Lecture #20: DIFFERENTIAL CALCULUS OF FUNCTIONS OF
ONE VARIABLE

19.4 The Derivative of Composite Functions

We have built up most of the tools that we need to express derivatives
of complicated functions in terms of derivatives of simpler known functions
by using the derivatives of sums, products and quotients.

The final tool we add is called the chain rule. It tells us how to take the
derivative of a composition of two functions. That is if we know f(x) and
g(x) and their derivatives, then the chain rule tells us the derivative of

f(g(x)).

Theorem: The chain rule
If a function u=o(x) is differentiable at the point x,, and a function

y = f(u) is differentiable at the point u,, where u, = @(X,), then the
composite function F(x) = f [¢(x)] will be differentiable at the point x, and
its derivative is calculated by the following formula:

F'(x,)= '(ug)e'(x,)|

W Let us determine the increment in the function u = ¢(x) and y = f(u)
Au = (X, +AX)— (X, ), Ay = f (U, +Au)— f (u,).

Since the considered functions are differentiable ones then the following

relation Ay = f'(u,)Au + aAu, where a—0 as Au—0 is valid. Hence,

F'(x,)= lim A _ Jim (f'(uo)ﬂﬂlﬂj: f’(uo)lim&Jroc lim &Y.

Ax—-0 AX Ax—0 AX AX Ax—0 AX Ax—0 AX
Since the function u=¢@(x) is differentiable at the point X,, then it is
continuous at this point, therefore (Ax — 0)<> (Au—0). Consequently

lima = lima=0.So we obtain
AX—0 AuU—0

F'(Xp)=f'(Ug)-¢'(X%)+0-u"(xy) = f'(Ug)-¢'(x,).0
Here, as was the case earlier, we have been very careful to give the point
at which the derivative is evaluated a special name (i.e. x, ). But of course



this evaluation point can really be any point (where the derivative is
defined). So it is very common to just call the evaluation point ““ x  rather
than give it a special name like “ x, 7, 1.€.

Let f and ¢ be differentiable functions then

~fle@) =flp) @' (x)or =Z-Zory —yu.)
This latter particular form is easy to remember because it looks like we can

just “cancel” the du between the two terms.

dy dy du

dx  ad dx
Notice that when we form the composition f(¢@(x)) there is an “outside”
function (namely f(x) ) and an “inside” function (namely ¢(x) ). The
chain rule tells us that when we differentiate a composition that we have to

differentiate the outside and then multiply by the derivative of the inside.

d
@) = flleGx) - ()

differentiate outside differentiate inside
Example. % (sin(x))°?
Let define f(w) = u® and u = @(x) = sinx. Then set F(x) = f(p(x)) =
(sin(x))°®.
To find the derivative of F(x) we can simply apply the chain rule —

the pieces of the composition have been laid out for us. Here they are

fw =v* f'(w) =5ut

p(x) =sin(x) ¢'(x) =cosx
We now just put them together as the chain rule tells us

dF . ,
i fex) ¢ (x)

= 5(p(x))* - cos(x) since f'(u) = 5u*
= 5(sin(x))* - cos(x)

Example. Let the functiony =3®"* be given. It means that y =3", where



u=tanx, thus y'=3"In3

1 1
—=3"".In3. .
COS™ X COS™ X

Example. Consider the function y = (x3 + 2)100. It means that y =u'®
where u = x*® + 2. So we obtain y’ =100-u® -3x* = 300- (x3 + 2)99x2

Notice that it is quite easy to extend this rule to any basic formula we
derived. Thereby,
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(u(x)a), =au(x)**-u'(x)
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In u(x)) :ﬂ u’(x)

(log, u(x)) =
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(sin u(x))' =cosu(x)-u'(x)

(cosu(x))' =—sinu(x)-u’(x)

(tanu(x)) = 205000 u'(x) =sec® u(x) -u'(x)
’ 1 Y — e i ) rt
(cotu(x)) =—m-u(x)— csc?u(x)-u'(x)

(shu(x)) =chu(x)-u'(x)
(chu(x)) =shu(x)-u'(x)

' 1 ,
(thu(x)) = ruey U

(cthu(x)) =—

1 ,
snZupg 4

(arcsin u(x)) =

(arccosu (x))' =-

fovip Y



16. (arctan u(x))' = ulz(x) u'(x)

17.  (arccotu(x)) =

u'(x)

1+ u?(x)
Derivative of a double-composition
Find the derivative of =~ £ (g (h(x))).

