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Chapter 1. OSCILLATIONS

Oscillations are periodic changes of any quantity. Mechanical oscillations
(vibrations) are the motions that repeat themselves over and over again.
Oscillations are the periodic motions of the material point or material object.

The types of oscillations:

1. Free (characteristic, natural) oscillations take place in systems which begin
to move after a kick or after upsetting a balance. There are_undamped (continuous,
persistent) oscillations and damped (convergent, decaying) oscillations which take
place in systems without or with energy loss, correspondingly.

2. Forced (constrained) oscillations occur in systems exposed to action of

external periodic force.

I. FREE UNDAMPED OSCILLATIONS

1. Simple harmonic motion and its characteristics

The physical system making oscillations about an equilibrium position is an
oscillator.

The simple type of oscillations occurring under the law of cosine or sine is
simple harmonic motion (SHM) and the system in this case is called a simple
harmonic oscillator (SHO).

The equation of free undamped simple harmonic motion is

X = Acos(apt + @),

where x is the magnitude changing with time periodically (for mechanical
oscillations it is the displacement of a point from a position of the equilibrium), A
is the amplitude (the maximum distance from the equilibrium, or the maximum

displacement of particle executing SHM), t is time, (o,t+«)is a phase of
oscillations, @,is an own (natural) angular (circular) frequency, « is an initial
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phase, or phase constant, or epoch (it

gives information about the initial

position).

The time required for one complete

vibration (complete to-and-fro
movement) is called the period (T).
The frequency (v) is the number of
oscillations completed by particle
executing SHM per second.

During one period the phase of
oscillation changes by 27

oy (t+T)+a=(at+a)+2r.
1

14

Therefore, o,T =27 and T =
(0]

2z

x= Acos

ln.J|r-.]

ot

Differentiating the equation of SHM with respect to time t, we get the velocity

dx

dt

In addition, if x = Acos(a,t + @), cos(a,t + @) :% and

2 2 2
Sinat =+ /1_@ _W\A |

then the velocity vof the particle at position X is

V=—Ag,sin(a,t + a) = Fa,J A’ - x*.

=2 = X =—Am, Sin(agt + @) =V, sin(w,t + @) = Aw, CoS(@y,t + a + %) .

Differentiating the equation of SHM again with respect to time t, we get

acceleration
dv  d?x
a=—= —2
dt dt
= Aw] cos(ayt + a + ) = —a X,

=X

X=a=-aw]X.

=—Aw} cos(ayt + a) =—a . cos(ayt +a) =



This is a linear second order homogeneous differential equation which solution
IS the equation of free undamped oscillations.

The force acting on the vibrating object is

F =ma =mX =-mAw cos(ayt + ) =—F, . cos(at + a) = —Max = —kx.

This force is proportional to displacement (k is a coefficient of proportionality,
in case of a spring pendulum, this is the spring constant) and is always directed to
a position of an equilibrium. An example of such force is an elastic force. Any
other force, inelastic by nature, but satisfying the relation F =-—kx is said to be
quasi-elastic force.

Two forms of energy are involved during vibrations. In standard example of a
mass on a spring they are the potential energy stored in the spring and the kinetic
energy of moving mass.

W, - k;z _ Me] A2 00822 (ot + )

mv? mx?2 M, A’sin’ (ot +a)

W, =
2 2 2
The total energy of a simple harmonic oscillator

2 A2
W, =Wk+wp=m“’§A.

total

The total energy of the particle does not depend on time t and displacementx.

Thus total energy of a particle executing SHM remains constant. Besides, it is

worthy of note that the energy of SHO is proportional to A*.

2. Pendulums

1. A spring pendulum is a system consisting of a

mass m on a spring which mass can be neglected in

comparison with a mass m. The equation of motion
of this system according to Newton’s 2nd law is mX =—Kkx, 0r5('+a)§X:O, where

angular frequency and period are:



af =k/m, TIZE\/%,

The solution of this differential equation is

X = Acos(apt + ).

2. A simple pendulum is a material point of mass m attached

to the end of long weightless inextensible string. Another end of it is @;;%?@
attached to fixed point. If the mass is displaced slightly, it oscillates l
to-and -fro along the arc of a circle in a vertical plane. The equation v i
of motion of this system according to the Newton’s 2nd law for i
rotation isle=M, or ml*$=-mgl-sing. For the case of small- ; E
amplitude oscillations this equation is transformed into :
@+ (g/e=0. A solution of it is the function O |

@ =, COS(t + @), mg l

where ¢ is amplitude of oscillations, i.e., the greatest angle through which the

pendulum deviates, and angular frequency and the period of oscillations are:

wf =g/, T:ZE\/I.
g Clsmp
3. A physical (compound) pendulum is a rigid body '

oscillating around a horizontal axis passing through the point of
suspension located above its center of mass. The equation of

motion of this system is g =-mgx-sing (I is a moment of

inertia of a pendulum about an axis passing through its center of

suspension). For the case of small-amplitude oscillations the
solution to the equation @+ (mgx/1)p =0 is
@ =@ COS(t + ) ,

where angular frequency and period of oscillations are:

=" oo | L |k
A mgx \ g



1 = L is the length of an equivalent simple pendulum.
mx

3. Superposition of two SHMs of the same direction and frequency

(unidirectional oscillations).

Two vibrations of the same directions and frequency are determined as
X, = A cos(m,t + ;) and x, = A, cos(a,t + , ).

Their analytical addition is complicated procedure; therefore, an elegant
mathematical representation to describe harmonic
motion may be suggested for its simplification.

We have seen that the phase of the SHM

increases linearly with time as the vibration is in

progress. The displacement xat any time is " x=Acosa
proportional to the cosine of this phase. Therefore, this motion can be generated by
letting a radius vector of length A rotate anticlockwise uniformly, by projecting

the end point onto x-axis. The actual motion, x = Acos(a,t + ) , is the projection

of the radius vector A onto this axis.

W =4, smng
X

|

|

| % =408 x, = 4, cosa,
!

x=Acosa
Let us use the vector diagram for adding two unidirectional oscillations of

the same frequency:

X, = A cos(a,t + )



X, = A, cos(aot + @, ).

As a result of their superposition, we obtain the resulting simple harmonic
motion of the same angular frequency o,

X = Acos(at + ),

which amplitude A may be computed according to the cosine law

A=A+ A —2AA,cos| 7 (o, — ) |= A7+ AY +2A A cos(a, — ),
A=A+ A? +2AA cOsAa,

and the initial phase « is

_ Asing, + Asing,

tga :
A cosa, + A, cosa,

Special cases:

1. Aa=0, — cosAa=1. A=|A+A)

2. Aa=*rr, = cosAa=-1. A:‘A&—Az‘.

3. Aa:i%, = cosAa=0. A= A2+ A2

4. Superposition of oscillations at right angle

Two simple harmonic motions of same frequency @, having displacements in
two perpendicular directions act simultaneously on a particle
X = Acos ot
{y =Bcos(a,t + ).
This system of equations determines the coordinates of the vibrating particle in

the xy-plane. These expressions are the equation of ellipse in parametrical form.

Let us exclude the parameter t and obtain the equation of the path in the classical

canonical form.



: : X : / ?
From the first equationcos ot = % and sinoyt = +./1-cos? w;t = +,[1— % :

Expand cos(a,t +ca) of the second equation and substitute cosa,t and

Sinay,t

2
: : X _ / X< .
—é =cos(a)0t+a):coswot-COSa—S|na)0t-sma:—Ac05a+ 1——AZ -Siner .

2
X _ X .
Y Xeosa=F,1-2 sina. AV
B A A ’ :
arbitrary o

B
Square both parts of this equation and obtain /—\\
XL Y2y 2 \ N| =
—2+—2——COSa=SIn a . .
A° B° AB —4 0 A
This expression represents the general equation
of an ellipse. -B

Thus, as a result of superposition of two simple harmonic oscillations in
mutually perpendicular directions the trajectory of the particle motion is an ellipse
whose axes are rotated relative to the coordinate axes.

