1. Problem-Solving Strategy: Calculating a Limit when % has the

Indeterminate Form Hg”

i 2x° —4x* +3
Example 1: Consider a limit of the quotient of two functions: = 4x*+7x-5
1. First, we need to make sure that our function has the appropriate form
and cannot be evaluated immediately using the limit laws.
Since 2x3 —4x% + 3 and 4x%+ 7x —5 are third-degree and second-
degree polynomials with positive leading coefficients, respectively, and
lim(2x3 — 4x? +3) = oo and )gilg(élxz + 7x — 5) = 0. So, we have the

X—00

form | |§| | I.e. we cannot apply any theorems of the limit laws immediately.

2. To evaluate this limit, we will divide the numerator and denominator by
the highest power of x in the numerator and denominator.
In doing so, we saw that

2x3—4x2+3_2 4 3

x3 x x3
and
4x2+7x—5_4 7 5
x3 x x2 x3
Then,
2x3 —4x% +3
I 2x3 —4x%+3 |OO| I x3
im = ||—|| = lim
x—00 2x3 — 4x2 4+ 3 (o'e} x>0 4x24+7x—5
3
4 3
2—£-|-i lim—-0Ilim—-0 2
= lim X x5 _ ) amex xo0 X3 = lim —
x—>oo4- 7 5 . 7 . 5 _x—>000
xTxr T \lmg -0 lmg -0



3 4 3 3 2
Example 2+ lim \/5x —3X +7+x+\/x —4x+3
x>t X2 +3x—2 +%/x+5

Both the numerator and denominator now approach « as x — +oo, i.e. the

(0)e]
form ||—|| ocCcurs.
(0)e]

4
Hence, we divide numerator and denominator by x3 = V/x* the highest
power of the fraction. Then

’ V5x* —3x3+7+x +Vx2 —4x+3 “oo||
im — [|=
X—eo Vx2+3x -2+ Yx +5 o
§/5x4—3x3+7+x+§/x2—4x+3
. U I
= lim
X—00 i/x2+3x—2+%/x+5
3\/5x4—3x3+7+x 3\/x2—4x+3
) + )
. X X
= lim

X—00
15 (x2+3x—2)3+i/m
(x4)> (x*)?
3 3 7 1 31 4 3
. \/5_§+F+F+\/F_F+F
= lim

X—00
15 (x2+3x—2)3+6x+5
2073 «/ 8
()

—>%/§ -0
P A
X xtoox X X X .
. -0 -0 -0 . \/g
= lim = [im — = o




Example 3. 1im(V3x +4x—3-3x —2x+7)

If x - oo, then

lim+y/3x2 + 4x —3 = o and lim+/3x2 — 2x + 7 = oo.

X— 00 X—00

Thus, we deal here with an indeterminate form of type ||oo-o0||
By multiplying this expression (both the numerator and the denominator)
by the corresponding conjugate expression, we get

lim (\/3x2+4x—3—\/3x2—2x+7) = ||oo — oo||

X—00

. (V3x2+4x —3—V3x2—2x + 7)(V3x2 + 4x — 3 +V3x2 —2x + 7)
m
X—0o V3x2 +4x —3 +V3x2 —2x+7
o 3x%+4x—-3—3x*—-2x+7)
m
x>0 /3x2 + 4x — 3 +V3x2 —2x + 7
_ 6x — 10 0
lim = |—|
x>04/3x2 + 4x —3 +V3x2 —2x+7 |'®
Both the numerator and denominator now approach « as x — oo Hence, we
divide numerator and denominator by x the highest power of the fraction.
Then

6x — 10
= lim X
x>0 \[3x2 + 4x — 3 +V3x2 —2x + 7
X
-0
6 — 19 6
= lim X = 3
X0 4 3 2 7
jB +§—p+J3—§+x—2
-0 -0
2. Problem-Solving Strategy: Calculating a Limit When % has the

. 0
Indeterminate Form ”6 |].



lim x* —x*-5x-3
Example 4. ==2-3x* —4x* + x+2
1. First, we need to make sure that our function has the appropriate form
and cannot be evaluated immediately using the limit laws.

