12.1 Line in Plane

Lecture #12: Straight Line in Plane

Consider the rectangular Cartesian coordinate system.
(Dqﬁnition. Locus of the points with coordinates satisfying an equation ®(x,y)=0

is a line in plane.

Definition. Expression ®(x,y)=0 is called an equation of the line in plane if

coordinates of all points of this line, and only of those points, satisfy the equation.

Example. Suppose
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D(x,y)=x>+y?-4=0,

x2+yi=4

That is an equation of the circle with radius R=2
(Fig.15).

Equation of the line depends on the system of coordinates.

Let us consider, for example, the polar system of coordinates. Instead of to
determine point in plane by Cartesian coordinates x,y we determine it by polar

radius p and polar angle ¢ (Fig.16).

Herein, p is a distance from the point to the origin, i.e.

¢ is an angle between the positive semi-axis Ox and the

radius-vector of the point. Herewith, ¢ is positive in the

anticlockwise direction and negative in other direction.
From Fig.16 It is simple to get that

X = pCOS®

y=psine
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ﬂxamplb. Find the equation of the circle with center (0;0) and radius R =2 in polar
coordinates.
X2 +y2 =4 p?cos? p+pZsin? o =4 < p?(cos’ p+sin @) =4 <
= p2 =4 p=2.

So, the equation of this circle in polar coordinates is

p=2.
Another way to determine a line in plane is by M, <>,
means of the parametric equations: Ms <3
{x = X(t) Ms <t
teR
y=y(y) Figure 17

Here the coordinates of the points are functions of some parameter t. Parameter t is
like a continuous number (index) of infinite number of points of this line (Fig.17).

X=2C0S@ _
ample. p=2 = where ¢ is a parameter.
Example. p {y _2sing ¢ isap

12.2 Straight Line in Plane. General Equation of the Straight Line

Consider the rectangular Cartesian coordinate system.
Theorem (about general equation of the straight [ine) Equation

Ax+By+C =0, where A?+B? =0, is an equation of the straight line in plane.

Q’roqﬁ Let us consider an equation
Ax+By+C=0 *)
and suppose that X =Xy, Y =Y, satisfy the equation (*). i.e.
Ax, + By, +C =0. **)
The difference of equations (*) and (**) is

A(X—Xg) +B(y - Yyo) =0. (***)



Equation (***) means that for any point M(X,y) with coordinates satisfying the

equation (*) the vector MyM L fi, where My(Xy,Yo), N =(A,B) (Fig.18). Thus M
belongs to the straight line passing through the point M, and perpendicular to the
vector fi. Note, that from (***) we have

AX — AXy+By — By, =0 < Ax+ By + (—Axy,—Byy) =0 < Ax+By+C =0,

where C =—Ax,—By,.
Let us consider now any point M(x,y) that

——7 \?MZ— belongs to this straight line. Vector MyM is the

vector parallel to this straight line and therefore it
Figure 18 Is perpendicular to the vector i =(A,B), i.e.

0=(MoM,fi)= A(x=xo) + B(y — o) = AX+ By + (~AX, — Byy) = Ax+ By + D.
So, any point of this straight line satisfies the equation (*). Theorem is proven.

@qﬁnition. Vector ni=(A,B) is called a normal vector of the straight line
Ax+By+C=0.

(Dgﬁnition. Equation Ax+ By +C =0 is called the general equation of the straight
line.

Definition. Equation A(X—X,)+ B(y - Y,) =0 is called the equation of the straight

line passing through the point M (X,, Yo) with normal vector fi(A, B).

ﬂx,amplé. Find the equation of the straight line parallel to the straight line
2x+ Yy +1=0 and passing through the point M, (3;-2). Normal vector of the given
straight line 1i(2,1) is perpendicular to the asked straight line as well, since these
straight lines are parallel. Therefore we can take 1i(2,1) as normal vector of the
straight line. So, we obtain
AX—Xp)+B(Y—Yo)=2(X-3)+1(y—(-2)) =2x-6+y+2=2x+y-4=0
or
2x+y—-4=0.



12.3 Equation of the Straight Line with Given Intercepts

Suppose A-B-C #0. Let us divide the general equation
\yA of the straight line by C. Then

AX + By+C=O<:>§x+gy+1=O<:>

Figure 19 where a = —%, b= —% are the intercepts of the straight

line on the exes (Fig.19).

Note. Intercepts a,b can be negative. It means that segments are cut from the
negative semi-axes of Ox, Oy.

