Lecture #22: Higher-Order Derivatives
22.1 Higher-Order Derivatives of an Explicit Function

Let the function y = f (x) have a finite derivative f'(x) in a certain
interval (a, b), i.e. the derivative f '(x) is also a function in this interval. If
this function is differentiable, we can find the second derivative of the
original function y = f (x), which is denoted by various notations as
. ., dy, d dy d*y

=00 =G =G0 =7
So, the second derivative (or the second order derivative) of the function
f (x) may be denoted as

d*f d’y . .

22 O Iz (Leibniz's notation)
f""(x) or y"(x) (Lagrange's notation)

For example, if y = x°, then
y' =5x*, y'= (5x4) =20x°.

Similarly, if f'"" exists and is differentiable, we can calculate the third

derivative of the function f (x):

d3y 124

fr=—3=y

The result of taking the derivative n times is called the n-th derivative of
f (x) with respect to x and is denoted as

d*f d%y

dxm  dxm

FM™(x) = y™(x) (in Lagrange's notation).

Thus, the notion of the n-th order derivative is introduced inductively by
sequential calculation of n derivatives starting from the first order

(in Leibnitz's notation),



derivative. Transition to the next higher-order derivative is performed using
the recurrence formula

y™ = (y"-Dy
Notice: The order of the derivative is taken in parentheses so as to avoid
confusion with the exponent of a power.
Also, derivatives of the fourth, fifth and higher orders are also denoted

by Roman numerals: y", y¥, y"', ... . Herein, the order of the derivative

may be written without brackets.

For instance, if y = x°, then

y' =5x*,

y" =20x°,

y" = 60x7,

y" =y =120x,
y' =y® =120,
yO —yM Z _g

In some cases, we can derive a general formula for the derivative of an
arbitrary nth order without computing intermediate derivatives. Some
examples are considered below.
Basic functions:
1. Let’s consider the a function y =e* (k =const). The expression of its
derivative of any order n is calculated as follows
y' = ke, y"=k%e", ...,y =Kk
So, the general formula for the derivative of an arbitrary nth order without
computing intermediate derivatives is
y(n) _ k"ekx
2. Consider the function y =sin x. Then



y' = C0S X =sin(x+g);
y" =—sin X :sin(x+ Zgj;
y" =—C0s X :sin(x+3§j;

y" =sin x:sin(x+4gj;

y(™ =sin(x+ nE).
2

In similar manner we can also get the formulas for the derivatives of any
order of the other elementary functions.

3. y=x¥,
k!
(x*)™ = {Exk_n'n <k
0, n>k
4.y =COSX,
(cos x)™ = cos (x + ng)
5. y=Inx,
—1)"1(n — 1)!
ey = E20=

The derivatives of constant multiplication and sum
The following linear relationships can be used for finding higher-order
derivatives:
(u+v)™ =™ 4 ™),
(Cu)™ = cu™, C = const
Leibniz Formula
The Leibniz formula expresses the derivative on nth order of the product of



two functions. Suppose that the functions u (x) and v (x) have the
derivatives up to nth order. Consider the derivative of the product of these
functions.
The first derivative is described by the well known formula:
(uv) =u'v+uv'.
Differentiating this expression again yields the second derivative:
(uw)" = [(w)'] = Wv+uwv) = Wv) + W'
=u'v+uv' +uv +uw’ =u"v+2uv +uv'’.
Likewise, we can find the third derivative of the product uv:
(uv)"” =[(uw)"] = W' v+ 2u’v' + uwv"”)’
= wW"v) + Ru'v") + (uv'")’
=u""v+u'v +2u"v +2uV" + UV +uv'”’
=u""v+3u"v' +3uv" +uv'.
It is easy to see that these formulas are similar to the binomial expansion
raised to the appropriate exponent. Assuming that the terms with zero
exponent u® and v° correspond to the functions u and v themselves, we can
write the general formula for the derivative of th order of the product of
functions uv as follows:
(uv)™ = Z?zoCZ‘u("“')v<i),

n!
i'(n—i)!

where C* denotes the number of i-combinations of n elements, C* =
This formula is called the Leibniz formula.

Example 1. Find the 4-th derivative of the function y = e*sin x.
Let u = sinx, v = e*. Using the Leibniz formula, we can write

y® = (e*sinx)® = Z?zo Clutt=Dp® = Z;:o Cit(sinx)“*D(e*)®
= Ca(sinx)®e* + CH(sinx)"'(e*)’ + Cx(sinx)" (e*)"
+C4(sinx)’(e¥)" + C#(sinx)(e*)®
=1 -sinx-e*+4-(=cosx)" e~ +6-(—sinx)-e*+4-cosx-e"

+1 - -sinx-e* = —4e*sin x.



Example 2. Find the 3-rd derivative of the function y = xsin x.
Let u = x, v = sin x. By the Leibniz formula, we can write:

3 3
y'" = z CRuB-0p® = Z C3(sinx)GDx®,
i=0 i=0
It is clear that
x'=1,x"=x"=0.
Then the series expansion has only two terms:
y"" = C3(sinx)"x + C3(sinx)"x’.