Special cases (in dependence on the initial phase difference «):

1. a=0;+27;+4rx...=+£27k, where k=1,2,3,... cosa =1, sina=0, and

2 2

X y 2Xy_0 .th_:
A2 B2 AB a=12rk
2 B —————
2\ <o, or :
A B —A | X
: >
N | 0 4
y—x b{_____g

The particle vibrates simple harmonically along

the straight line 1 (see figure) with a frequency @,and the amplitude equaled to

JA? +B?.
2. a=i7z;i37z;i57z...:i7z(2k+l), where k=0,12,3,... C xs—

sina =0, and



Xyt 2%y Ay
wtgtap Y ch=i;¥(2k+1)
72 B
XY =0, or ]I\
A B 1 A I.'h
| >
) BX —4 0 \i
y= A% -

This equation represents a straight line with

slope equaled to (—%j The particle vibrates along the straight line 2 see figure)

with frequency W, and the
amplitude/ A? + B? . 4
T .
3 LT +37r +57z + 7 ok +1 B a:i?{2k+1]
: =+ +—;+—..=+—(2k +1), <
sttty (k) /‘"‘““w
where k=0,1,2,3,... co&= , Ssina=4%1, \ %
—4 0 A
and
2 2 —-B
X—+y—:1.
A>  B?

The trajectory of the particle is an ellipse with semi major and semi minor axes

A and B, coinciding with x- and y- axes,

respectively, i.e., an ellipse reduced to the +y T,

. a=t=(2k+1)
principal axes A 2

Semi-axes of this ellipse are equal to the /_\\ c
amplitudes of oscillations A and B. 4 Q I 4 >

If A=B, we get the equation of the circle _/

—4

x* + y* = B* with radius B .

The direction of rotation (clockwise or anticlockwise) of the particle may be

obtained from the x- and y- motions of the particle when t is increased gradually



Il. FREE DAMPED OSCILLATIONS

The energy of vibration has been losing

off a vibrating system for various

reasons, for example, such as the conversion to heat via friction. If free oscillations

take place in a system with friction, F,, =—rv, where r is the coefficient of friction

(resistance of medium), the equation of the motion is

ma=-kx—F,,
*X
mX =—kx—rx. A}
Reduce this equation to the following S~ 4 (t)=Ae™
form AWAN o
X+ 28X+ afx=0, 0 r \/ N =
r"’f
where ,,

pS=r/2m is the damping

coefficient, and «, =./k/mis the natural

frequency, i.e., the frequency of the system without friction. This motion equation

may be solved in the form: t

x=Age " cos(awt +a),

This is the equation of free damped vibrations. The effect, called damping, will

cause the vibrations to decay exponentially

system to replace the loss.

unless energy is pumped into the

The amplitude of damped oscillations decreases exponentially as t advances

according to

A(t)= A"

An angular frequency of damped oscillations is

DENOE

A conditional period of damped oscillations is

27

_2m_
i P

T
@

A damping decrement (or decrement of motion) is the ratio of two successive

10



amplitudes of the damped oscillation, corresponding to the instants of time
distinguished by the period, i.e.,

A(t) Ag " BT
= S ¢
At+T) Age

A logarithmic damping decrement (damping factor) is the logarithm of the ratio
of two amplitudes which separated by one period

o=InD=pgT.

A quality factor

T
Q==
A quality factor is defined as the number of cycles required for the energy to
fall off by factor of 535. (The origin of this obscure numerical factor is e**, where
e=2,71828... is the base of natural logarithms). The terminology arises from the
fact that friction is often considered a bad thing, so a mechanical device that can
vibrate for many oscillations before it loses a significant fraction of its energy
would be considered a high-quality device).
The quality factor measures the rate at which the energy decays. Since decay of

the amplitude is represented by A= Aje™”*, the decay of energy is proportional to
A = N,
and may written
W =W, e,

where W, is the energy value at t =0.
If \\I/\VA = ¢®” (according the definition of the quality factor) and

Wo Wy, s opnt  ons
e TVE=7 el AR
W Wo'e

e27r — e2N§ .

27 =2No.

T

Q=N=75
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Therefore, the quality factor is equal to the number of the cycles through which
the damped system oscillates as its energy decays by factore®”.
A relaxation time (modulus of decay) = is the period of time taken for the

amplitude to decay to 1/e=0.368 of its original value A,, i.e. it falls off by factor

e.
e :i = A) = e'BT’
A A"
Pr=1,
1 2m
T=—=—"1.
g r
I11. FORCED OSCILLATIONS
If the damped oscillator is driven by external periodic force, the equation of
motion is

mX = —kx — rx+ F,coswt .
Put S=r/2m, o, = a/k/m and obtain the equation

X+ 2%+ afx=(F,/m)cosmt,

which solution is the equation of forced oscillations:

X = Fy/m cos(wt —arctg %) :
\/(a)é —a’) + 4%’ Wy — @

where o is the frequency of a driving force.

Resonance is the tendency of a vibrating system to respond most strongly to a
driving force whose frequency is close to its own (natural) frequency of vibration.
Resonance is the dramatic increase in amplitude of a periodic system that occurs
when the driving frequency equals to the natural frequency of the system. In an
undamped system, the amplitude will be infinite.

For calculation of a resonance frequency let us find the maximum of

function A(w) by differentiation of a function

12



F,/m
\/(a)g —*) +45°0° ’

Alw)=

3—2 =%(—%j[(a)§ — )2 +4,82a)2} ? [2(0)5 —wz)(—Z)a)+8ﬂ2w] =0
4o (-} + & +28°)=0.
This cubic equation has three roots:

1) w=0 - the minimal amplitude;

2) o= —«/wj —2/3% - physical nonsense;
3) w=.&-2p°- this is resonance

frequency.

Substituting a resonance frequency in the
expression for amplitude of forced vibrations
we obtain resonance amplitude:

F,/m
2B\t -5

Aes =

13



Chapter 2. WAVES

I. TRAVELLING WAVES

1. Classifications of wave motion

Wave motion in a medium is a collective phenomenon that involves local
interactions among the particles of the medium. Waves are characterized by: 1)
disturbance in space and time; 2) a transfer of energy from one place to another; 3)
a non-transfer of material of the medium. A mechanical wave is a disturbance in
the equilibrium positions of matter, the magnitude of which is dependent on
location and on time.

Oscillations having arisen in one place of an elastic medium are transmitted to
the next particles due to interaction and spread with the velocity V. Therefore, a
wave is a disturbance that propagates through the medium. Waves transfer energy,
momentum and information, but not mass. So we can classify waves by medium
where they spread: mechanical waves (matter is the medium), electromagnetic
waves (electric and magnetic fields are the media), etc.

The line indicating a direction of propagation of waves is a beam.

Classification of waves by orientation:

1. Transverse waves: displacements are perpendicular to the direction of
propagation. All electromagnetic waves are transverse. This includes light. Crest: a
point of maximal displacement in the positive direction (upward displacement).
Trough: a point of maximal displacement in the negative direction. Transverse
mechanical waves are spread only in solids.

2. Longitudinal waves: displacements are parallel to the direction of
propagation. Sound is a longitudinal wave. Compression is a region where the
medium is under compression. Rarefaction is a region where the medium is under

tension. Longitudinal waves are spread in solids, liquids and gases.

14



Distinction between transverse and longitudinal waves

Transverse wave

Longitudinal waves

1. In a transverse wave, the motion of
the particles of an elastic medium are
perpendicular to the direction of the

propagating wave.

1. In a longitudinal wave, the motion of
the particles of an elastic medium are
the of the

parallel to direction

propagating wave.

2. In a propagating transverse wave,

crests and troughs are produced.

2. In a propagating longitudinal wave,

condensations and rarefactions are

produced.

3. The wavelength is equal to the
distance between two consecutive crests

or troughs.

3. The wavelength is the distance
between the centers of two consecutive

compressions or rarefactions.

4. Transverse waves cannot propagate

through a gas and liquid.

4. Longitudinal waves can propagate

through any material medium.

5. Transverse waves can be polarized.

5. Longitudinal waves cannot be

polarized.