This is very similar to the previous example. Letus set F(x) = f(g(h(x)))

with u = g(h(x)). Then the chain rule tells us

dF df d q
dx di | dl;‘ = f'(9(n())) —=g(h(0) =

We now just apply the chain rule again

= f'(g(h(x))) - g"(h(x)) - h'(x).

Indeed, it is not too hard to generalize further (in the manner of previous
example) to find the derivative of the composition of 4 or more functions
(though things start to become tedious to write down):

d d
T 12 (3(a00)) = A(((aC)) - f2(f(fu(x)))

d
= A (((a0)) - f2(3(faCx))) - - fs(fa(x))
= il () - f2(f3(fa(x))) - fz(fa () - fi (%)

Example. Let the function y = e "™ be given.
Here y =e", where u=+/v, v=arcsin x.

e«/arcsinx

L1 1
=e . = .

23V J1-x2  2Jarcsin x/1— x?
Example. Consider the function y = ch[lnz(l— x)] . Its derivative is
defined as

y' =sh[In?(1=x)]- 2-In(1- x)

!

y

(=== Ina-x)-shfin(- )]



19.5 The Derivative of Implicit Functions
Implicit differentiation is a simple trick that is used to compute derivatives

of functions either

- when you don't know an explicit formula for the function, but you know
an equation that the function obeys or

- even when you have an explicit, but complicated, formula for the
function, and the function obeys a simple equation.

The trick is just to differentiate both sides of the equation and then solve for

the derivative we are seeking.

Let the values of two variables x and y be defined by the equation
f(x,y)=0.

If the function y = o(x) defined on the interval (a,b) is such that the
equation f(x,y)=0 becomes an identity after substituting the expression
y =o(x) in place of y. Then the function y=q(x) is assumed to be an
implicit function defined by equation f (x,y)=0.

Let us suppose that the equation f(x,y)=0 determines an implicit
function. We will give the rule for finding the derivative of an implicit
function without transforming it into its explicit form, i.e. without
representing it in the explicit form y = o(x).

In order to find the derivative Yy, it is required to differentiate the
equation f(x,y)=0 as identity, taking into account that y is the function of
X, i.e. ¥y =o(x). In this case the variable y should be considered as “inside”
function of the composite function.

Example. Let us consider the equation x> +tany = 2. To find the derivative

let us differentiate this equation as identity, regarding y as a function of x,
i.e. y = y(x). Then we obtain

whence



y' =—-3x?cos’y.
Obviously in the given case we can easy pass from implicit
representation of the function to explicit form. Indeed we obtain that

tany = 2 — x°,
whence
y =arctan(2— x*)+nm, n=0, +1, £2, ..,
then
, 1 ) 3x?
— _3x%)=— ,
’ 1+@—ﬁf( <) 1+2—xf

which coincides with previous result, because tany=2-x* and

consequently
1

1+ (2 - x3)2 l+tan’y
Example. Let the function y = y(x) be given by equation xy +e* +siny =0
. In this case passing to explicit form of function is impossible. Then

=Cos° Y.

y+Xxy'+e*+cosy-y =0,
whence
,y+e’
 X+cos y

Example. Finding a tangent line using implicit differentiation.
Find the equation of the tangent linetoy = y3 + xy + x3atx = 1
- First notice that when x = 1 the equation y = y3 + xy + x3 of the curve

simplifiestoy = y3 + y + 1 or y3 = —1, which we can solve: y = —1.

So we know that the curve passes through (1,—1) when x = 1.
- Now, to find the slope of the tangent line at (1,—1), pretend that our

curveis y = f(x) sothat f(x) obeys

fx) =f0)°+xf(x) +x°

for all x. Differentiating both sides gives

£'(x) = 3F@)?'(x) + F(x) + xf" (x) + 327

or
y' =3y%y' +xy' +y + 3x?



