Lecture #10: Equations of Plane in Space
10.1 General Equation of Plane in Space

Theorem (about general equation of plane) Suppose X, y, z are the
coordinates of a point in the Cartesian coordinate system. Any linear equation
Ax+By+Cz+D =0, where A%>+B?+C? =0, is an equation of plane in space.

G’roqﬁ Suppose coordinates of point (xy,Y.Z,) satisfy the equation
Ax+By+Cz+D=0, and denote the coordinates of any other point satisfying this

equation by (x, Y, z). then

Ax+By+Cz+D=0, *)
Axqy + Byy +Czy + D =0. (**)

After subtraction of equation (*) from equation (**) we have
A(x=%o)+B(y = ¥o)+Cl(z~29)=0. (%)

Equation (***) can be considered as
zero scalar product of vector fi(A,B,C)

and vector MM (x—Xy, Y~ Yo.2 - 25). It
means that for any point M(x,y,z) with
coordinates satisfying the equation (*)

the vector MyM L, i.e. all point

Figure 1

satisfying this linear equation belong to
the plane perpendicular to the vector fi(A,B,C) (Fig.1). Moreover, from (**) we
have that D = —Ax, — By, —Cz,, where (X, Yo,2,) satisfies (*).
From the other side the opposite statement is valid as well, i.e. any point M(x,y,z) of
the plane satisfies the equation (*). Indeed, two points of this plane M and M, form
vector in plane perpendicular to the vector fi(A,B,C). So,
0=A(X—Xg)+B(y~-Yo)+C(z—25)= Ax+By+Cz — Axy — By, —Cz, =

=Ax+By+Cz+D,

where D = —Ax, — By, — Cz,. Theorem is proven.

Definition. Vector fi(A,B,C) is called the normal vector of plane.



Vector fi gives an orientation of the plane. i
To describe some certain plane we have to determine also T
a location which can be given by any point of this plane |
(Fig.2).
Definition. Equation
Ax+By+Cz+D=0
is called the general equation of the plane.
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M (xo, 1)-/'[] )
Definition. Equation Figure 2
A(x=%g)+B(y—Yo)+C(z-2,)=0

is called the equation of the plane with given normal vector fi(A,B,C) and a point
of the plane Mg (xXy, Yo, 2o ).

Ex,amplé. Let us find an equation of the plane perpendicular to the axis Oz and
passing through the point M,(1~2;3). Since this plane is perpendicular to the axis
Oz It is perpendicular to the vector k (0,0,1) and this vector can be chosen as a normal
vector of the plane. Therefore, fi(A,B,C)=(0,0,1), My(Xo, Yo.2o) = (1,—2;3) and the

equation of this plane looks like
0(x-1)+0(y—(-2))+14(z-3)=0=2z-3=0<=12=3.

10.2. Equation of Plane with Given Intercepts

Suppose A-B-C-D=0. Let us divide the general equation of the plane by
—D. Then

Ax By Cz
==
D -D -D
or
Xy oz
ot ot o1
A B C
or
X y 7 _
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where a= —%, b= —2, c= —g are the segments cut from the semi-axes of axes

B
Ox,0y,0z or the intercepts (Fig.3).
The last equation is called the equation of plane with the given intercepts.

E?camplé. Let us find an equation of the plane with equal intercepts and passing
through the point M (1;,—2;3). Since the intercepts are equal the equation has a form:

5+X+£:l.

Since the point M (L;—2;3) belongs to this plane the coordinates of this point
satisfy the equation of the plane and therefore

£+__2+§:1<:>E:1<:>a=2.
a a a a

Finally we obtain the equation
X2 YiZo1 or xty+z-2=0.
2 2 2

10.3. Angle Between Two Planes. Parallel and
Perpendicular Planes

Definition. An angle between two planes is

the angle between their normal vectors (Fig.4).
From definition we have:

(il’?) & o= arccos (r_ll?)

‘”1“”2‘ ‘”1“”2‘ Figure 4

where m (A, B,;,C,) and n,(A,,B,,C,) are the

normal vectors of the planes

Ccosa =

plane 1: Ax+B;y+C;z+D,; =0,
plane 2: A,x+B,y+C,z+D, =0.
Therefore, conditions of parallel and perpendicular planes look like:

A_B_G.
AZ BZ CZ

Plane 1 || Plane 2 < my|n, < mxn, =0<



focamp&e 1. Find the value a such that the following planes are perpendicular:
oX+y—-3z+1=0, x+5z2-19=0. Since these planes are perpendicular then the
scalar product of their normal vectors fi,(o,1,—-3) and fi,(1,0,5) is equal to zero and

we have
(M, M,)=0=0+0-15=0-15< o =15.

Example 2. Find the values o and B such that two planes ax+y-3z+1=0,
X—y+PBz—-19=0 are parallel. Since these planes are parallel then the coordinates

of their normal vectors i, (a,1,—3) and f,(1,—1,p) are proportional and we have

*o1
A_B_ G o 1 -3 _J1 @{“:‘1
A B, G, 1 -1 B __3:_1

E?camplé 3. Find the angle between the planes x+y-3z+1=0, x—y+z-19=0
. Here 1i;(1,1,-3) and i, (1,—11). Thus

oL = arccos (M, m,) = arccos 1-1-3 = arccos =3
[, 12412 4 (-3)2 12+ (-1)2 +12 V1143

/3 /3
=arccos| —,/— |=m—arccos.,|— .
11 11

10.4. Distance from Point to Plane

i A Let us find the distance from the point
| P(xf"yf":f‘) P(Xp,Yp,Zp) to the plane Ax+By+Cz+ D =0.
id Suppose My (Xy,Yo,2Zp) belongs to this plane.
/_E‘ Then
-W[;(I(}J’u,:u} Axy + By, +Czy+ D=0 or D=-Ax, — By, —Cz,.