If the source or origin of the wave oscillates at a frequency v, then each point

in the medium concerned oscillates at the same frequency. The geometrical place

of points which the wave has reached up to a certain time is a wave-front. It is

unique for the given wave process. The geometrical place of the points that are in

the same phase is a wave surface. There are a lot of such surfaces.

Waves spread out in all directions from every point on the disturbance that

created them. If the disturbance is small, we may consider it as a single point. Then

depending on the form of medium where the waves are spread, they may be one-

dimensional (linear), two-dimensional (circular) and three-dimensional (spherical)

waves. Classifying waves by duration we have to note episodic (or pulse) waves

15




when disturbance is momentary and sudden and periodic (or harmonic) waves
when the disturbance repeats at regular intervals.

Classifying waves by propagation we distinguish travelling (progressive) and
standing waves. Travelling waves are the waves that propagate in medium.
Standing waves don't go anywhere, but they have regions where the disturbance of
the wave is quite small, almost zero. These locations are called nodes. There are
also regions where the disturbance is quite intense, greater than anywhere else in

the medium, called antinodes.

2. Mathematical description of travelling wave

o
Waves propagate at a finite speed v (the 4 : 5

wave speed) that depends upon the type of wave, the — 4
composition and the state of the medium. The wave \/

profile moves along at speed of wave. If a snapshot

is taken of a travelling wave, it is seen that it repeats ° A

at equal distances. The repeat distance is the 4 _‘T, .
wavelength A . Wavelength is the distance between i \/ "
any point of a periodic wave and the next point

corresponding to the same portion of the wave measured along the path of
propagation. Wavelength is measured between adjacent points in phase. If one
point is taken, and the profile is observed as it passes this point, then the profile is
seen to repeat at equal interval of time. The repeat time is the period_T . Otherwise,
the period is the time between successive cycles of a repeating sequence of events.

Frequency (u) Is the number of cycles of a repeating sequence of events in a unit

interval of time. Frequency and period are reciprocals (or inverses) of one another:
T =1/v.
The Sl units:
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[A]=m, [T]=s, [v]=Hertz=Hz=1Ys =5

Suppose that the wave moves from left to right and that a particle at the origin 0
vibrates according to the equation

£(0,t) = Acos(wt + ),

where t is the time and w = 270 = 27/T .

For a particle at the distance x from O to the right, the phase of the vibration

will be different from that at 0, as the time 7 = x/v is necessary for wave to get to
the point(x,t). Hence the displacement of any particle at distance x from the

origin is given by

E(xt)=Acos| o(t—7)+a |= Acos(a)t —a)§+ aj = Acos(ot —kx+a),

Equation of a plane-travelling (or plane-progressive) wave is
2r, 2x
X,t)=Acos| —t——x+a |,
£0ut) = Acos{ 242

where k = @ _ 2—” = 2—” IS the wave number.
v VT

Amplitude (A) is the maximum magnitude of a periodically varying quantity.
Amplitude has the unit of the quantity that is changing (in this case — the

displacement).

Phase (Z_I_—ﬁt—%x+a] Is the stage of development of a periodic process.

Two points on a wave with the same phase have the same quantity of disturbance
(displacement, etc.) and rate of change of disturbance (velocity, etc.). Phase is an
angular quantity. Adjacent points in phase are separated by one complete cycle.
Adjacent points out of phase are separated by half a cycle.

The Sl unit of phase is the radian.

Generally for a wave propagating in three dimensions, the displacement at point

given by position vector 7 at time t is

E(T 1) = Acos( ot —kF +a),

17



where K is the wave vector. Its magnitude is equal to the wave number.
The speed and acceleration of the vibrating particle we can obtain as the first

and the second derivatives of g(x,t) with respect to time:

fz%:—Aa)-Sin(a)t—kx+a),
2
E:Zt—fz—Aa)z-cos(a)t—kx+a).

For two points on the beam of plane-travelling wave separated from each other

by the distance Ax (path-length difference or path-length shift) the difference in
phase (phase shift) is

3. Wave equation

The wave equation is the linear uniform partial differential equation of the
second order describing the propagation of the wave in a medium.

Let's receive this equation using the equation of a wave
E(T,t)= Acos(a)t — IZF).

Having twice differentiated this equation with respect to time we obtain

%:—Aa)-sin(a)t—kr),
ot

2
Zt—fz—Aa)z -cos(wt —kr)=-o”-&.

Therefore,

1 0%
5= w? ot

Write the equation of a wave as
£(xy,2,t) = Acos( ot —k,x—k y—k,z),

and find the second partial derivates of it with respect to x :

18



o0& .
& = Akxsm(a)t —kXX—kyy_kzZ)’

o¢ _ AK? cos(wt —kx -k y—k,z)=—k?-
o2 X ot—kx—ky-kz)=-k -¢.
We can obtain the second derivatives of the equation of a wave with respect to

y and z in a similar way:
2 =

825— Ak? t—k k kz)=-k?
Fv el 2cos(mt—kx—k y—k,z)=—k?-&,

0% _ Ak? t—kx—ky-kz)=-k’
P Zcos(a) -k x=k,y—Kk, )—— Y

0’8 0°¢ O 1 0% 1 0%
6X2+8y2+822:Aéz_(kf"‘k;_"kf)é:_kz‘égzkz';'?:\/_z' 2

We, therefore, obtain the wave equation (A is Laplacian)

1 0%
For a wave propagating in one-dimensional case, we have
0’8 1 0%
o v

4. Energy transferred by a wave. Umov’s vector

Waves, propagating in a medium, transfer energy from one place to another.
This energy consists of the kinetic energy of vibrating particles and the potential
energy of the deformed areas of the medium. The energy that is transferred by a
wave through some area per unit of time is called an energy flux through this
surface

o-21.

[®]=3-s"=W.

19



Energy flux density or intensity (I) of a wave at a place is the energy per

second flowing through one square meter held normally at that place in the

direction along which the wave travels, i.e., the intensity of any wave is the time

averaged rate at which it transmits energy per unit

area through some region of space. dl=v-dt

_aw s
S-dt

[1]=3-m*.s'=W.m"*.

N
dW =
Suppose the displacement of wave-front area = w-S-dl

moving at a speed v for the time At is |. If w is
energy density (i.e. average energy of the particles in unit volume), then the energy
transferred through some area per time At iISAW =w-S -v-At, and the intensity of
a wave is

| :W°S-V~At Wy

S-At

In the vector form T =w-V.

I'is Umov’s vector. It is perpendicular to a wave-front, and indicates the
direction of wave propagation. Its magnitude is equal to intensity (energy flux

density).

272

If the energy of each particle is and the number of particles in unit

ma® A? B P’ A

,and
2 2

volume is n, then w=n-

2 A2
I:pa)A-v,
2

where p is the density of the medium.

20



Il. STANDING WAVES
1. Superposition of waves. Interference

The superposition principle: when two or more waves travel simultaneously
through the same medium, each wave proceeds independently as though no other
waves were present, and the resultant displacement of any particle is the vector
sum of the displacements that the individual waves acting alone would give.

If the oscillations stipulated by separate waves at each point of the medium
have a constant phase difference, the waves are the coherent waves, i.e., waves
whose parts are in phase with each other. When two or more coherent waves of the
same frequency overlap, the phenomenon of interference occurs.

Consider two waves travelling from two closely situated sources that excite
oscillations at the point considerably distant from them. These oscillations are the

composition of two unidirectional oscillations. Thus, the amplitude is

A=A+ A +2AA CosAp.

Intensity | of waves is proportional to A%, therefore,

I =1,+1,+2/L1,cosAp.

If A =A,, thenl, =1,, consequently,

| =21,+21,c0sAp.

Let's calculate the intensity at the points where the waves come with such path-
length differences for which the cosines of a phase difference are:

CosAp =1 Ap=127k
1. o Al =4l

Constructive interference (I = lax)

cosAp=-1 Ap=+(2k+1)x
2. | =0;
Mp=2Z (24l A=(2Kk+1)5
Destructive interference (I = )
21



Interference is the phenomenon of redistribution of intensity at the

superposition of coherent waves.