By substituting -1 for x returns the familiar indeterminate form of H%| ‘

2. We then need to find a function that is equal to h(x) = % forall x #

—1 over some interval containing -1. To do this, we may need to try one

or more of the following steps:

(@ If f(x) and g(x) are polynomials, we should factor each function
and cancel out any common factors.

(b) If the numerator or denominator contains a difference involving a
square root, we should try multiplying the numerator and
denominator by the conjugate of the expression involving the
square root.

(c) If % Is a complex fraction, we begin by simplifying it.

Since the numerator and denominator are each polynomials, we know that
(x — (—1)) is factor of each. Using whatever method is most comfortable
to you, factor out (x + 1) from each (using polynomial division). We find
that
x3—x?—-5x—-3 (x + 1) (x? — 2x — 3)

3x3 —4xZtx+2 (x+1)(—3x2—x+2)
It could be done by division each polynomials by the factor (x + 1) as
follows:




x3 —x?—-5x—3 |x+1
—(x3 + x?) x%*—2x—3

—2x% — 5x
—(=2x% — 2x)

—3x—3
—(—3x —3)

0

Similarly,
—3x3 —4x®+x+2 |x +1
—(—3x%®—-3x%)  -3x*-x+2
—x% +x
—(=x* = x)
2x + 2
—(2x+ 2)
0
Then, we can cancel the (x + 1) termsaslongas x + —1. So,
x3 —x?—5x—3 H H e+ (x? — 2x — 3)

= lim

x—>-1e+B(—3x%2 —x + 2)

lim
x->-1—3x3 —4x2 +x+ 2

3. Last, we apply the limit laws.

In fact, if we substitute -1 into the fraction we get ||%|| again, which is

undefined. Factoring and canceling is a strategy to remove this indeterminacy
once more:
Ge+H(x — 3) ” (x —3)

T e D(—3x +2)  xota(=3x +2)
Applying the limit laws again we get




_ 5 (x —3) 4
xim1( 3x+2) 5

Example 5. fim X 2-3
52+ 3x—13

By substituting 5 for x returns the indeterminate form of Hg| ‘

We then need to simplify the expression to avoid the indeterminacy.
The numerator or denominator contains a difference involving a third-order
root, we should try multiplying the numerator and denominator by the
expressions leading to difference and sum of cubed terms such as

(a —b)(a® + ab + b?) = a® — b3

(a + b)(a®? —ab + b?) = a® + b3
in the numerator or denominator, correspondingly.
Then,

llmvr-g
x>52 + Yx — 13
o (\/xz—— ) ((Z+2)" +3¥xZ+2+3?)
x"5(2+\/x——1)(22—2\/x——1+(\/x——1))
(\/T) -3 x*42-27 . x?—25

im = lim
x—>523_|_(/—x_1) x5 8+x—13 x5 x—5
ee—é}x+5
|H_ll ( ) =10

x—5

3. Problem-Solving Strategy: Calculating a Limit by using the
consequences of the first and second remarkable limits



V5-2x —~/5+2x .
sin(”—ijsin 4x
6

Example 6. lim

x—0

By substituting O for x returns the indeterminate form of Hg| ‘

To apply the rules of the remarkable limits, we rewrite the terms in the

numerator and denominator as follows:
1

V5 —2x = \/§(1 —Ex)% and /5 + 2x = \/5(1 +§x)5, then
1

1
2 \2 2 \2
\/5—2x—\/5+2x=\/§<1—§ ) —\/§(1+§x>
2 2 2 2
2 2
=5 (1——x> —(1+—x) +1-1
5 5 additional terms
2 2 2 2
2 2
— 5 (1——x) ~1|- <1+—x) —1|} =
5 5
Since —%x — 0 and %x — 0 as x — 0, we can apply the rule:
1 X
1+ Xx)e —1~=, x>0
04
Hence,
1, 2 1,2 X
(536
V5iz(5%) —3(5" NG
The trigonometric function can be expended as follows:
(T o . T _ 1 V3
sin (g — Bx) = smgcos 3x —sin 3x cosg = Ecos 3x — 7sm 3x