Calculating the derivatives, we obtain

y""=1-(—cosx) -x+3-(—sinx) 1= —xcosx — 3sinx.

Example 3. Find the third derivative of the function: y = e**In x.
Let u = e?*, v = Inx. By the Leibniz formula, we can write:
u' = (e?) = 2e**,u" = (2e?*) = 4e?*,u""" = (4e%*)’ = 8e?*,

I_l 1_1 11_11_ nro__ 1/_ —2/_2—3
4 —(nX) _x;v _(x) - xzrv _( xz) - (X ) = X
2

The third-order derivative of the original function is given by the Leibniz
rule:

" 124 3 —i P 3 . .
y'"" = (eZ¥Inx)"" = Zi:o CRuB-Dp® = Zi:o C2(e?*)B-9(nx)®

1 1 2
— r3 2 3 2 3 2 3,2
—CO'8€ xlnx+C1-4ex-;+62-Zex-(—F)+Cgex-;

4€2x 282x Zer
—3.
X x?2 x3
12e%%  pe?X e%%

_l_

= 8e?*lnx + - — 3
X X X

=1-8**lnx+3-

= 2e?* . (4In +6 3+1)
- ¢ xxxz x37

22.2 Concept of Higher-Order Differentials



We consider a function y = f (x), which is differentiable in the interval
(a, b). The first-order differential of the function at the point x € (a, b) is
defined by the formula

dy = f'(x)dx.
It can be seen that the differential dy depends on two quantities - the
variable x (through the derivative y' = f'(x)) and the differential of the
independent variable dx.

Let us fix the increment dx, i.e. we assume that dx is constant. Then
the differential dy becomes a function only of the variable x for which we
can also define the differential by taking the same differential dx as the
increment Ax. As a result, we obtain the second differential or differential
of the second order, which is denoted as d?y or d?f (x). Thus, by definition:

d?y = d(dy) = d[f'(x)dx] = df'(x)dx = f" (x)dxdx = f" (x)(dx)*.

It is commonly denoted (dx)? = dx?. Therefore, we get:
d?y = f"(x)dx?.
In the same way, we can establish that the third differential or differential
of the third order has the form
d3y = f"""(x)dx3.
In the general case, the differential of an arbitrary order n is given by
d"y = f™(x)dx™,
which can be rigorously proved by mathematical induction. This formula

leads in particular to the following expression for the nth order derivative:
FG) =22
dx™
Note that for the linear function y = ax + b, the second and subsequent
higher-order differentials are zero. Indeed,
d?(ax +b) = (ax +b)'dx?* =0-dx? =0, ...,d"(ax + b) = 0.
In this case, it is obvious that

d"x =0 for n>1.



Properties of Higher-Order Differentials
Let the functions u and v have the n-th order derivatives and a and g are
arbitrary constants. Then the following properties are valid:
d"(au + pv) = ad™u + fd"™v;

n
A" (uv) = Z Cidniydip,
i=0

The last equality follows directly from the Leibniz formula.

Higher Order Differential of a Composite Function
Consider now the composition of two functions such that y = f(u) and u =
g(x). In this case, y is a composite function of the independent variable x:
y = fg)).
The first differential of y can be written as
dy = [f(g())]'dx = f'(g(x)) g’ (x)dx.
Compute the second differential d?y (assuming dx is constant by
definition). Using the product rule, we obtain:
d’y = [f'(g(x))g' (x)]'dx?
= [f"(g())(g'())* + f'(g(x))g" (x)]dx?
= f"(g(x)(g'(x)dx)* + f'(g(x))g" (x)dx>.
Take into account that
g (x)dx=du and g"(x)dx? = d*u.
Consequently,
d?y = f"(w)du® + f'(u)d?u
or in short form:
d?y = y"du® + y'd*u.
In the same way, we can obtain the expression for the third order differential
of a composite function:
d3y = """ (w)du® + 3f" (w)dud?u + f'(w)d3u.
It follows from the above that the higher order differentials d?y, d3y, ...,



d"y are generally not invariant.

Example 1. Find the differential d*y of the function y = x°.
The 4-th order differential is given by
d*y = F®(x)dx* = (x5)®dx*.
We find the fourth derivative of this function by successive differentiation:
(x>)' = 5x*,
(x>)"" = (5x*) = 20x3,

(x>)" = (20x3)" = 60x2,

(x5)® = (60x2)" = 120x.
Hence,

d*y = 120xdx*.

Example 2. Find the differential d°y of the function y = sin 2x.
It is known that the nth-order derivative of the sine function has the form

mn
(sin x)™ = sin(x + 7).

One can show that the nth-order derivative of the function y = sin 2x. is
given by

M) — (o (M) — N nn
y\" = (sin 2x)YY = 2"sin(2x + > ).
Hence, the 5-th-order derivative is written as

(5) = (sin 2x)®) = 25si S _ 39 n
y (sin 2x) 2°sin(2x + 2) 3251n(2x+2n+2)

T
= 32sin(2x + E) = 32cos 2x.

Hence,
d°y = 32cos 2xdx>.