2. Standing waves

Sometimes when you vibrate a string, or cord, or chain, or cable it's possible to
get it to vibrate in such a manner that you're generating a wave, but the wave
doesn't propagate. It just sits there vibrating up and down in place. Such a wave is
called a standing wave.

Standing waves can be formed under a variety of

conditions, but they are easily demonstrated in a ¢l ﬁ“/ 2-
medium which is finite or bounded. A phone cord MMM X
begins at the base and ends at the handset. Other WWW
simple examples of finite media are a guitar string (it anﬁgzgj

runs from fret to bridge), a drum head (it's bounded by
the rim), the air in a room (it's bounded by the walls), the water in lake (it's
bounded by the shores), or the surface of the Earth (although not bounded, the
surface of the Earth is finite). In general, standing waves can be produced by any
two identical waves travelling in opposite directions that have the equal
wavelength. In a bounded medium, standing waves occur when a wave meets its
reflection. The interference of these two waves produces a resultant wave that does
not appear to move.

The equations of two plane-travelling waves propagating along an axis x in
opposite directions are:

& = Acos(mt —kx+ ) u &, = Acos(wt +kx+a, ).

Their superposition is
— +
E=£+&, = 2Acos(kx+%)-cos(a)t +%) :
Let's choose a reference point on axis x so that a, —a, =0 and on an axis t so

that o, + o, =0.

22



Then the equation of a standing wave is

& =[2Acoskx|-coswt .

At each point of the standing wave the simple harmonic vibrations take place at
the same frequency as the frequency of adding waves. The amplitude of the

standing wave |2Acoskx| depends on coordinate:

1) At the positions which coordinates satisfy the condition kx = 27” X=+zm the

amplitude is |2Acoskx|=|2A. Antinodes or loops are the positions x =+m

antinodes

N |

where amplitude reaches the maximum magnitude;
2) At positions which coordinates satisfy the condition kx = 277[ x=%(2m +1)%

the amplitude is \ZAcoskx\:O(this IS minimum magnitude). These positions

1 :
X = m+= ion a standing wave are nodes.
nodes 2 2

There is no transfer of energy in the standing wave: the total energy of
oscillations of each element of volume of the medium limited by the adjacent node
and antinode does not depend on time. It only periodically transform from a kinetic
energy concentrated basically close to antinode into a potential energy of
elastically deformed medium (near the node). Lack of energy transfer is the result
of the fact that two identical waves travelling in opposite directions transfer an

equal energy.
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PROBLEMS
Problem 1

If a particle undergoes SHM x=0.2sin2xt(m) , what is the total distance it

travels in one period? Find the angular frequency and period of oscillation.
Solution

The particle would travel four times the amplitude: from x=0 to x=A; then to
x=0, then to x=-A, and to x=0. So the total distance is equal to
4A=4-0.2=0.8 m.

The angular velocity is @, =27, and the period of oscillations is

_2r _2m _

T 1s.

w, 27

Problem 2

A body oscillates with the simple harmonic motion according to the equation

x:6cos(37rt+%j (m). Calculate the displacement, the velocity, the

acceleration, and the phase at the time t = 2 s. Find also the angular velocity,

frequency, and the period of motion.

Solution

The phase is

3t + 2 372+ 527 199 rad.
3t=2s 3 3
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The displacement is

x=6cos(37rt+%j‘ =6COS(3%-2+%)26COS(19?7ZJ=3m

t=2s
The velocity is

v:%:—6-37z.sin(3m+fj
dt 3

=—-18xsin (19—”) =-49m/s.
t=2s 3

The acceleration is

a=—-=
dt

-6-(37)° -cos(3m + %)‘ — 547 cos(—j ——266.5 m/s?

t=2s

The angular velocity is @, =37 (rad/s).

Since w, =27v,, the frequency is v, = @ 37 =1.5Hz.
T2
The period T :z—ﬂzi:gs.
@, U, 3

Problem 3

For what part of the period the oscillating point displaces by the half of

amplitude, if it started from the equilibrium position?
Solution

Let us choose the trigonometric function for the oscillations description taking
into account the given data. The point starts from the equilibrium position, then its
displacement on the time instant t = 0 is equal to x = 0, therefore, the equation of

oscillating motions is

X = Asinz—”t.
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If the displacement of a point from a position of the equilibrium isx = g than

substituting it in the equation of oscillations, we obtain

Hence, the required time is t= 1T_2

Problem 4

A point oscillates according to the dependence x=5cosw,t(m), where

w, =2 s". Find the acceleration of the point when its velocity is equal to 8 m/s.

Solution

The velocity and the accelerations of the vibrating point depends on time as
V=X=—-Aw,sinagt,
a=X=—Awf Cosayt.

From the first equation

: v
Sinot =—— .
Awo

Since we are not to find an instant of time when the velocity is 8 m/s (we have
to find nothing but the magnitude of acceleration at this time), we’ll calculate only

the magnitude of cosw,t, because the equation for acceleration determination
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comprises just this trigonometric function. According to the trigonometric

identitysin® ot + cos® wt =1,

cos @t = \J1—sin? gt = \[1—(v/Am,)” .

Consequently,
a=—Awf cosapt =—Awf\[1-(v/ Am, )", and

a=-5-22/1-(8/5-2)° =-12m/s’.

Problem 5

The maximum speed and acceleration of a particle executing simple harmonic
motion are 10 cm/s and 50 cm/s. Find the positions of the particle when the speed
is 8 cm/s, if (x(0)=0.

Solution

The maximum speed and accelerations are equal to

{Vmax = Aw,,
2
A = A

Divide the second equation by the first and obtain

Aw,’
@:_Oza)O:S—O:Srad/S.
v Aw, 10

From the first equation the amplitude of the oscillations is

Az Vma _ 0100
@, 5

If x(0)=0, the equation of particle motion is x=Asinegt, and its speed

depends on time as

V= Aw,Cosw,t.
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Therefore,

Cosa,t = v __008 =0.8,

Aw, 002-5

and

sin @yt = +4/1-cos’ oyt =++1-0.8° =+0.6.

Then the desired position is
X = Asin@,t =+0.02-0.6 =£0.012m.

Problem 6

The maximum velocity of oscillating point is 10 cm/s, and its maximum
acceleration is 100 m/s?>. Find the angular frequency and the amplitude of

oscillations.
Solution

The equations that describe the simple harmonic motion are

X = Acos(at + ),

v =—-Aag,sin(ot + a) =-v,_,, sin(ot + ),

a=—Awf cos(ayt + @) =-a_ cos(ayt + ).

Then the maximum magnitudes of displacement, velocity and acceleration are
Xoax = A

vV = Aw,

a,, = Ao’
Dividing the third equation of system by the second equation we obtain

a Aw,’ -
—mx "0 —p, and w,=10s".
v Aw,

max

The period and the amplitude of oscillations are, respectively,
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T=2%_027=0,628s, A = Jmax =2—’01=0,01m.

@, @,

Problem 7

The equation of motion of a particle started at t=0 is given by

X =5sin (ZOt + %) (cm). When does the particle (a) first come to rest; (b) first have

zero acceleration; and (c) first have maximum speed?
Solution

(a) If the speed of the particle is described by equation

v:%:S-ZO-cos(ZOHEJ,
dt 3

theat v=0

It gives
20t+L=2.
3 2
20t="2.
6
t=—"_=0.026
120
(b) The acceleration of the particle is
dv

— _5.20? -sin(20t+£j.
dt 3
sin(ZOt +£J =0,

3
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Firstly after the beginning of the oscillation process acceleration becomes zero

when phase is equal to 7 :

20t+2 =1,

3
t=— =0.105s,

30

©) v:5-20-cos(20t+%)
Speed is maximum when cos(ZOt + %) =1, i.e.,
20t+2=r.

3

t=2_-0.105s.
30

Note, that we obtained the same result as in (b). It means that when the particle
passes the equilibrium position it moves at its maximum speed and has zero

acceleration.