Since 3x » 0 as x — 0, then cos 3x — 1, but for the sinus function of 3x

we can apply the rule:
sinx~ X, x—0



Then
V3

—Z1-223
2 2

Also,
Since 4x — 0 as x — 0, then sin 4x ~4x
Summarizing all these expressions we get

V5 —=2x—+v5+4 2x ‘
lim ‘O

X0 gin (E — 3x sin 4x

x/Eu(1 —%x)% — 1] -|(1 +%x) = 1])

<% cos 3x — @ sin 3x> sin4x

v

= lim
x—0

NG 1 2
= lim V5 = —lim =
x—0 1 \/§ x—0 \/g
=1—==3x |4x 1 3v3
272 V5[ L33,
2 2 -
-0
. ef4+e -2

m —
Example 7. *° sin®3x
By substituting O for x returns the indeterminate form of H%| ‘

To apply the rules of the remarkable limits, we rewrite the terms in the
numerator and denominator as follows:

2(e* +e7* eX+e™*
et 4o g =2 . ) 5=t > )—2=2(chx—1)
=chx
= —2(1—chx) =

where the rule
2
(1- chx)~x7asx -0
leads to the final expression:



2
x
= —2— = —x?
> x
And
sin? 3x = 1 — cos? 3x = (1 — cos 3x)(1 + cos 3x)

In accordance with the rule:
2

X
1—cosx~7asx—> 0
Since 3x —» 0 as x — 0, then we get

(3x)?
ol

1+ cos Sx) = (3x)? = 9x?
51
Therefore,

e*+e -2
lim H

—2(1—chx)
= lim

x>0  sin? 3x x-0 (1 — cos 3x)(1 + cos 3x)

COS —

2 2—l
Example 8. Hfrln(2+cosx)

—X

= lim——
x—0 9x2

Substitution mr for x gives the the indeterminate form of Hg| ‘ However, the

variable x tends to m, not zero. Therefore, to apply the consequences of the
first and/or second remarkable limits, we will change the variable x with a

new one which goes to zero:
Sincex »m,thenx —m—>0.Lett=x—mie.t—>0

Substituting the new variable into the numerator and denominator of the

functions in the limit we get

. cos ‘ ‘ t=x— + . ZCOSZ(HTT[) _1
— t —_—

bl In(2 + cos x) AN =t In(2 + cos(t + m))

where

,(tt+ ™ t m t m 5
cosS (—)—1=cos(—+—>cos<—+—>=sm —

2 2 2 2 2
2+cos(t+m)=2—cost=1+ (1—cost)



In accordance with the rules:
2

i t . ot .t .t t? t
Since > — 0 ast — 0, then smzz =sin_sin~~—and (1 — cost)~—
Hence,

tZ
27 -1
= Lim t2
ln(l + 7)

2 2
Ast — 0, then % — 0 and % — 0. It allows us following the rules
a*-1~xIna, x—0 and In(l+x)~x, x—>0

That is
t2 £2 £2 £2
24 —1~—In2and In(1 + =) ~—
4 2 2
Finally,
£2
_ Tan B In 2
= % t? 2
2
. X—=3
5arcsin——
Example 9. |XingW

Substitution 3 for x gives the indeterminate form of H%” However, the

variable x tends to 3, not zero. Therefore, to apply the consequences of the
first and/or second remarkable limits, we will change the variable x with a

new one which goes to zero:
Sincex —» 3,thenx —3 > 0. Lett =x—-3ie.t—>0

Substituting the new variable into the numerator and denominator of the

functions in the Iimit we get

5 arcsin > {t =X — } 5 arcsin #
lim > | ‘ x=t+3p=1lim —
x->3 3% 8_3 £ 50 t—>0t3(t+3) 8 -3
5 arcsin —+ 4 ' 5 arcsin Z

- lt_,o 3t2+6t+1 _ 3 - {T& 3(3t2+6t _ 1)

where following the appropriate rules we can write that:




. t .t t
since R 0ast — 0then arcsin_ ~ -

and
since (2 + 6t) > 0 as t — 0then 38°+6t — 1~(t2 + 6¢) In 3
Hence,
t
_ 57 _ 5¢ _ 5
%03(c2 + 60)In3 20 12In3 (¢ +6)¢ ~012In3(¢ +6)
-0
B 5
~ 72In3
C0S3X —COSX

Example 10. |er21 Soxr)

( )
t=x—=
’ oS 3X — COSX ‘0‘ _ ) 12T}
,fl% sx—m?  [lol] " Jx=t+5
. t—>0 )
T T
’ cosB(t+7)—cos(t+i) ’ sin 3t + sin t
= lim =im
t—0 TC 2 t—0 20t2
s(2(c+3) -
i 2sin2tcost
— 25 20t2 B
Since 2t —» 0 ast — 0 then sin 2t ~2t, i.e.
4t ot 1
= lim =lim— =Ilim— = oo

t—0 20t2 t—0 5t2 t—0 5¢

4. Problem-Solving Strategy: Calculating a Limit of Power-Exponential
Functions by using the second remarkable limit

x3-5

Example 11. Iim(mjms

X—>o0 2

2X°+X+5

Substitution oo for x leads to the calculation of the appropriate limits of the
functions in the basis and the power as follows:



, Z—x+4 1,4
lim x“—x+4 |f| — lim x2 — lim X xzzl
o2 fx+5 S 2x2 +x+5 x-00 1 5
2 +';f+'——
Similarly,
-0
fim 2= = li 5——1 1_§§—r L_
tim == I xamxH lim g3 = limg =
x%  x3
T

Therefore, we get
x3-5

X% —x +4 \BF3 1)
gfll?o<2x2+x+5> 295%(5) =9

x3-5

Example 12. I m(mlw

X—>00 2

X“+X+5

Substitution oo for x leads to the calculation of the appropriate limits of the
functions in the basis and the power as follows:

2x%> —x + 4 1 4
2x% —x+4 72 23t
lim |—| 5 = lim =2
x—w X% + X + 5 O T xoe g 15
)CZ X 2
Similarly,
-0
5 5
im 2 | | =1 I
—_— = = — = 00
23
-0
Therefore, we get
x3-5
2x% — x + 4\4x+3
lim( > ) = lim2%® = o
x—oo \ X+ x+5 X—>00

x3-5

Example 13. lim ( “4)4”3

xn| X2+ X +5



Substitution oo for x leads to the calculation of the appropriate limits of the
functions in the basis and the power as follows:

x> —x+4 1 4
x%2—x+4 2 =2t
lim |—| 5 = lim =1
xoox?+x+5 x—>oox +x+5 X2® 4 1 5
2 Ttz
X X
Similarly,
-0
—5 5
tim =5 ]| = 1 i X L
_ — — = — = OO
A +3 x‘l?o4x+3 — 202 37 R0
x2+F
-0
Therefore, we get
x3-5
o (xF—x+ 4\
ggfﬁlo(xz+x+5> = lm(1)” = [117]] =

The second remarkable limit can be used to remove the Indeterminate Form
| 11°°]| as follows:

x3-5
x%—x+4 4x+3
lim|1+ -1
X500 x2+x+5
x3-5
, (x?—x+4)— (x*+x+5)\***3
=lim(1+
X—>00 x2+x+5
x%+x+5 x3-5 —2x-1
—2x -1 —2x—1 4x+3 x2+x+5
= lim(1+ )
X—>00 x2+x+5

—e
l"lx 35 —2x-1
= exLoo4x+3 X24x+5 =
Consider the limit of the function in the power
x3-5 —-2x-1 o =2x*—x3+10x+5 0o
lim = |—|

= lim =
x> 4dx + 3 x2 +x+5 xo04x3 + 7x2 + 20x + 15




-0
—2x*—x34+10x+5 1 10 _ 5
= —2-C+ 5+ 7

g Y %3 x* . 4
= lm s 7 1 20x 15 dM7 7 20 15 im—p =
X2 x Tttt

-0
Then, finally we get
1
= e—oo = — = O
e
Examples
(a).

