COMPLEX NUMBERS

The purpose of this paragraph is to give you a brief overview of complex numbers,
notation associated with complex numbers, and some of the basic operations involving
complex numbers.

1 Prelude to Complex Numbers

In the real number system, there is no solution to the equation x? = —1.

The backbone of this new number system (complex numbers) is the number i, also
known as the Imaginary Unit.

i=v-1
So,

Hence, i = v—1 is defined so that we can deal with square roots of negative numbers
as follows,

V=100 = /(100)(—1) = V100V—1 = v100i = 10i
By taking multiples of this imaginary unit, we can create infinitely many more new
numbers, like 3i, v/5i and —12i. These are examples of imaginary numbers.

However, we can go even further than that and add real numbers and imaginary

numbers, for example 2+ 7i, 3 —+/2i. These combinations are called complex
numbers.

Defining complex numbers

So, let’s give the definition of a complex number.

Given two real numbers a and b we will define the complex number z as,
z=a+ bi

Note that at this point we’ve not actually defined just what i is at this point. The number
a is called the real part of z and the number b is called the imaginary part of z and are
often denoted as,

Rez=aandImz = b

The table below shows examples of complex numbers, with the real and imaginary
parts identified. Some people find it easier to identify the real and imaginary parts if
the number is written in standard form.

Complex Number  Standard Form: a + bi Description of parts

70— 2 —2+7i The real part is —2, and the




Imaginary part is 7.

4 — 3i 4+ (=3)i The real part is 4, and the imaginary
part is —3.
9i 0+ 9i The real part is 0, and the imaginary
part is 9.
-2 -2+ 0i The real part is —2, and the

imaginary part is O.

In the last two cases, if the real part is 0 we call the complex number a pure imaginary
number. Next, a complex number that has a zero imaginary part is in fact a real
number.

So,
An imaginary number is a complex number a + bi, where a = 0. Similarly, we can
say that a real number is a complex number a + bi, where b = 0.

From the first definition, we can conclude that any imaginary number is also a complex
number. From the second definition, we can conclude that any real number is also a
complex number,

The set of complex numbers is denoted by the symbol C. Thus we have the chain of
inclusions:

CoRD>QDZ>SN

So why do we study complex numbers anyway? Believe it or not, complex numbers
have many applications—electrical engineering and guantum mechanics to name a
few!

From a purely mathematical standpoint, one cool thing that complex numbers allow us
to do is to solve any polynomial equation.

—21+V22-4-5  -2+V/-16 _ —24Vi%16 _ —2+4-i
2 2 2 2

x> +2x+5=0=>x, =
Hence,

x1=—1+27and x2=—1-27
To check the solutions, we calculated

(x—x) (x—x)=(x4+1-2-i)-(x+142-i)=(x+1)2—(2-0)?
=x?+2x+1—-(4-i)=x*+2x+1—-4-(-1)=x2+2x+5

As we continue our study of mathematics, we will learn more about these numbers.

2 Complex Number Operations
We next need to define how we do basic operations with complex numbers.



1. Given two complex numbers z; = x; + iy;and z, = x, + iy, we define addition
and subtraction as follows,

z=21+2z; = (xg +iy) + (xa +iyy) = (x1 +x) + iy +y2)
and
z=21— 2z, = (xy tiy) — (xa +iyy) = (x1 —x) +i(y1 — ¥2)

We just have a bunch of real parts and imaginary parts that we can then add up together
or subtract them.

For the sake of exactness, the operation of subtraction is introduced through the
definition of an additive inverse —z such that z + (—z) = 0, i.e. —z = —a — bi.

Then, to define the subtraction of two complex numbers, we add a complex number z;
and an additive inverse of complex number z,. This is

21— 2y =21 + (—23)

Examples:
1. (-3+5)+@4-8)=(-34+4)+(5-8)i=1-3i
2. B+20)+(-1-5)=@B-1D)+@2-5i=2-3i
3. 2+3)+(6-3)=2+6)+(3—-3)i=8-0i=8
4. (10-3))+(-10+3i) =(10-10)+(-3+3)i=0—-0i=0
1. (-5+20)—-B3-5)=(-5-3)+(2—-(-5)i=-8+7i
2 (6+7i))—(6—=5)=(6—-6)+(7+5)i =12i

3. (0,3+250) — (=0,75 + 1,5{) = (0,3 + 0,75) + (2,5 — 1,5)i = 1,05 + i

2. Given two complex numbers z; = x; +iy;and z, = x, +iy, we define
multiplication as follows,

z = (x1 +iy1) - (xp +iyy) = (x1x2 — y1¥2) + (X1 %2 + y1Y2)
Example:
1-20)-B+20)=1-3-(-2)-2)+(1:-24+(-2)-3)i=B+4)+(2-06)i
=7 —4i

3. Suppose that we have two complex numbers z; = x; + iy;and z, = x, + iy, then

the division of these two is defined to be,
Zr —
Z, =12y

1

where z, ! is a multiplicative inverse.