Problem 8

At t = 0, the displacement of the point x(0) in a linear oscillator is -8.6 cm, its
velocity v(0)= -0.93 m/s and its acceleration a(0)= +48 m/s®. What are the angular
frequency o and the frequencyv? What is the phase constant? What is the

amplitude of the motion?
Solution

The displacement of the particle is given by
X(t) = Acos(ayt + @) .
Hence,
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x(0)=Acosar =—8.6 cm = - 0.086 m,
v(0)=—am,Asina =0.93m/s,

a(0)=—a}Acosa =48 m/s’.

Thus,
0= _a(O):/ 48 _2362radss,
x(0) ~ V0.086
_ o 2362 oo

2 2
v(0) _-w,Asina o, -tane,
x(0)  "Acosa
or,
tana =— V(O) = 0.93 =-0.458.

ox(0)  23.62-0.086
Hence « =155.4° and 335.4° in the range 0 <« <27z . We shall see below how
to choose between the two values.

A x(0) -0.086
cosa  CoSa
The amplitude of the motion is a positive constant. So, o« = 335.4 ° cannot be

correct phase, as c0s334.5°=0.909. We must therefore havea =155.4°, for

which co0s155.4° =—-0.909:

A= —0.086 _ 0.0946 m.
~0.909
Problem 9

A point moves with simple harmonic motion whose period is 4 s. If it starts from
rest at a distance 4.0 cm from the centre of its path, find the time that elapses
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before it has described 2 cm and the velocity it has then acquired. How long will

the point take to reach the centre of its path?
Solution

Amplitude of the oscillations is A=4cm and time period is T =4s. An angular
velocity is w=2x/T =2x/4=r/2radls. The distance from the centre of the path
is x=4-2=2cm. Sincex=Acoswt, we havecosawt=x/A=2/4=0.5,wt=7r/3.

The time ist:izﬁ—'zzzs.
o 37 3

Velocity is v=wvA* - Xx* :%\/42 —2% = 73 cmis.

At the centre of the path x=0 and 0= Acoswt , coswt =0, wt=17/2,

= % _F2 g
2-w 2-1w

Problem 10

A particle executing SHM on a straight line has a velocity of 4 cm/s when at a
distance of 3 m from the mean position, and 3 m/s, when at a distance of 4 m from

it. Find the time it takes to travel 2 m from the positive extremity of its oscillation.
Solution

The velocity of the particle executing SHM is derivative of displacement xwith

respect to time t, consequently, if displacement isx = Asin(coot + a) , then

V= % = Am, cos(apt +a) = Aa)o\/l—sin2 (ot +a)= a)o\/AZ — A’sin®* (ot +a),

V=aNA —X2.
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Substituting the given data in this expression gives
4 =) (A -3
F=wf (A -4)
On solving them, we get:
A=5m, w,=1radl/s.
For movement from positive extremity through a distance 2 m, the
displacement (from the mean point) is
X=5-2=3m.
We use the equation
X =Acosat,
because the oscillation process begins from the extremity point, i.e., at t=0,
X=A.
Using this expression, we obtain

cos(at) :%:2:0.6,

apt =arccos0.6 =53.1° =0.37 rad,

._037_03:314
2

=0.94s.

Problem 11

A particle is simultaneously subjected to two simple harmonic motions in the
same direction, each of frequency 5 Hz. If the amplitudes are 0.05 m and 0.02 m
respectively, and phase difference between them is 45°, find the amplitude of the
resultant displacement and its phase relative to the first component. Write down

the expression for the resultant displacement as a function of time.
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Solution

Let the phase constant (an initial phase) «, of the first component be zero, then

the phase constant «, of the second phase is %; the amplitude of the first motion

A =0.05m, the amplitude of the second motion A, =0.02 m.
The amplitude of the resultant motion is given by equation

A=A+ A2 +2A A cos(ar, — )
Thus

A=4/0.05 +0.02% + 2-0.05-0.02cos(x/4) = 6.57-102m.

The phase constant ¢ of the resultant motion is given by equation

_ Asing, + Asing,

tana = ,
A cosa, + A, CoSa,
0.05sin0° +0.02sin (/4

tana = 5 i (7[/ ) =0.22,
0.05c0s0° +0.02cos(7z/4)

a =12.4°~0.077 rad.

The frequency of each motion is v =5Hz, therefore, an angular frequency
w =270 =107 rad/s.

With these values A, a and w, the expression for the resultant displacement
becomes

x =6.57-10"cos(10zt +0.07 ) m.

The resultant amplitude A and the initial phase « may be obtained by the

method of vector addition of amplitudes. The vector diagram is shown below.

34



The phase constant of the first component is zero, and of the second component
is % Vector A is the resultant of vectors A =0.02 m and A,=0.05m,

respectively. The angle « is equal to the phase constant of the resultant motion.

Problem 12

The point is executing three SHM of the same direction simultaneously:
x, =3cos(57t), X, = 35in(57rt +%) X, = 33in(57zt —%) where displacements

are in centimetres. Find the equation of its resultant motion.
Solution

This problem may be solved by graphical and analytical methods. But any way
the first thing to do is to obtain all equations in identical trigonometric form, for

example, using cosine function, therefore, x, =3cos(5xt)=3sin(5xt + 7/2) cm.

The first method

4y v
| | | | | |
e R o s N i
et
AT IR T
_a& | A
e
4 0 0 A
I <l
_E A4 L
1 _al_i-__ o T S VN
» i S
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Let us construct the diagram using the rule and the graduating arc with
scrupulous attention to the scale.
The length of resultant vector A, measured by the rule, is 6 cm. The initial

phase, i.e., the angle « measured by the graduating arc is 30° or z/6 rad.

Therefore, the equation of the resultant oscillations is
X =6sin (5721 + %) cm.
The second method
Lets find the sum of oscillations x :35in[57zt +%) and X, :35in(5ﬂt +%)

The amplitude of the resultant oscillations is

Aeslz\/Af+A22+2AlA2cos(a2—al) = 9+9+2-9-cos%:3\/§ cm,

and the initial phase is

. T . T
- - 3sin— +3sin—
N Asina, + Aysina, 2 6  3-1+3:-0.5 _1.73.

" Acosa, +AcoSa, 3COSZ+3COSZ 3.0+3-0.866

e =arctan(1.73) = % :

Let us add the obtained result to x, = 33in(57zt —%j :

A= AresZ = \/Arzesl + A?? + 2AreslAS Cos(aresl - 053) =

:\/27+9+2-3\/§-cos{%(%Hﬂ%m-

, = AYeslsm aresl + A3S|n 063 —
res
A\'esl Cos aresl + A3 Cos aS

. T . T
33sin ” + 3sin[ - 7
J3sinz + S'n( 6)_3\/5-0.866+3-0.5

3@COS§+3COS(_Q 3\/3-0.5+3-0.866

fano

=0.577,
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a =arctan(0.577) =

oY

The equation of the resultant oscillation is x =6sin (572’11 + %j (cm).

Problem 13

A point mass is subjected to two simultaneous sinusoidal displacement in x-

direction x =Asineot and XZ:Asin(a)H%rj. Adding a third sinusoidal

displacement xB:Bsin(a)t+go) brings the mass to a complete rest. Find the

values of B andg.

Solution

The resultant motion of the particle subjected by two simultaneous simple

harmonic motions (SHM) is

X=X +X, = Asina)t+Asin(a)t+2§jzﬂbsin(a)t+a).

A =\/A2+A2—2Azcos£2§—0) =A.

Asin0°+ Asin(27/3)

=1.732
Acos0° + Acos(27/3)

tana =

o =arctanl.732 = % )

The amplitude of the resultant simple harmonic motion is A and the initial
phase is a = /3.

As the particle remains at rest on adding the third simple harmonic motion,

X, = Bsin(at +¢) the amplitude (B) of the third SHM must be A itself, but it
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must be 180° (or, 7 radian) out of phase. In other words, the initial phase ¢ of the

third SHM must be %+7z=4?ﬂ.

Problem 14

Two vibrations, at right angle to each other, are described by the equations
x:ZCos%t(cm) and y:sin%t (cm). Construct the curve for the combined

motion and determine the direction of motion.
Solution
Firstly we have to obtain both equations in identical trigonometric form. For

this purpose we transform the second

equation from sine function to cosine:

x=2cos£t,
3

T T
=1cos| —t——|.
g (3 zj

The phase difference between two

-2 1

1,

oscillations is equal to % therefore, the equation of trajectory is

2 2
Xy

F + ? :1.

