1. Differential of a Function
The differential of a function y = f(x) has the following form:
dy = y'dx = f'(x)dx
Example 1: Find the differential of the function y = cot% at the point x = 1.
Determine the derivative of the given function:

= ( tﬂx), 1 T T
y =(ot—) =———r - = ————,
4 sin? (ﬂTx) 4 4sin? (ﬂ—x)
) i [ [
Yy D=7 "=- Y
4SIHZ(Z) 4(g)2 2

The differential has the following form:
dy = y'dx = —%dx.
Example 2: Find the differential of the function y = x3 — 3x? + 4x at the
point x = 1 when dx = 0.1.
f'(x) = (x3 —3x% +4x) = 3x%? — 6x + 4.

dy = f'(x)dx = (3x% — 6x + 4)dx.
Substituting the given values, we calculate the differential:

dy=(3-1>-6-1+4)-0,1=0,1

For approximate calculations one sometimes uses the approximate equation
Ay = dy
or in expanded form
f(x+Ax)— f(x)= f'(x)AX.
or
f(x+Ax)= f(x)+ f'(x)Ax.

Example 3: Use differential to approximate the change in y = ﬁ as x
changes from = to 3Z.
4 10
The differential dy is defined by the formula



dy = y'dx = y’(%)dx.

Take the derivative
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Calculate the differential dx:
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Example 4. Find the differential of the function y = vx3 + 4x at a point x =
2
Differentiate the given function:

1 3x% + 4
"= x3+4x) = (23 + 4x) = .
y = ) 2Vx3 + 4x ( ) 2Vx3 + 4x

At the point x = 2 the derivative is equal to
3:2°+4 16
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= 2.

y'(2) =



Hence, the differential of the function at this point is
dy = y'(2)dx = 2dx.

Example 5. Let us calculate the approximate value of sin 46°.

Let f(x)=sinx, then f'(x)=cosx.

In this case the approximate equation takes the form
sin(X + AX) ~ Sin X+ C0S XAX .

Setting x = 45° T oax=1=" and x+ax="+ "
4 180 4 180
Substituting all these into the equation we get
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sin46° ~ ~0.7071+0.7071-0.0175=0.7191.

Example 6. The function y(x) is defined by the parametric equations
x =té+t+1
{y =t3 -2t "
Find the differential of the function at the point (—3,1)
We calculate the corresponding values of the parameter t from the
equation: 3 =t? +t + 1:
—1+3 _ 1y
> ,—2.
Make sure that the value t = 1 satisfies the condition y = —1.
, ye o (=20 3t -2

t2+t_2=0,$D=9,$t1’2=

Ve x,  (t2+t+1) 2t+1°
When t = 1 the derivative has the following value:
3-12—-2 1
nt=D=57"73
Thus, the differential of the function at the point (3, —1) is expressed by the

formula




dx
dy = yedx = —.
3
Example 7. Given the composite function y = Inu,u = cos x. Express the
differential of y in an invariant form.
We write the differential of the "outer" function:

1
dy = y,du = (Inu)'du = adu.

Similarly, we find the differential of the "inner" function:
du = u,dx = (cosx)'dx = —sin xdx.
Substituting the expression for du in the previous formula, we obtain the

differential dy in invariant form:

sin x
dx = —tan xdx.

1 1
dy = —du = — (—si dx = —
y ” u u( sinx)dx p—

2. Higher-Order Derivatives

arf dvy . :

s = T (in Leibnitz's notation),

£ (x) = y™(x)(in Lagrange's notation).
y®™ = vy
Example 1. Find the fourth derivative of the polynomial function
y = 3x* —2x3 + 4x% — 5x + 1.

Take the first derivative using the power rule and the basic differentiation
rules:

y' = 12x3 — 6x% + 8x — 5.
Differentiate once more to find the second derivative:
y'" =36x%—12x + 8.
Also,
y'" =72x—12



Finally, y'V = 72

Example 2. Find y"' if y = cot x.

The first derivative of the cotangent function is given by
1

sinZx’

Differentiate it again using the power and chain rules:

y' = (cotx)' = —

ll=_ /=_ . _2,= _1._2. . _3. . 7
y'= (-5 =~ ™) = (1) (=2) - (sinx) 7 - (sinx)
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Example 3. Find y"" if y = xIn x.
Calculate the first derivative using the product rule:

1
y' =(@nx) =x"-Inx+x-(Inx) = 1-lnx+x-;=1nx+ 1.
Now we can find the second derivative:

., 1 1
y"=((nx+1) =;+0=;.
Example 4. The function y = f(x) is given in parametric form by the
equations

x=t3y=t%+1,
where t > 0 Find y,.
Determine the first derivative y,:
oy (@F+1); 2t 2
SR A (O T T
Differentiate y, again with respect to x

n AV N/ ! 2 ! 1 2 —1y/ 1 2 -2 1
Yxxz(Yx)x:(yx)t'txz(g)t'x_ézg(t )t'x_ézg'(_l)t @




2 1 2

3t2 3t2  9¢*

Example 5. The function y = f(x) is given in parametric form by the
equations
x=t+cost,y =1+ sint,
where t € (0,2m). Find yy.,.
Taking the first derivative of the parametric function, we have

. ¥¢  (1+sint); cost

* % (t+cost), 1—sint
Now we differentiate both sides of the expression for y,. with respect to x This
yields:

cost _, cost _, 1
-ty = (—1—sint)t'x_£
(—sint)(1 —sint) — cost(—cost) 1
N (1 — sint)? "1 —sint
—sint + sin®t + cos?t 1 —sint 1
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Vix = e = e &= (T

Example 6. Find the second derivative of the function given by the equation
x3+y3=1.
We use implicit differentiation:
x3+y3=1,>0x3)'+@3% =1,23x2+3y%y' =0,2x2+y?y' =0,
2
>y = 2
Differentiate again the equation x2 + y2y' = 0:
x2+y%y' =0, (x3) + (%y) =0,2 2x + 2yy'y' +y2y"" =0,
2x + 2y(y')?
y:

= 2x + Zy(yl)Z + yZyII = 0’:) y” —



Substitute the expression for the first derivative y’ found above
2x + 2y(— x_z)z 2x + 2y - x
vy _ y*

r

2x +2y(y")?

y?2 - y2 - y?2
2y 4 Zi 2xy3 + 2x*
B B y3 o 2xt+2xy? 2x(xP +y®)
y? y? y® y®
2%l 2«
y° y°

Example 7. Find the second derivative of the function given by the equation
x+y=e*7,
Differentiating both sides in x we obtain:
x+y) =€) ,=21+y =¥V - (x—y),=21+y =Y —-y")
=e* YV —eXVy sy ' +eXVy =¥V -1,
eV -1
eXx Y +1
Continuing the differentiation, we find the second derivative:
eV —1 2e*7Y(1—-y"
N (ex 537 T @y
Substitute the expression for the first derivative:

X—y e*V —1
. 2e¥Y(1 -y 2677l — gy 7)

(e* Y +1)2 (eX¥ +1)2

eV +1 -7 +1
eX v +1 _ 4™

(eX7Y + 1)? (e + 1)
We now use the original equation, according to which

y' =

Zex_y .

e*V =x+y.
As a result, we obtain the following expression for the derivative y"’



y 4™ A(x+y)
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3. Leibniz Formula
n
(uv)™ = z(")um—wvm
i )
i=0
n . . . n n!
where (',) denotes the number of i-combinations of n elements: ( ) = —
l l i'(n-1)!

Example 1. Find the 3rd derivative of the function
y = e*cos x.
Let u = cosx, v = e*. Using the Leibniz formula, we have

3
y'"" = (e¥*cosx)"" = Z(?)(cos x) B0 (e*)®
i=0

= (g)(cos x)""e* + (i)(cos x)"(e*) + (;)(cos x)'(e*)”

+ (g)cos x(e*)'".
The derivatives of cosine are
(cosx)' = —sinx; (cosx)" = (—sinx)’ = —cos x; (cosx)" =
(—cosx)' = sinx.
All derivatives of the exponential function v = e* are e*
Hence,
y" =1-sinx-e*+3:(—cosx)-e*+3:-(—sinx)-e*+1:cosx-e”*

= e*(—2sinx — 2cos x) = —2e*(sinx + cos x).

Example 2. Find all derivatives of the function
y = e*x?,
Letu = e* and v = x2. Then



u' = (e¥) =e*,v' = ([x?) =2x,u" =(e¥) =e*v" = (2x) = 2.
It is easy to find the general formulas for the derivatives of order n:
u™ =e* p"" =plV = ... = p(M =,
Using the Leibniz formula, we obtain

nn—-—1
y =exx2+nex-2x+¥ex-2
1-2
or

yMW = e*[x? 4+ 2nx + n(n — 1)].