Ax+By+Cz+ D=0 Distance from the point P to the plane can be

Figure 5 found as (Fig.5)
(. MgP)
n

d:‘prﬁM—oP‘:




[A(Xp —Xo)+B(yp — o) +C(z _Zo)(

JAZ +B? 12
_ |Axp +Byp +Czp — Axg — By —Czo| |Axp +Byp +Czp + D
JAZ +B? 12 JAZ+B?1C?

Thus
|AXp + Byp +Czp + D
\/A2 +B2+C2
Example 1. Suppose  Xp = Yp = zp =0. Then the distance from the origin to the

d =

plane is equal to
o
JA? 1 B2 1 C?
ample 2. Find the distance from the point P(L—2;3) to the plane
p

d:d0:

X+2y—2z+5=0. By formula we have

J_ [A%p +Byp +Czp +D| [1+2(-2)-2-3+5 |-4 4
JAZ + B2 +C2 JP+224 (27 V93

10.5. Normal Equation of Plane

Let us consider the general equation of the plane Ax+By+Cz+ D =0.

After division of the plane equation by A2 +B2+C? and renaming the
coefficients we obtain the following:

A B C D

X+ y+ Z+ =0

\/A2+BZ+C2 \/A2+BZ+C2 \/A2+BZ+C2J \/A2+BZ+C2
cosa, cosp Cosy p
or
coso-X+CosP-y+cosy-z+p=0.
A B C .
Here , , = (cosa, cos P, cosy) is the
(\/A2+BZ+C2 \/A2+BZ+C2 \/A2+BZ+CZJ

ort of the normal vector ii° X



v
JAZ +B2 42
taken with the sign plus or minus depending on the sign of the coefficient D.

Iy

=d, is distance from the origin to the plane. So, p is a distance

The obtained equation coso.-X+cosf-y+cosy-z+ p=0 is called the
normal equation of the plane.

Example. Find the equations of the planes with distance from the plane

X+Yy—3z+1=0 equal to 3v/11. These planes are parallel and therefore they have

the same normal vector f(1,1,—3). Let us consider the normal equations of these three
planes.
‘ﬁ‘Z\/l+l+9=\/ﬂ;
1 X+ L y-— 3 Z+ L =0;
NN RN TR
L X+ L y— 3 zZ+p,=0;
J1t T ittt
1 1 3 ' ~— >

X+ ——7+4p,=0. 0 y
NN RN TR ///

X

So, for the initial plane

. 1 Figure 5
Vi1
From the condition and Fig.5 It follows that
1 33 32
=p-3/1l=— -2 =2
=P NN RN T
1 33 34

p,=p+3J11=

NN TN

and therefore the asked equations are

! X+ L y— 3 - 32 =0 Xx+y—-3z-32=0;
Vi1 M1t Vi1 Vi ’
1 1 3

X+ y— Z+ 34 =0 x+y-3z+34
Ji1© V117 V11 Vi1 '



10.6. Three Particular Cases for Plane Equations

Case 1 Suppose we know one point M;(X,,Yo,2,) Of the plane and any two

uncollinear vectors &,b parallel to this plane (Fig.6a).
In this case we have a point and to get equation of the plane we should just
find the normal vector. But

i} 7i 7
a)
i M\M/ /. </

—

nla
" i axh.
1b

Therefore as normal vector we can choose the vector

n=Adxb,
where Le R, A #0.

Case 2 Suppose we know two points M, (x;, ¥;,2;) and M,(x,,Y,,z,) of the plane

and a vector a parallel to this plane and uncollinear to the vector M;M, (Fig.6b).
In this case we have a point but do not have a normal vector. Since
nla o
. =h|laxMM,.
nlMmMM,
Therefore as normal vector we can choose the vector
n=AaxM;M,,

where Le R, A #0.

Case 3 Suppose we know three points M;(x,V¥;,2), M,(X,,Y,,2,) and

M, (X,,Y,,2,) of the plane such that vectors M;M, and M;M; are uncollinear
(Fig.6c).
Since



{r_‘lMlMZ:ﬁn MM x MM
n

Therefore as normal vector we can choose the vector

where Le R, AL#0. Then

[ J k
A=AMM,xM Mz =AX, =% Y,—-¥; Z,—7|=(AB,C).
X3—=% Ys—=Y1 Z3—14
Thus, the equation of the plane passing through three given points has the form
A(x—x;)+B(y-y;)+C(z~2)=0 or
X=% Y=Y -4
Xo =X Yo—Y1 Z;—-7|=0.
X3=% Ys= Y1 2374

Note. The last equation of the plane can be obtained directly from the condition of

complanarity for vectors M;M,, M;M;, M;M , where point M(x,y,z) is an arbitrary
point of this plane.

Examplé. Find equation of the plane passing through the points M;(1,2,-1),
M, (0,3,0) and M, (2,-11).
From the last formula we have
x-1 y-2 z+ x-1 y-2 z+
0-1 3-2 0+1=|-1 1 1 |=
2-1 -1-2 1+1 1 -3 2
=5(x-1)+3(y-2)+2(z+1) =5x+3y+2z-9=0.