Thus, the trajectory of the particle is an ellipse with semi major and semi minor
axes A and B, coinciding with x- and y- axes, respectively, i.e., it is an ellipse
reduced to the principal axes (see Figure).

The direction of rotation (clockwise or anticlockwise) of the particle may be

obtained from the x- and y- motions of the particle when t is increased gradually.
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Let’s find the coordinates of the particle for two close instants of time t, and t, .

To estimate their closeness it is necessary to compare At =t —t, with the period of

oscillations T
T=2Z_2% _gs
o, 73

Than we may take At =1s, and for

X, =2c0s0=2
t,=0: y —1cos(—zj—0 = point1l (2,0),
= -

X, = Zcos% =1

t, =1s:
T T
=1cos| ——— [=0,86

= point2 (10.86).

Hence, the particle moves anticlockwise.

Problem 15

Two oscillations, at right angle to each other, are described by the equations

x=0.02sinzt (m) and y= 0.01cos(7zt - %j (m). Construct the trajectory for the

combined motion.
Solution

First it is necessary to transform the second equation

y= 0.0lcos(;zt + %) =-0.01sinrt.

The combined motion of the object is described by
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X =0.02sin rt, Ay
y=—0.01Sin7Z't. ______ 001
|
Dividing the second equation by the first '\\ 0.02 |
. . —0.02 0 | x
equation we obtain |
—0.01f----—
y_ 1
X 2

The equation of the trajectory is y:—%x. The displacement x is changing

from —-0.02mto 0.02 m.

Problem 16

The motion of a 10 g-particle is given by x:55in(%t+%J (cm). Find the

maximum force that acts on the particle, and its total energy.
Solution

Comparison of the general SHM equation x = Asin(a)ot+a) with the equation
of particle motion x= 0.05sin(%t +%} (m) gives the amplitude 4 = 5-10* m, the

angular frequencyw, =7/5, and the phase constant (the initial phase of
oscillations) « =z /4.

The acceleration of the particle is

a=X=—Axsin(af +a).

Therefore, according to the Second Newton’s Law, the force that acts on the
particle is

F =ma=-ma}Asin(at +a).

The maximum force
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F .. .=MoZA.
The total energy of the particle is sum of kinetic and potential energies
W =W +W_,

where
mA2 2

W, =~ cos?(at +ar),
mA’e] .

W, = —wosmz(a)ot +a).

The total energy is

A w?
2
Substituting the values, we obtain

W = mAza)O2 .

| cos (@t + ) +sin’ (et + @) | =

Fou = Ma?A=102(7z/5) -5-102 =2-10"N.

mA%?  1077%-(5.107%)
2 2.25

W =4,9-10"°J.

Problem 17

A 4.5-kg object oscillates on a horizontal spring with amplitude of 3.8 cm. Its
maximum acceleration is 26 m/s2. Find the force constant k, the frequency, and

the period of the oscillations.

Solution

The spring constant is k =@”-m. On other side, the maximum acceleration is
a_.. = Aw’. Combining these two equations we obtain

k= Ma _ 4526 _ 5170 \/m.

A 0.038

41



L= ,/ max «/ 26 =4.16 Hz.
27z 27 27r 0.038

The period of oscillations is

T= 1 = i =0.24s
v .16
Problem 18

Determine the ratio of the kinetic energy W, of material point participating in

SHM, to its potential energy W, if the phase of oscillations is known.

Solution

The displacement of a point is
X = Acos(apt + @),

and its velocity is

_Ox_ —Aw, sin(a,t + ) .
dt
The kinetic and potential energies of the point are
mv? mAza)Z

W, = %sin“(ant +

“ 2 2 (@t +a),

X X 2 2 2 2
W, = —j Fdx =— j Ma} xdx = mA; Aza)o cos® (at + ) .
0

The ratio is
W =2

(SN (ot +@) =tan* (ot + a).

W, cos’ (@t +a)
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Problem 19

A particle executes simple harmonic motion with amplitude of 10 cm. At what

distance from the mean position are the kinetic and potential energies equal?

Solution

Let x = Asin(a,t+a)be the distance from the mean position where kinetic and

potential energies are equal. The Kinetic energy at this instant of time is

mVZ AZ 2

[0
W = = 0 cos?(awnt +
K2 2 (et +a),
kXZ A2 2
W, = 5 5 % sin? (ot + ).

Given that W, =W, then

AZ 2 mA2 2 )
% cos “(opt+a)= 2600 sin(at + ),

cos’ (et + o) =sin’(ayt + @),

tan® (et + o) =1,

T
ol+a=+—,
4

x=Asin(a,t+a)=0.1- sm—= —0.071m.

S\

Problem 20

A simple pendulum has time period T = 4 s. How the length should be changed
so the pendulum may complete 15 oscillations in 30 seconds?
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Solution

The initial period of the pendulum is

T=27Z'\/I.
g

Its length is
2
I:T %:16 92'8:4m
4 A
: : : : t 30
New period according to the given data is to be T,=—=-—=2s, and new
length is
T’g 4-98
|| =15 = =1m
Yoar? 4x?

The length change is Al =1, -1 =4-1=3 m.

Problem 21

A simple pendulum of length | is suspended through the ceiling of an elevator.
Find the time period of oscillations if the elevator (a) is going up with acceleration
a,; (b) is going down with accelerationa,; and (c) is moving with uniform

velocity.
Solution

The equation of the bob motion according to Newton’s 2 Law is
m&, =mg +F,
where mg is gravity, and F is tension.

F=m(d-g).
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(a) For the upward motion the tension and period of oscillations are

F = m(a,~(-9)) ~m(a +g)=ma, g

T=2x | :
\}g+a0

(b) For downward motion

F=m(a,-g)=ma, I |

T=2rx ! .
Vg—ao

(c) When elevator is moving at uniform velocity its

2y

®
| ime

g

acceleration is zero and

T=27r\/I.
g

Problem 22

A simple pendulum fixed in a car has a time period of 4 seconds when the car is
moving with a uniform velocity on a horizontal road. When the accelerator is pressed,
the time period changes to 3.99 seconds. Find the acceleration of the car.

Solution

When car is moving with uniform velocity the period of oscillations of the

pendulum is

T=27Z'\/I.
g

When car accelerates by a, the period is

T'=2r 1 =27r\/§
Jo©+a; a
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T \g
2 2
a:g(lj =9.8-[i] —~9.85m/s?,
T 3.99
a’=g°+a;,

8, =/a2 - g% =/9.85* ~9.82 =0.983 m/s?

Problem 23

A mass 8 g is attached to a horizontal spring that requires a force of 0.01 N to
extend it to a length 5 cm greater than its natural length. What are the period, the

frequency and the angular frequency of the simple harmonic motion of such a

system?
Solution

The length that the spring stretches is directly proportional to applied force. The

magnitude of this force is

F =kx,
where Kk is the force constant. The force constant is
k=t 2001 6onm.