A multiplicative inverse for a non-zero complex number z = a + bi is an element

denoted by z~ ! such that zz~! = 1. Following this formula, we get

a b

_1 .
= — [
a?+ b? a? + b2

Hence,
Zy Xty , oy XX T VY2 X1Xp — V1Y2
—=———=(x + +i = —i
Z, X, ¥ iy, (x1 + iy;)(x; y2) x22 +y22 x22+y22
Example:
6+ 3i
= (6 + 3i)(10 + 8i) 1
1058 6+3010+8)
N-1_ 10 8 . _ 10-8i
where (10 +8i)™" = —— — —— i =—-.
Then,
6430 _ a0 et ey 3 10 — 8i 60 — 48i + 30i — 24i?
078 211)(9 D7 =O+3) = = 164
=31 82

3. Conjugate and Modulus

There are a couple of other operations that we should take a look at since they tend to
show up on occasion. We’ll also take a look at quite a few nice facts about these
operations.

The first one we’ll look at is the complex conjugate, (or just the conjugate). Given the
complex number z = a + bi the complex conjugate is denoted by z and is defined to
be,

Z=a-—bi
In other words, we just switch the sign on the imaginary part of the number.
Here are some basic facts about conjugates.

Z =z
Zl i Zz = El i EZ
Z1Z; =712,
(_1) _4
Zy Z

The first one just says that if we conjugate twice we get back to what we started with
originally and hopefully this makes some sense. The remaining three just say we can



break up sum, differences, products and quotients into the individual pieces and then
conjugate.

So, just so we can say that we worked a number example or two let’s do a couple of
examples illustrating the above facts.

Zforz=3—-15"Z=3+15i=2z=3+15i=3—15i =z

7z, —2zyforzy =5+iandz, = -8+4+3iiz, —2, =13 -2i=>27; — 2z, =13 - 2i =
13 + 2i

(-8—-3i) =13+ 2i
There is another nice fact that uses conjugates that we should probably take a look at.

However, instead of just giving the fact away let’s derive it. We’ll start with a complex
number z = a + bi and then perform each of the following operations.

Zz+z =a+ bi+ (a— bi) z—2z =a+bi—(a—bi)
= 2a = 2bi
Now, recalling that Rez = a and Imz = b we see that we have,
z+7z Z—Z
Rez = > Imz = T

The other operation we want to take a look at in this section is the modulus of a complex
number. Given a complex number z = a + bi the modulus is denoted by |z| and is
defined by

|z]| =+ a? + b?

Notice that the modulus of a complex number is always a real number and in fact it
will never be negative since square roots always return a positive number or zero
depending on what is under the radical.

We can get a nice fact about the relationship between the modulus of a complex
number and its real and imaginary parts. To see this let’s square both sides of Equation
and use the fact that Rez = a and | Imz = b. Doing this we arrive at

|z|?> = a? + b? = (Rez)? + (Imz)?

There is a very nice relationship between the modulus of a complex number and its
conjugate. Let’s start with a complex number z = a + bi and take a look at the
following product:

2Z = (a + bi)(a — bi) = a? + b?

From this product we can see that



zZ = |z|?
We can also now formalize the process for division from the previous section now that
we have the modulus and conjugate notations. In order to get the i out of the
denominator of the quotient we really multiplied the numerator and denominator by
the conjugate of the denominator. Doing all this gives the following formula for
division,

Z1 212, . 212,

Zy  Z3Z; |27
Then, given two complex numbers z;, = x; + iy,;and z, = x, + iy, we define

Zy Xty Xt -l Xty XX, — W)

Zz_x2+i}’2_x2+iYZ xz_iYZ_ x22+y22 x22+y22
Example:
6+3i (6+30)(10—8i) (60+24)—i(60—24) 84 36
10 +8i (10 + 8i)(10 — 8i) _ 102 + 82 T 164 164"
21 9
=48

4 Polar & Exponential Form
There are some alternate forms of a complex number that are useful at times.
Geometric Interpretation

Before we get into the alternate forms we should first take a very brief look at a natural
geometric interpretation of complex numbers since this will lead us into our first
alternate form.