- At this point we could isolate for f'(x) and write it in terms of f(x)
and x, but since we only want answers when x = 1, let us substitute in
x=1and f(1) =—1 (since the curve passes through (1,—1)) and
clean things up before doing anything else.

- Substitutingin x =1, f(1) = —1 gives

') =3f'(1)—1+f'(1)+3 andsof'(1) = —g

- The equation of the tangent line is

2 2 1
y=Yo+f ()x-x)=-1-3(x-1D=-zx-3
We can further clean up the equation of the line to write it as

2x + 3y = —1.

19.6 Logarithmic Differentiation
The method of differentiating functions by first taking logarithms and then
differentiating is called logarithmic differentiation. We use logarithmic
differentiation in situations where it is easier to differentiate the logarithm
of a function than to differentiate the function itself. This approach allows
calculating derivatives of power, rational and some irrational functions in
an efficient manner.

Consider this method in more detail. Let y = f (x). Take natural
logarithms of both sides:

Iny = In f(x).
Next, we differentiate this expression using the chain rule and keeping in
mind that y is a function of x.

1
(Iny)" = (nf(x)),= ;y’(x) = (Inf(x))".
It's seen that the derivative is

y'=y(nf(x))" = f(x)(nf(x))".

The derivative of the logarithmic function is called the logarithmic
derivative of the initial function y = f (x). This differentiation method



allows to effectively compute derivatives of power-exponential functions,
that is functions of the form.

y =u(x)"®,
where u(x) and v(x) are differentiable functions of x.

In the examples below, find the derivative of the functiony = f (x). using
logarithmic differentiation.

Example. y = x*,x > 0, y'=?
First we take logarithms of the left and right side of the equation:
Iny =Inx* = Iny = xlnx.
Now we differentiate both sides meaning that y is a function of x

!

1
(Iny) = (Xlnx)',=>;-y’ =x'Inx +x(lnx)’,=>y7= 1-Inx+x-—,

!/

=>y;=lnx+1,=>y' =y(nx + 1),

=y’ = x*(Inx + 1),wherex > 0.

Example.y = (x — D*(x = 3)°, y'=?
First we take logarithms of both sides:
Iny =In[(x — 1)?(x —3)°],2Iny =In(x — 1)2 +In(x —3)°>,=> Iny
= 2In(x — 1) + 5In(x — 3).
Now it is easy to find the logarithmic derivative:
1 1

+5-
x—1 x—3

)

(Iny) =[2In(x — 1) +51n(x—3)]’,:>%-y’ =2

()
= v = =
Y yx—l x—3/)

2
y' = (= DAx = 3) - (o + ).

19.7 Derivatives of Parametric Functions



The relationship between the variables x and y can be defined in parametric
form using two equations:
x = x(t)
{y =y(®)
where the variable t is called a parameter.

Find an expression for the derivative of a parametrically defined
function. Suppose that the functions x =x(t) and y = y(t) are
differentiable in the interval a <t < f and x'(t) # 0. Moreover, we
assume that the function x = x(t) has an inverse function t = ¢(x).

By the inverse function theorem we can write:

dt 1
T ty = x_g
The original function y(x) can be considered as a composite function:
y(x) = y(t(x)).

Then its derivative is given by

AP S /-
Yx_Yt'tx_yt'x_é_x_é-

This formula allows to find the derivative of a parametrically defined
function without expressing the function y(x) in explicit form.

In the examples below, find the derivative of the parametric function.

Example. x = t%,y = t3. y,—?
We find the derivatives of x and y with respect to t:
x; = (t?) = 2t,y;{ = (t3)' = 3t2.
Hence
/ 2
%=y§=§—2=%=%(t¢0).
Example. x = e?t,y = e3t. y,—?
x; = (e?t) = 2e?t,yl = (e3") = 3e3t.
Hence, the derivative y, is given by
dy , y& 3e® 3 3

3t-2¢ t
= = =—e =—e".
dx  * x, 2e%t 2