X 0.05

Therefore, the period, the frequency, and the angular frequency are respectively

T= 2%\/5: 2r, /% =1.26s,
k 0.2
1 1

v=—=—-=0.8Hz,
T 1.26

w=2nv=27-0.8=1.67=5.03rad/s.
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Problem 24

A block suspended from a vertical spring is in equilibrium. Show that the
extension of the spring equals the length of an equivalent simple pendulum, i.e., a

pendulum having frequency same as that of the block.
Solution

If the mass of the block is m, extension of the spring is x, and the length of

the pendulum is |, the angular velocity of the pendulum is

\/? \F
o0=,—=[—.

m g

At equilibrium position
ma+mg =0,

mg =-ma =—-F =—kx,

kx=mg,

M9 .
K

X

Problem 25

Find the periods of vertical oscillations of the block suspended with the help of

two equal springs if the block is connected to springs 1) in series, or 2) in parallel.
Solution

In the equilibrium point, the force acted on the load is \F\ =kx, and according

to the First Newton’s Law mg =kx, the spring extension is
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)9
k
1. When two springs are attached one at the end of the other, their extensions
are equal, and the total extension is x, =2x = 2% . On the other side, X, = mg.
Equating these two expressions, we obtain

2mg _mg a b

parallel Kk, =2k

The periods of oscillations for these two cases are

T1:27r\/E and T2=27Z'\/E,
kl k2

and their ratio is

K k,
k
k,=—.
2
2. If the block is connected to the springs in
%ﬁl

T 2

L= |= 2.
T, k, \/_
Problem 26

A tray of mass m = 12 kg is supported by two identical springs as shown in
Figure. When the tray is pressed down slightly and then released, it executes SHM
with a time period of 1.5 s. (2) What is the spring constant of each spring? (b)

When the block of mass m, is placed on the tray, the period of SHM changes to 3

s, what is the mass of the block?
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Solution

(@) Let m=12kg be the mass of tray and k is the force constant of each spring.
When the tray is pressed down slightly it begins to execute SHM. Let xbe the
downward displacement of the tray at any timet, then each spring exerts a
restoring force kx upward.

Net restoring force on tray: F =—kx —kx=—-2kx.

Clearly, the effective force constant of two springs is k, = 2k . Time period is

m m
T=2x —:272‘/—, o
\/; 2k R W

27°m PE= F i
E

k =

T2
Given m=12kg, T =1.5s,
_27[2-12

1.5°

k =105.2 N/m.

(b) When a block of mass m, is placed on the tray, net mass is m+m,. New

time period is

T =2z /m+m0 |
2

T02 -2k T02 -k 3%.105.2
47 27° 27

m, =48-m=48-12=236 kg.

m+m, = =48KkKag,

Problem 27

A rod of the length | = 1 m oscillates about the axis passing through its end.
(a) Find the period of oscillations of the rod;(b) Determine the location of the pivot

point that provides the maximum frequency of oscillations.
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Solution

(@) The rod is a physical (compound) pendulum, and its period of oscillations is

determined byT =2x L where x=1/2 is the distance between the centre of
\/ mgx

mass and pivot point, and | is the moment of inertia respectively the axis passing

through the pivot point. This moment of inertia according to Steiner theorem is

2
ml? I ml?
I =1, + mx? :—+m :—.

T=2x = 72'\/7 163s
\/ mgx \/3 mg(l/2)

(b) The frequency of the compound pendulum is
_2r _ |mgx
T I
The moment of inertia respectively new pivot point according to Steiner
theorem is

2

ml
| =—— +mx
12 :

where X is required value.

After that
mgx 12gx e
= 2 =\ 72 2 :
mi 5 1 +12x
—— +mx a
12

Examination the function «(x) for

maximum allows finding the required distance x between the pivot point and

centre of mass:

1
d_a)_l( 12gx )_2 12g(|2+12x) 12gx(12- 2x) \/_(I2—12x)
dx 2\ 17 +12x? (|2+12x) \/X(|2+12X)

12 -12x* =0,
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| 1
X=——=—""-—=0.29 m.
J12 23
Problem 28

A mass of 2 kg oscillates on a spring with constant 50 N/m. By what factor does

the frequency of oscillation decrease when a damping force with constant r =

12 (coefficient of resistance of medium) is introduced?

Solution

The original angular frequency of oscillation is given by

a)oz\/%:,/%:S rad/s.
r 12

The damping coefficient is #=— =~ =3s™,
PIng P 2m 2.2

The frequency of damped oscillation is given by:

a):\/wg - B = /52 -3 =4rad/s.

Thus the frequency decreases by 1 rad/s, or by 20 percent of its original value.

Problem 29

Amplitude of damped oscillations of the simple pendulum decreased twice

during t,= 1 min. By what factor does the amplitude decreased during t,= 3 min?
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Solution

Amplitude of the damped oscillations depends on the time according

to A=Age "', where A, is initial amplitude. Therefore,

A): y%_t:eﬂtlzz’
Atl jQ‘(Yeﬂl

pt=In2.

The damping coefficient is S = InTZ :

For the second time interval

t
In2.-2 0.693-3
i:—K :e'Btzzen tl:e 1 =8
A R |

Thus the amplitude of damped oscillations is decreased by factor of 8 during 3

minutes.

Problem 30

Amplitude of simple pendulum oscillations of the length | = 1m during 10 min

was decreased twice. Determine the damping coefficient £, logarithmic decrement

o and the number of oscillations during this time interval. Find the equation of
oscillations if initially the pendulum was pulled sideways to a distance of 5 cm and

released.

Solution

The amplitude of damped oscillations was decreased twice during t =10min =

600 s. Then the ratio of the initial amplitude A, and the amplitude after time t -

A is:
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A Ae”

pt=In2,

5 In2 _ 0.693 10t
t 600

For finding the logarithmic decrement we have to know the period of damped
oscillations T . Firstly, find the period and angular frequency of simple harmonic

motion (without damping):

g T 2

The angular frequency of damped oscillations is

a)=\/a)§ - B =7?-10° [ @, -
Since the angular frequency @ of damped oscillations is almost equals the own

angular frequency @,, the period of damped oscillations is T=T;=2 s. The

logarithmic decrement is

o=LFT=2-10".
The number of oscillations N for time t may be found from gt = SNT =In2, as
N=INZ_ 069 46,

pT 2:10

Since on the initial instant of time the pendulum was displaced by a distance we
consider this distance as its initial amplitude A =5-10°m, and write down the
equation of oscillations using the cosine function assuming that the initial phase is

equal to zero:

x=5-10"2e 0% co5 2t (m).
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Problem 31

Harmonic oscillator of the mass m=0.25kg moves attached to the spring with
spring constant k =85N/m in the medium with resistance coefficient r =0.07 kg/s.
Calculate (a) the period of its oscillation; (b) the number of oscillations in which
its amplitude will become half of its original value; (c) the number of oscillations
in which its mechanical energy will drop to one-half of its initial value; and (d) the

quality factor.
Solution

(a) The damping coefficient g of this oscillating system is

ﬂ: r _ 0.07 =0.14S_1.
2m  2-0.25

The natural angular velocity of this oscillator (without friction) is

W, = \/E =, /ﬂ =18.44 rad/s.
m 0.25

The angular velocity of this damped oscillator due to w, ] Sis

o= — [ @, =~[18.447 —0.14? [118.44 rad/s.

Then the period of oscillation is

ST 2T o34,
o 1844

(b) The ratio of the initial amplitude and the amplitude after N oscillations is

iz—p’of =eft =N =2,

A A-e”

On taking natural logarithm of both sides and rearranging terms, we get
BNT =In2,

yoln2_ 0698 _ .o
BT 0.14.0.34

(c) The ratio of the initial energy and the energy after N, oscillations is
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Wo_ Wo _om_gomna o
oS aa e =€ =2,
W W, e

2BNT =In2.

N_Jn2 0693 _
Y 28T 2.014.034

(d) The quality factor is

7Z- j—
0.14-0.34

Q- 66.

T_ 7
o pT

Problem 32

A damped oscillator loses 3.5% of its energy during each cycle. What is its Q

factor? How much cycles elapse before half of its original energy is dissipated?
Solution

The total energy of oscillator depends on the square of amplitude

Ma,’ A?
,
Therefore, the energy of damped oscillator is

W =

mao’ A _ M’ AZ o2
2 2
The damped oscillator loses 3.5% of its energy during one cycle. This implies
that after the time t=T the energy of oscillator equals t0100% — 3.5% = 96.5%.
Thus

W Wy =e?/7 =@=1.036,

W = =W, -e",

—0__ 8 _

WT m% ,e—ZﬂT

2T =1In1.036 =0.0356,

BT = 00356 _, 76.102 = S,
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T T
=—=——=176
Q 5 1.78-107
During time t the oscillator losses the half of its energy
%:—M—Z :eZﬁtzz’
W, W-e™

© 0.693

2pt=In2=0.693, or gt =0.3465.