Example 3. Find the 10th-order derivative of the function
y = (x? + 4x + 1)Ve*
at the pointx = 0
We denote u = veX, v = x? + 4x + 1. The derivatives of these functions
have the following form:

1 e* VeX veX veX
ul_( ex)l_ .(ex)lz — ,”LL”=( r— -
“ 2Ve* 2Ner 2 2 4
X
oy =Y
2k’

vV'=((x*+4x+1) =2x+4,v" = R2x+4) =2
The derivatives of the function v of order i > 2 are obviously zero. Therefore,

the expansion of the derivative y(19 is limited to only a few terms:
10

(10 — Z(lio)u(lo—%(i)

i=0

_(10)5( +ax+ 1)+ ()0 +4)+(10)£ 2 =

10!
ool eX 210 - (x? +4x+1)+|—1' \/e_ (2x+4)+ﬁ Vex . zTO'

z_r [x% 4+ 4x + 1+ 20(2x + 4) + 360] = 10(x2+44x+441)



When x = 0, the 10th-order derivative is respectively equal to

441 441 21,

(10) 0) = = = (—)~.
y O =55 = 1022~ 33

Example 4. Find the nth-order derivative of the function
y = x3sin 2x.

Letu = sin 2x, v = x3. Write the nth-order derivative by the Leibniz formula:
n n
(x3sin 2x)™ = Z(rl.l)u(”“’)v(i) = Z(?) (sin 2x)™=D (x3)®
i=0 i=0

= () (sin 22)™x® + () (sin 2x) ™V (x3)’

+ (g)(sin 2x) =2 (x3)" + (g)(sin 2x) =3 (x3)" 4 ...
Obviously, the remaining terms in the series expansion are zero since
(x*® =0 fori > 3.
The nth-order derivative of the sine function was found on the Higher-Order
Derivatives lecture. It is written in the form

mm
(sinx)™ = sin(x + )
It can be shown that the derivative of sin 2x is defined by the similar formula:
n
(sin 2x)™ = 2"sin(2x + 7).

Consequently, the remaining derivatives of sin 2x are given by
n(n—1) m T

(sin 2x)™~D = 2"~ 1sin(2x + 5 ) = 2" 1sin(2x + - = E)
mn
= —2""1cos(2x + 7),

n(n—2)

(sin 2x)™2) = 2"~2gin(2x + 5

) = 2" 2sin(2x + = )
2

_ _on-2 m
= —2""“sin(2x + 2),



n(n—3 mn 31

(sin 2x)™=3) = 2"=3gin(2x + (T)) = 2" 3sin(2x + - - 7)
mmn

= 2" 3cos(2x + 7).

Substituting this into the formula for the nth derivative of the given function,
we obtain:

(x3sin 2x) (W

n . mm n _ mn n
= (0)x32”sm(2x + 7) — (1) - 3x22™" 1cos(2x + 7) — (2)
mn n mn
- 6x2™ 2sin(2x + 7) +(3)-6- 2" 3cos(2x + 7).

Take into account that the combinations can be represented in the following

form:

n n n nn—1) n nn—-1)m-2)
(0):1»(1):nr(2):Tr(3): 6 .

Then

(x3sin 2x)(™

mn ™
= x32"sin(2x + 7) —3x?n2" 1cos(2x + 7) — 6x

nn-—1 mn nn—1(n-—2
. —( > ) . Zn_ZSin(ZX + 7) +6- ( ;( )
mn
- 2" 3cos(2x +7)
3xn(n—1 mn nn—1n-—2
= 2"[x3 — ( )]sin(Zx +—) + 2" ( ) )
4 2 8
3x%n

n
Jcos(2x + 7).

Example 5. Find the nth-order derivative of the function
y = xln x.

Letu =Inx, v = x. Then



n n
y® = (xIn x)® = z(’l})u(n—ov(o _ z(’l?) (In ) =D x®
i=0 i=0

= (N0 ™x + (DInx) @D’ + --

The other terms of the series are equal to zero as x®® = 0 for i > 1.
Write the derivatives of v = x:

24

v =x'=1v"=v" = =v™ =0,
Compute the derivatives of u = In x:

"= (1 /_1 //_1/ 1 — — 4) —
W= (nx) == () = = (- ) = @ = ()
6
= F'
So, the nth derivative of the natural logarithm is written in the form
11y —
L — (D" (n 1)!.
xn
Hence, the series expansion for y(™ is given by
y® = (0™ - x + (HInx0) ™D -1
(D" (n-1)! ( D" (n - 2)!
le xn 1
B (=)™ 1n! ( D (=1 In! (—1)"‘1n! 1 1
oyl (n — 1)x” 1 x 1 n o n-— 1)
D' r—1-n (D" -2)!(m—Dn
- xnl n(n — 1) B x"lp(p—1)
(=1)"(n - 2)!
= xn—1 )

4, Higher-Order Differentials
d™y = f™(x)dx™,
Let the functions u and v have the nth order derivatives. Then the following



properties are valid:
d"(au + fv) = ad™u + d™v;

n
A" (uv) = Z Cid™iudiv.
i=0

Consider now the composition of two functions such that y = f(u) and u =
g(x). In this case, y is a composite function of the independent variable x
y = fg(x)).
dy = [f(g(x)]'dx = f'(g(x))g’ (x)dx.
d?y = f"(uw)du® + f'(u)d*u
d3y = """ (w)du? + 3f" (w)dud?u + f'(w)d3u.