Ex,amplé. Find the area of the triangle bounded by axes Ox, Oy and the straight line

%—% =1 (Fig.19). From the equation we have

a=6b=-5.
Therefore

S =%|a||b|=%-6-5=15 square units.

12.4 Canonical Equation of the Straight Line

As it was mentioned above, the straight line can be determined by its normal
vector giving an orientation of the straight line
and by its point giving a location of this straight
line. But besides the normal vector the orientation
of the straight line in plane can be given by the

direction vector I =(m,n) (Fig.20). In this case

Figure 20

(MM = 2% Y=Y
m n



The last equation is called the canonical equation of the straight line in plane.

Examplé. Find the equation of the straight line perpendicular to the straight line
2x+y+1=0 and passing through the point M, (3;-2). Normal vector of the given
straight line [(2,1) is parallel to the asked straight line, since these straight lines are
perpendicular. Therefore we can take i(2,1) as the direction vector of the straight
line. So, we obtain

X=X _¥=Yo o X=3_y-(2)
m n 2
<> X—-3=2y+4<< Xx—-2y-3-4=0

< Xx-3=2(y+2) <

or
X—-2y—-7=0.

12.5 Canonical Equation of the Straight Line Passing Through Two Points

Suppose the points A and B belong to the straight
line. Let us consider an arbitrary point of this line
M (x,y) (Fig.21). Then

B(Xs,Ys)
A(XA,yA) m”ﬁ@ X—Xa _ Y—VYa .

Figure 21 Xe =Xa Yo~ Ya

The last equation is the equation of the straight line passing through two points A
and B.

Examplé. Find the equation of the straight line passing through the origin and the
point B(1;—1). In that case the second point is A(0;0). So we obtain
x-0 y-0
1-0 -1-0
Therefore the equation of the asked straight line is

X=-Y.

X+y=0,

12.6 Parametric Equations of the Straight Line



Let us consider the canonical equation of the straight line and equate both
sides of this equation to some value t:
X=X _¥Y=Yo _
m n
t is parameter of proportionality for point M (X, y). From the last equation we get

the parametric equations of the straight line:

teR.

12.7 Distance between Point and Straight Line

P(Xp,Yp) Distance from the point P(xp,yp) to the
/T:(Ij straight line can be found as a module of the
Mx.y) projection of the vector MP on normal direction
Ax+By+C=0 (Fig.22):
Figure 22
o oy 5.MP) _ A~ + By - )] _
Al | JAZ 1 B2
_ |Axp +Byp —(Ax+BYy)| |AXp +Byp +C|
B JAZ 4 B2 -~ Jazip?

So, the distance from the point P(xp,yp) to the straight line Ax+By+C=0 is

d :|Axp +ByP+C|.
VA? + B2

Example 1. Find the distance from the origin to the straight line:

d_\Axp+Byp+C\_{xp=0}_\A-0+B-0+c\_ c|
NI yp=0 JA21B2  JpA24B?

Example 2. Find the altitude of the triangle with vertices A(L-2), B(2;0), C(-13)
dropped on the side AC (Fig.23).



B The value of this altitude can be found as a
distance from the point B to the straight line,
h passing through the points A and C.

A C
Figure 23 The equation of the straight line AC is

x-1 y-(-2) N
_1_1—3_(_2) &5(x-1)=-2(y+2) <

&S 5X-5=-2y-4<5x+2y-5+4=0<5x+2y-1=0.
Therefore
_p-2+2.0-1 9

h=d= = :
V52 422 V29

12.8 Normal Equation of the Straight Line

Let us consider the general equation of the straight line and divide it by the
module of its normal vector:

A X+ B y + ¢ =0« cosax+cospy+p=0
JAZ+B2  Ja21B2° JAZ4pB? |
where cosa =L,cos[3 :L are direction cosines of normal vector,

VA® + B? A%+ B?

i.e. coordinates of the ort ii° ,

C
P=—"F—=
VA? 4+ B?
to the sign of the coefficient C.
The obtained equation

Is a distance from the origin to this straight line taken with sign equal

cosax+cospy+p=0

Is called the normal equation of this straight line.
Note. By means of the direction cosines we can rewrite the formula for point
distance to straight line in the following way:

J- ‘AxIO + By, +C‘ _

VA? + B?




A B C
ﬁmyma‘ﬁ Vot Pl
I.e.

d =|cosa Xp +COSP Yp + P|.