Just like we can use the number line to visualize the set of real numbers, we can use
the complex plane to visualize the set of complex numbers.

6;2
o+ Im
44
34
2] -z
14
< t :RE: z=—1+1
6 -5 —4 -3 -2 | 12 3 4 5 ¢ (-1.1) 7=+ i
—24 (a.)
-3}
—44
—54 -1
_aY¥




Consider the complex number z = a + bi. We can think of this complex number as
either the point (a, b) in the standard Cartesian coordinate system or as the vector that
starts at the origin and ends at the point (a, b).

The complex plane consists of two number lines that intersect in a right angle at the
point (0,0). The horizontal number line (what we know as the x-axis on a Cartesian
plane) is the real axis. The vertical number line (the y-axis on a Cartesian plane) is the
Imaginary axis.

An example of this is shown in the figure.
Polar Form

Let’s now take a look at the first alternate form for a complex number. If we think of
the non-zero complex number z = a + bi as the point (a, b) in the xy-plane we also
know that we can represent this point by the polar coordinates (r, 8), where r is the
distance of the point from the origin and 6 is the angle, in radians, from the positive x-
axis to the ray connecting the origin to the point.

[ ]

Z=cr+ &

When working with complex numbers we assume that r is positive and that 8 can be
any of the possible (both positive and negative) angles that end at the ray. Note that
this means that there are literally an infinite number of choices for 6.

We excluded z = 0 since 8 is not defined for the point (0,0). We will therefore only
consider the polar form of non-zero complex numbers.

We have the following conversion formulas for converting the polar coordinates (r, 8)
into the corresponding Cartesian coordinates of the point, (a, b).

a=rcos@, b =1rsin@

If we substitute these into z = a + bi and factor an r out we arrive at the polar form
of the complex number,

z=71(cosf + isin0)

Note as well that we also have the following formula from polar coordinates relating
rtoaandb



r=Ja b2
but, the right side is nothing more than the definition of the modulus and we see that,
r =|z|
So, sometimes the polar form will be written as,
z = |z|(cos 8 + isin 0)
The angle 6 is called the argument of z and is denoted by,
0 =argz

The argument of z can be any of the infinite possible values of 6 each of which can be
found by solving

tanf = —
a

and making sure that 9 is in the correct quadrant.

Note as well that any two values of the argument will differ from each other by an
integer multiple of 2x. This makes sense when you consider the following.

Exponential Form

Now that we’ve discussed the polar form of a complex number we can introduce the
second alternate form of a complex number. First, we’ll need Euler’s formula,

e = cos @ +isin6
With Euler’s formula we can rewrite the polar form of a complex number into its
exponential form as follows.

z = ret?

where 8 = argz and so we can see that, much like the polar form, there are an infinite
number of possible exponential forms for a given complex number.

We can also get some formulas for the product or quotient of complex numbers. Given
two complex numbers z; = r;e't and z, = r,e'%2 where 0, is any value of argz, and
6, is any value of argz, , we have

_ io 0, — i(6,+6
21z, = (re'%1)(re'f2) = ryrel®1+02)
i6,

Z _ N " _ N Lies-6y)
Zy r,eifz 1,

The polar forms for both of these are,



Z1Z, =n11y(cos(81 + 6,) +isin(6, + 6,))

VA r
21 =1 (cos(8, — 6,) + isin(6, — 6,))

Zy T

5 Powers and Roots

In this paragraph we’re going to take a look at a really nice way of quickly computing
integer powers and roots of complex numbers.

We’ll start with integer powers of z = re'® since they are easy enough. If n is an
integer then,

7N = (T.eie)n = yrneind
There really isn’t too much to do with powers other than working a quick example.
Example: (3 + 3i)°

Of course, we could just do this by multiplying the number out, but this would be time
consuming and prone to mistakes. Instead we can convert to exponential form and then
to quickly get the answer.

The exponential form is

3 T
r=+v9+9 =3v2, tan9=§=>Argz=Z
Then,
%
34 3i = 3v2e'z
Now,
5T 5t 5t )
(3 + 3i)° = (3V2)%e'% = 972\/§(cos(7) + isin()) = 972\/7(—7 -0

= —972 — 972i
Note that if » = 1 then we have,
7N = (eie)n — einf
and if we take the last two terms and convert to polar form we arrive at a formula that
Is called de Moivre’s formula.

(cos 8 + isin 8)" = cos (n@) + isin (nO)n =0, 11, +2, ...