It follows from the above that the higher order differentials are generally not
invariant.

Example 1. Find the differential d*y of the function y = x>.
The 4th order differential is given by
d*y = f®(x)dx* = (x5)®Pdx*.
We find the fourth derivative of this function by successive differentiation:
(x%) = 5x%, (x>)" = (5x%)" = 20x3, (x°)"" = (20x3)’ = 60x2,
(x5)® = (60x%)" = 120x.
Hence,
d*y = 120xdx*.

Example 2. Find the second differential of the function
y = x2cos 2x.
Determine the second derivative of this function:
y' = (x%cos 2x)’ = (x?)'cos 2x + x2(cos 2x)’

= 2xcos 2x + x% - (—2sin 2x) = 2xcos 2x — 2x?%sin 2x,



y'" = (2xcos 2x — 2x%sin 2x)" = 2(xcos 2x — x*sin 2x)’

= 2[x'cos 2x + x(cos 2x)" (x?)'sin 2x — x?(sin 2x)']

= 2[cos 2x — 2xsin 2x — 2xsin 2x — 2x?cos 2x]

= (2 — 2x?)cos 2x — 4xsin 2x.
Then the second-order differential is written in the form:

d?y = y"dx? = [(2 — 2x?)cos 2x — 4xsin 2x]dx?.

Example 3. Find d3y of the function y = xIn %
The third order differential is given by

d3y = y"" (x)dx3.
We differentiate the given function successively:

=y =x () () +1-Inm = 22 D tmi=me— 1
y' =@n2) =x (1) ) n_=x"-(-3z)+In_=In ;

X

no_ 1 r 1 1/_ 1 _ 1
y'=(n--1) —(I)'(;) =x-(-3z)=-

=
X

Hence,

3 124 3 dx
d’y =y (x)dx =z

X

Example 4. Find the second differential d?y of the function (graph of which is

known as asteroid) defined by the equation
2 2

2
x3 + y3 = R3, R —is constant

We compute successively the first and second derivatives of the function
y(x) describing the astroid. Differentiating both sides of the implicit equation

with respect to x, we have:



2 2 2 2 1 2 1 1 1
(x3+y3) = (R3)’,=>§x 3+§y 3y = 0,2 x
1

_1 x _1 y1
=—x 3,2y =—(-)"3=—(-)3.
oy =-() T =)

Differentiate again, given that y is the function of x
x2 y'x—yx'

H___th__lz_g.zﬂ—_l__.
V' =R =3 Q) =308 0

1
3+y 3y’ =0,y 3y

!

2
_ox3 yx—y
-2 2
3y3 x
Substitute the expression for the first derivative y’ found above:
2 Vs 2 12 21 2 2
., x3 (=(3)x—y x3 (—y3x3—7vy) x3y3(x3+ y3)
y = — Z . x2 = — Z . xz = Z
3y3 3y3 3y3x?
2
R3
S
3y3x3
Then the second differential is given by
2
R3dx?
d?y = y"dx* = ——.
3y§x§

Example 5. The function is given in parametric form by the equations
x =t*+t—-1
Yy =2t
y =

Find the second-order differential d?y.
We determine the second-order differential by the formula
d?y = y" (x)dx>.
Find the second derivative y” (x). The first derivative is given by



soo o, Ye (=20 3tP -2
y(x)_yx_xg_(t2+t—1)'_ 2t +1°
Then the second derivative can be expressed as follows:

oy (31:2 —2),
" o N — Yx)t — 2t + 1
V') = Yex = Wnx X (R tt—1)

(3t2—-2)'2t+1) — (3t -2)2t + 1)’

2t + 1)2
- 2t + 1
6t- (2t+1)—(3t2—=2)-2 12t>+6t—6t2+4
B (2t + 1)3 N 2t + 1)3
6t2 + 6t + 4
T Qt+ 13

Calculate the differential dx?:
dx? = (dx)? = (d(t? + t — 1))? = ((2t + 1)dt)? = (2t + 1)?(dt)?
= (2t + 1)%dt>.
Thus, the differential of the 2nd order of the original function is given by

6t2 + 6t + 4 2t 4+ 112412 _6t2+6t+4dt2
(2t + 1)3 ( ) B '

200 — 1 2 _
d7y =y (x)dx 2t + 1



