and absolute maximum of f(x,y) = x? + 4y? —
2x%y + 4 on the rectangle given by —1 < x <land -1 <y < 1.

he Let’s first get a quick picture of the rectangle for
y=1 reference purposes. The boundary of this rectangle
Is given by the following conditions.
r=-1 x=1
¥ rightside:x =1, -1 <y <1
leftside:x =—-1,-1<y<1
upperside:y=1,-1<x<1
S lowerside:y =-1,-1<x<1

We’ll start this off by finding all the critical points that lie inside the given rectangle. To
do this we’ll need the two first order derivatives.
fx = 2x — 4xy, f, = 8y — 2x?
To find the critical points we will need to solve the system,
2x —4xy =0
8y—2x%? =0

2
We can solve the second equation for y to get, y = x:. Plugging this into the first
2
equation gives us, 2x — 4x(x7) =2x—x3=x(2-x2%)=0.

This tells us that we must have roots: x = 0 and x = +v2 = +1.414...

Now, recall that we only want critical points in the region that we’re given. That means
that we only want critical points for which —1 < x < 1. The only value of x that will satisfy
this is the first one so we can ignore the last two for this problem.



Plugging x = 0 into the equation for y gives us, y = 1—2 = 0. The single critical point, in
the region (and again, that’s important), is (0,0). We now need to get the value of the function at
the critical point: £(0,0) = 4.

Now, we’re going to look at what the function is doing along each of the sides of the
rectangle listed above.

Let’s first take a look at the right side. As noted above the right side is defined by x =
1,—1 < y < 1. Let’s take advantage of this by defining a new function as follows,

g =fLy)=1"+4y*-2(1*)y +4=5+4y* -2y

Now, finding the absolute extrema of f(x, y) along the right side will be equivalent to
finding the absolute extrema of g(y) intherange -1 <y < 1.

Let’s do that for this problem:

1

g’(y)=8y—2=>y=z

In this range we will need the following function evaluations:
1 19
g-1)=11,9(1)=7,9() =, =475

4
Notice that, using the definition of g(y) these are also function values for f(x,y) at
g(=1) =f1,-1)=11
g(1) =f(1,1) =7
1 1. 19
9@ =fAPD=7=475
We can now do the left side of the rectangle which is defined by, x = -1,-1 <y <1
Again, we’ll define a new function as follows,
g =f(-Ly)=(1?+4y* - 2(-1)’y +4=5+4y* -2y
We will find the critical point y = + = (~1,) and on the boundary (~1,~1) and (—1,1)
g1 =f(-1-DH=11
g =f(=1L1) =7
1 1 19
9@ =LY =7 =475
Next, we can now look at the upper side defined by, y =1,-1<x <1
Define a new function except this time it will be a function of x:
h(x) = f(x,1) = x%? + 4(1?) — 2x?(1) + 4 = 8 — x?
Hence, we need to find the absolute extrema of h(x) ontherange -1 < x <1
h'(x)==-2x=>x=0
The value of this function f(x, y) at the critical point and the end points is,



h(-1) =f(-11)=7
h(l) =f1,1)=7
h(0) =£(0,1) =38
Last, we need to take care of the lower side. This side is defined by, y=—-1,-1<x<1
The new function we’ll define in this case is,
h(x) = f(x,—1) = x? + 4(—1)? — 2x?(—1) + 4 = 8 + 3x?
The critical point for this function is,
h'(x)=6x=>x=0
The function values f(x, y) at the critical point and the endpoint are,
h(-1) =f(-1,-1)=11
h(1) =f(1,-1)=11
h(0) =f(0,—-1) =8
Finally, we need compare all values of the function found in all the steps and take the
largest and smallest as the absolute extrema of the function in the rectangle.

(0,00 =4 f1,-1) =11 f@Q1) =7
f(l%) =475 f(-1,1) =7 f(-1,-1) =11

1
f(-Lp =475 (01 =8 f(0,-1) =8
The absolute minimum is at (0,0) since gives the smallest function value and the absolute

maximum occurs at (1,—1) and (—1,—1) since these two points give the largest function value.

Example 2. Find the absolute minimum and absolute maximum of f(x,y) = 2x%? — y% +
6y on the disk of radius 4, x? + y2 < 16.
Let’s first find the critical points of the function that lies inside the disk. This will require
the following two first order partial derivatives.
fe=4x,f, =-2y+6
To find the critical points we’ll need to solve the following system.

4x =0
—2y+6 =0

So, the only critical point for this function is (0,3). The function value at this critical point
is, £(0,3) =9
Now we need to look at the boundary. We can solve this for x? and plug this into the x in
f(x,y) to get a function of y as follows: x? = 16 — y?,
g) =216 -y*) —y*+ 6y =32-3y* + 6y



We will need to find the absolute extrema of this function on the range —4 <y < 4. We’ll first
need the critical points of this function.

gy)=—-6y+6=>y=1
To find the points, we can do this by plugging the value of y into our equation for the circle
and solving for x as

y=—4: x? =16-16=0=>x=0
y=4: x? =16—-16=0=>x=0
y=1 x? =16—-1=15=x = +V15 = +3.87
The function values for f(x,y)
g(—4) =-40 = f(0,—-4) = —40
g4) =8 = f(0,4) =8

g(1) =35 = f(-V151)=35 and f(¥15,1) =35
So, comparing these values to the value of the function at the critical point of f(x, y) that we
found earlier we can see that the absolute minimum occurs at (0,— 4) while the absolute

maximum occurs twice at (—v15,1) and (V15,1).