Example 3. Find the second differential of the function y = x2cos 2x.
Determine the second derivative of this function:



y' = (x%cos 2x)’ = (x?)'cos 2x + x2(cos 2x)’
= 2xcos 2x + x% - (—2sin 2x) = 2xcos 2x — 2x?sin 2x,

y'" = (2xcos 2x — 2x?sin 2x)" = 2(xcos 2x — x?sin 2x)’
= 2[x'cos 2x + x(cos 2x)’ (x?)'sin 2x — x?(sin 2x)']
= 2[cos 2x — 2xsin 2x — 2xsin 2x — 2x?cos 2x]
= (2 — 2x?%)cos 2x — 4xsin 2x.

Then the second-order differential is written in the form:
d?y = y"dx? = [(2 — 2x?)cos 2x — 4xsin 2x]dx>.

22.3 Higher-Order Derivatives of a Parametric Function
Consider a function y = f(x) given parametrically by the equations

{x = x(t)

y =y@)y
The first derivative of this function is given by
I — o) — y_é

y yx x{_'
Differentiating once more with respect to x we find the second derivative:
v o _ Ot
y yxx xé -

Herein

!

Oy <y_> _ ODE -y (Db i xi— i
e =\x). D)2 D)2
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Finally,

I / 4 r
wo_ o Vet " Xe = Ve Xet
Y =Yxx = ( /)2
Xt

Similarly, we define the derivatives of the third and higher order:

TN

nee_ I _%
y — JXxx — !
Xt
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Example 1. The function y = f(x) is given in parametric form by the
equations

where (Vyo ) = (

x=t+cost,y=1+sint,
where t € (0,2m). Find yy.
Taking the first derivative of the parametric function, we have
. Ye (1+sint) cost
* % (t+cost), l—sint

Now we differentiate both sides of the expression for y, with respect to x

This yields:
cost _, cost _, 1
ety = (—1 —sint)t X
(—sint)(1 —sint) — cost(—cost) 1
N (1 — sint)? "1 —sint
—sint + sin’t + cos?t 1 —sint 1
(1 —sint)3 N (1 —sint)3 N (1 —sint)?

14 — N/ — \/ ‘t, —
Yax = On)x = Ode b = (T

Example 2. Find the 3-rd derivative of the function given by the
parametric equations
x=1+t4y=t—1t3
att = 1
Take the first derivative:
o,y (=t} 1-3t* 1 3t

Y E T T a vy T 2t 2t 2

Continue differentiating:

1 3, 1, ., 3 1.3
e Gpm7) () =5 oty

= Yex = x;  (1+t2) 2t B 2t
1 3

4t3 4t




Similarly we calculate the third derivative yyy.,:

1 1" V)t (_4_13 - 4%), —% . (—3t_4) — % . (_t—Z)
Y = Vxxx = X£ = 12 — -
_ % T % _3 .3
2t 8t5 8t3'
At the point where t = 1 the third derivative is equal to
" 3 3 3 3
et =D =g st g T8 e

22.4 Higher-Order Derivatives of an Implicit Function
The n-th order derivative of an implicit function can be found by sequential
(n times) differentiation of the equation F(x,y) = 0. At each step, after
appropriate substitutions and transformations, we can obtain an explicit
expression for the derivative, which depends only on the variables x and y,
I.e. the derivatives have the form

Y =0,y = H063) 0 y™ = filx, ).

Notice. We need to remember that it is assuming that y is a differentiable
function of x and the chain rule for its differentiation should be used.

Example 1. Find the second derivative of the function given by the
equation x +y = e*™7,
Differentiating both sides in x we obtain:
(x+y) =)=
1+y' =e*V - (x—y),=>
1+y =e* Y1 —-y)=e*"V—-e*Vy' >
y' +eXVy' =e*V -1,
e’V -1
Continuing the differentiation, we find the second derivative:

!

y:



e*™ =1, 227771 -y")
eX ¥y +1°  (eXV +1)2°
Substitute the expression for the first derivative:

y'=(

Xy e*™V -1
_2e(-y) 26770y _

(e*y +1)2 (eX¥ +1)2

x—y 7 +1 -7 41
2e ' eX v + 1 4e*™Y

(e + 1)?2 T (@Y +1)F
We now use the original equation, according to which
e*™V =x+y.
As a result, we obtain the following expression for the derivative y"’
4e*X™Y 4(x +y)
T @V D3 (x+y+1)7

)

y

144

y

Example 2. Find the third derivative of the function given by the
equation x? — y% =9,

We differentiate both sides of the equation with respect to x keeping in
mind that y is a function of x

X
O =y?) =922 =2y =02 x—yy =0,y =y ="

Continue differentiating to obtain y,.,:
x—yy' =0=>x—-yy) =0=
1-yy' —yy"=0,>
yw'=1-0")%=
2
1-0)° _ 1_@2 _ 1_;67_y2—x2 _ xt—y?
y oy y ¥y ¥
9
y*

Similarly we find the third derivative:

y'=1-0)=20y") =0-0),>

no__ . _
Y =YVxx =