(2x=1Y . [(2x+3)-4T .. 4 Y
lim = lim|~—/————2—| =lim|1- =
x—o| 2X +3 X—>00 2X+3 X—>0 2X+3

= Iim(l—g) :iz.
X—>00 X e

(b)
1 1
Iirr(1)(1+tan 3x)° = Iirr3(1+tan 3X Jianx = Iirrg)(1+ 3x)x =€,
()
2 1
Iirrol(xsin 2X + COS X) - Iing{1+[xsin 2x —(1-cosx)|he =
1 1 3
2 ? 2 °
:Iim{1+ 2x2—X—j =Iim(1+§x2)X2 —e2,
x—0 2 X0 2

25. Problem-Solving Strategy: Find points of discontinuity, determine their
type and draw a sketch of the function behavior in the neighborhood of the
discontinuity points

xz, x<1
Example14. f(x) ={ 5 3]

Is the function below continuous at its transition point? If not, identify the type
of discontinuity occurring there.

Step 1. Identify the point(s) which is(are) suspected to have discontinuities



The suspected point is at x = 1 since this is where the function transitions
from one formula to the next.

Step 2. Determine the left-sided limit at the transition point.

lim f(x) = limx2=(1—0)2=<12—2-O+02>=1
x—170 x—170 =7

Similarly, the right-sided limit at the transition point.
lim f(x)=Ilim (x+3)=(1+0+3)=4
x_)1+0

Step 3. We can conclude: Since the one-sided limits are different, the function
has a jump discontinuity at x = 1

Step 4. Draw s sketch of the discontinuity at x = 1
4 ]
1

v

x%+2x-15
x2-2x-3
1. Without graphing, determine the type of discontinuity the function below
hasat x = 3 as
Evaluating f(3) we have
2 (3)2+2(3)—-15 9+6-15 0
13 = 3)2-23)-3 9-6-3 0
That is, the function is undefined at x = 3, so there is a discontinuity at
this point. To determine the type, we will need to evaluate the limit as x
approaches 3.

Since the function has a g form at x = 3, we need to find and divide out
the common factors in the numerator and denominator.
x*+2x—15 (x+5)(x—3) x+5
x2—2x—-3 (x—=3)(x+1) x+1
2. Evaluate the limit of the simpler function as x approaches 3 (it is the
same value for right — and left — sided limits ).

Example 15. f(x) =




I x+5_3+5_8_2
Sx+1 3+1 4
3. Since the limit exists, but the function value does not, we know the

function has is a removable discontinuity at x = 3.
ﬂu

v

x-1

Example 16. f(x)=2¥1,

1. Find points which might give indeterminacy of the function (do not
belong to the domain of function)

One can see that the function is undetermined at x = —1

2. Calculate the one-sided limits at such points:
The right-sided limitat x = —1is

x—1
lim 2x2-1
x—>—1+0
_{ x—1 I x—1 _ 1
= {xiqﬂo X2 —1 xotlroe—D(x+1) —1+0+1
The left-sided limitat x = —1is
x—1
lim 2x*-1
x—>—1-0
_{ I x—1 I x—1 _ 1
T ot —1 0 Ge—B(x+ 1) —1-0+1
= —OO} =27 =0

3. Define a kind of the discontinuity taking into account the obtained values
of these limits.
Following the definition, the function has a second kind discontinuity at
the point x = —1



4. Draw a sketch of the function in the neighborhood of the discontinuity

pointx = —1

a0

x?+3—-4<x<3,

Example 15. Find the parameter at which a give function f(x)_{ A,
——,0< X <00,
X—3

to be continuous (if it is possible)

Calculate the one-sided limits at the point, where the function changes
its behavior.
The left-sided limitas x — 3
xl_ggrzo(x2+3)=(3—0)2+3=9—6-0+02+3=12

For the given function to be continuous, the one-sided limits as x — 3
have to be equal, i.e. the right-sided limit of the function has to satisfy the
condition:

im A4 AL,
xH0x—3 3+40—-3 0

Since the latter equality is impossible for any A; or there is no A for
which this function is continuous.