E?camplé. Find the equations of straight lines perpendicular to the vector 1i(3,4)

and located on the distance 3 from the origin.
Since

| =+/3%+4% =25 =5, ﬁo(g,g)z (cosa, cosp),

the normal equations of these straight lines look like
3.4
cosa x+cospBy+p :§X+§y+ p=0.
From condition of the example It follows that
p=413

and therefore the asked equations are

gx+gyi3:0<:>3x+4yi15=0.

12.9 Equation of the Straight Line with Given Slope

Another way to determine the straight line is by the given slope and y-intercept
(the segment cut from the axis Oy).

Definition. Slope is a tangent of the angle between

the straight line and the positive semi-axis OXx.
Notation: k.
So, if follows from Fig.24
k=tanao .
Let us obtain the equation of this straight line:

Figure 24 X—0:3/—b<:>y_b:ﬂx<:>
m n m

y:%x+b:tanax+b<:> y =kx+b.



We obtained the equation of the straight line with the given slope k and the intercept
b:
y=kx+b. *)

Suppose (X,,Y) is a point of this straight line. Then

Yo =kxo +D. (**)
The difference of the equations (*) and (**) gives the equation of the straight line
with slope k passing through the point (Xy, Yp):

y = Yo =K(X=Xo).

If you know any two points of the straight line M;(X;,y;) and M, (X5, Y,) then:

r:M1M2:(Xz—xl,yz—lh):(m’n)’
k:m_ y2_y1.

n X,—X

Examplé. Find the equations of the triangle sides if the vertices of this triangle are
A(L-2), B(2;0), C(-13).
Let us find the corresponding slops and equations:

_Ye—Ya_0-(2) _9

k - )
A8 Xg — Xp 2-1
Side AB:
y=Ya=Kpp(X=Xp) & y-(-2) =2(x-1) & 2x-y-4=0;
k _yC_yA_3_(_2)__§
AC = = = ,
Xc —Xa -1-1 2
Side AC:
y_yA:kAC(X_XA)<:>y_(_2):_g(x—1)©5X+2y—1:O;
k :yB_yC: 0-3 __
= Xg =X 2-(-1 ’
Side AB:

Y—Yg =Keg(X—Xg) & y-0=-1(x-2) < x+y-2=0.

12.10 Angle between Two Straight Lines



An angle between two straight lines can be found in three ways: as angle
between their normal vectors fi,,fi,, as angle between their direction vectors Iy,
and by means of their slopes k;,k,.

In the first two cases we calculate the angle
by formulas known from vector algebra:

(1) i, i
cosa =~+-2/ or COSOL=—(1 2)

iy g

To get acute (or right) angle between two straight

/O// . lines use formulas:
I 1 A, i
cosa = ﬁﬁ) Or CoSoL = (1, 2).

Figure 25 1)
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Let us consider the last variant (Fig.25).
ki =tanay,k, =tana,, o =a, —oy.

l+tanoy tano, 1+kKk,

tano =tan(o, —oy) =
To get acute (or right) angle between two straight lines use formula:

k, —k;
1+kik,

fano =

Note 1. There are always two positive angles between two straight lines, namely o
and t—oa (Fig.26).

Figure 26
Note 2. From the obtained formulas we get some conditions for special positional
relationships of straight lines:
1. Two straight lines are perpendicular if and only if
n Ln,,ie (f,h,)=0;



or
L L1y, e (Ip,1;)=0;
or
cota =0, i.e. 1+kk, =0 = k, :_—1.
1
2. Two straight lines are parallel if and only if

A, B,
or
= = m n
I |1, ie —L=-"1;
m, n
or

tana =0, i.e. k, —k; =0 = k; =k,.

E?(amplé. Find the equations of the straight lines parallel and perpendicular to the

straight line 2x+y—3=0 if they pass through the point A(3;0) (Fig.27).
The slope of the given straight line is equal
to the coefficient of x when y is expressed from

2x+y—3=0| k=2 the equation:
o= Uk=1/2 y=-2x+3=>k=-2.
= - Since the first straight line is parallel to the
ki=k=—2 A initial straight line then its slope
k1:k=—2.
Figure 27

Therefore the equation of the first straight line is
Y=Ya=K(X=Xp) = y-0=-2(x-3) <= 2x+y-6=0.
Since the second straight line is perpendicular to the initial straight line then
its slope
ko=—1/k=1/2.
Therefore the equation of the first straight line is
Yy—VYa=K,(x—=X,) = y-0=22-(x-3) <= x-2y-3=0.