On the other hand, pSt=ANT =No. Then,

No =0.3465,

N = 0.3465 _ 0.3465_2 19520
) 1.78-10

Problem 33

An oscillator with a period of 1 s has amplitude that decreases by 1% during
each complete oscillation. (a) If the initial amplitude is 10.2 cm, what will be the
amplitude after 35 oscillations? (b) At what time will the energy be reduced to

46% of its initial value?
Solution

The ratio of initial amplitude and the amplitude after the period is
%:ﬁ:em =%=1.01.

It means that the logarithmic decrement is equal to

ST =6=In1.01=0.01.

The damping coefficient is

ﬂ:%:%:0.0l s™.
T 1

If the time for amplitude decrease is t, the ratio of amplitudes is
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A A-e” ’
A, 102
A :eW = %5001 =7.18 cm
(b)
2 2
Wo_ (A A o
7 2pr -
W, A A -e
Wo_ Wo _ 1 599
W_ 0.46-W, 0.46
e?f7 = 2.17,
247 =In2.17
p=IN217 50746
Problem 34

A compound pendulum with equivalent length of 24.7 cm executes damped
oscillations. In what time will the energy of the oscillation become 10% of the

initial energy if the logarithmic decrement factor is 0.01.
Solution

The ratio of initial energy and energy after the time interval t is
Wo_  Wo s
W oW 2R C
W, W,-e

on other hand,

W, W,y
W, 0.1-W,
e’ =10.
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2t =1n10.
t_InlO
2-B°

The natural angular velocity of compound pendulum is

W, = \/gz \ /ﬂ =6.3rad/s.
L V0.247

Since the logarithmic decrement is 6 =0.01the given oscillator is the system
with weak damping. Therefore, we assume that the angular velocity of damping

oscillations is equal to the natural angular velocity, i.e., @,=®. Moreover,

o=p0T= @ hence, = % Accordingly to above mentioned,
(0 T
. In10 _In10-27 In10-7 _ 23-7 115,
2- 20w o-w 0.01.-6.3
Problem 35

A 145-MHz radio signal propagates along a cable. Measurement shows that the
wave crests are spaced 1.25 m apart. What is the speed of the waves on the cable?

Compare with the speed of light in vacuum.
Solution

The distance between adjacent wave crests is one wavelength, so the wave
speed in the cable is
v=A1-0=1.25.145.10°=1.81-10°

8
!:1.81 180 _06
C 3-10

The desired speed is v=0.6c.
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Problem 36

Ultrasound used in a particular medical imager has frequency 4.8 MHz and
wavelength 0.31 mm. Find the angular frequency, the wave number and the wave
speed.

Solution

The angular frequency related to the frequency as
w=270=2r-4.8-10°=3.02-10"rad/s.
The wave number is

B 2_7z 2z
A 0.31.10°
The speed of the wave is

=2.03-10°m™.

v=A0v=0.31-10"°-4.8.10°=1.49-10% m/s.

Problem 37

Write the expression for a harmonic wave that has a wavelength of 2.8 m and
propagates with a speed of 13.3 m/s. The amplitude of the wave is 0.12 m, initial
phase is zero. Estimate two cases: (a) £(0,0)=0; (b)£(0,0)=A.

Solution

The general expression describing the propagating wave depending on the

initial conditions will be:

. (27, 2x
E(xt)= Asm(Tt—TxJ for £(0,0)=0,
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_ Acos| Zi- 2% _
§(x,t)—Acos( Tt xj for £(0,0)=A.

The period of oscillations is A =VT , therefore, T = 4 = % =0.21s.
Vv .

Depending on the initial conditions the equations of the wave are

. ([ 2m, 27
(a) f(x,t)=0.12sm(ﬁt—ﬁx)

2r . 2w

Problem 38

A transverse wave propagates along a stretched string with the velocity 15 m/s.
A period of oscillations of the points of the string is 1.2 s, and amplitude is 2 m.
Find the phase, displacement, velocity and acceleration of the point 45 m distant
from the vibration source on the instant of time t = 4 s. Determine the maximum

velocity and the maximum acceleration of the point. The initial phase is zero.
Solution

The wavelengthis A =VvT =15-1,2=18m.
The displacement of the point may be determined using the equation of the
travelling wave where the initial phase equals zero (« =0)

2r . 27

E(xt)= Acos(?t —7x+aj,

£(45,4) =2cos 2—”-4—2—7[-45 =1m.
1.2 18

The phase in equation of the wave is

27 427 4557 _300°=5.23 rad.
12 718 3
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The velocity and acceleration of the point may be determined by time

differentiating of &(x,t) and £(x,t), respectively:

f(x,t):ﬁ—g:—A-Z—”sin 2—”t—z—”x):—z-2—7T-sin5—”:9.07m/s.
ot T T A 1.2 3
2 2 2
g(x,t)za—fz—A-(z—”j cos(z—”t—z—”xj:—z(z—”j cos>% = —27.4 mis2
ot T T A 1.2 3

The maximum velocity from the first equation is

A-Z—ﬂ:2-2—ﬂ:10.5mls.
T 1.2

The maximum acceleration from the second equation is

2 2
A.(z—”) :2-(2—”j =54.8m/s%.
T 1.2

Problem 39

Find the wavelength and the phase difference of two oscillating points distant
by 10 and 16 m from the vibrating source, respectively. The period is 0.04 s, the

velocity of the wave propagation is 300 m/s.

Solution

If the period of oscillation is T =0.04 s, and the wave velocity is v=300 m/s,

the wavelength is
A=VvT =300-0.04 =12 m.
The equations of the oscillations of the points with the coordinates x, =10 m

and x, =16 m at the travelling wave propagation are

& (%, t)=Acos(awt—kx ),
§z(x2,t):Acos(a)t—kx2),
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The phase difference of the oscillations of these points is

quz‘(ﬁ _¢2‘ =((0'[—|(X1)—(a)'[—kX2)= k(X2 _X1),

where k = 2—” = 2—” Is the wave number.
vT
Finally, the phase difference is

:2_”(X_ ):2_”
T Ve X 300-0.04

It means that the given oscillations are opposite in phase.

A@ (16-10)=r.

Problem 40

Find the frequency of the sound wave in the tube of the length L =1 m, if its
both ends are (a) open; (b) closed, (c) one end is opened and another end is

closed. The speed of sound v= 340 m/s.
Solution

The standing waves are created in all cases of the tubes. The open and closed
ends reflect waves differently. The closed end of the tube is an antinode, and the
open end is the node. The longest standing wave in a tube of length L with two
open ends has displacement antinodes at the both ends and only one node betwee
them. The frequency in this case is fundamental frequency.

A=2L, ul=%=2—‘1:¥=170 Hz.

The next standing wave in this tube is second harmonic/. It also has

displacement antinodes at each end. A=L. The frequency is equal to
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An integer number of half wavelength have to fit into the tube of length L

LGg, the wavelength will be /Iz&, and the frequency v, =n%(natural

n
frequencies, or harmonics)

For a tube with two closed ends the longest

standing wave is A=2L and fundamental | 7

frequency is 1)1:X v —ﬂ:ﬂOHz. The

A 2L 21 . .

i
second natural frequency (at A=L) is :-_;E ;E

v v 340

v, =—=—=—-=340Hz. Af2
A L 1 >
- - -o—'-"'_'-'_'_'_s_ _E_\_‘_‘-‘_""‘-a
The longest standing wave in a tube of [—_ _—
length L with one open end and one closed end A )
has a displacement antinode at the open end and 7—?
a displacement node at the closed end. This is — —
Afd
the fundamental. A=4L and / |
S ———
The next frequency will be at L=31/4, —
v 3v 3.340 — <
A=4L/3,and y=—=—="——"—=255 Hz
A 4L 441 L

An odd-integer number of quarter wavelength have to fit into the tube of length

L:ni’ i:ﬁ’ l)n:X
4 n A 4L

where nis odd number.
For a tube with one open end and one closed end all frequencies

Vv Vv : : .
v =—=n—=ny,, With n equal to an odd integer are natural frequencies, i.e.
" A 4L

only odd harmonics of the fundamental are natural frequencies.
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