DIFFERENTIAL CALCULUS OF FUNCTIONS OF SEVERAL
VARIABLES

We will study here the generalization of concepts and methods of
differential calculus in case of functions of two, three and more independent
variables.

1. Main Concepts

Definition 1. The variable u is called a function of independent variables

X1, Xo, ..., if for each set of values (x,, X,, ..., X,) of these variables from

the given domain of their variations one or more values of u are established
according to some rule or law.
The notation: u=f(X, Xp, .., X;) OF U=U(X, Xp, .., Xy) OF

u="f(M), where M (X, X, ..., X,). In case of a function of three variables
the function u is designated by u= f(x, y, z), in case of a function of two
variables— u=f(x, y)or z=f(x, y), z=2(x, y).

The set of n values x;, X,, ...,X, Is called a “point” in the range of their

variation and we deal with the value of the function u at this point.

If the function is given by an analytical expression (formula) without any
additional conditions, then the range of existence of its analytical expression is
considered to be its range of definition (natural domain), i.e. a set of those
points, at which the given analytical expression is defined and takes only real
and finite values only.

The domain of a function of three variables represents some spatial
domain and, in particular, some volume. The domain of a function of two
variables is a plane domain.

Example 1. Find the natural domain of the function

Z= In(4+4x— yz).
The logarithm is defined for
positive values of its argument only and,

y2 >4+ 4x therefore, 4+4x—y*>0 or

y2 <4+ 4x 4+4x>y?. There are no other

restrictions on the arguments x and y.
1< X In order to show the domain D
T / geometrically, let us, at first, find its

..... boundary 4+4x=y? or y*> =4(x+1).

The obtained equation defines a
parabola (fig. 1). The parabola divides
Fig. 1 the whole plane into two parts, namely
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internal and external parts relatively to the parabola. For points belonging to one
of its parts the inequality y? <4+ 4x is valid, for the other part y? >4+ 4x (on

the parabola y? =4+ 4x).

In order to understand which of these two parts is the domain of the given
function, i.e. satisfies the condition y? <4+ 4x, we should check this condition
for any point not lying on the parabola. For example, the point of origin O(0,0)
lies inside the parabola and satisfies the necessary condition 0<4+4-0.
Therefore, the studied domain D consists of the points inside the parabola. As
the parabola does not belong to the domain D we mark the boundary of the
domain on the figure (the parabola) with a dotted line.

Example 2. Find the natural domain of the function of three variables

2 2 2

X Z
u:\/l__z_y_z__z'

a“ b° ¢

Solution. The studied spatial domain V is defined by the following
condition

2 2 2 2 2 2
X 4 X 4
1——2—y—2——220 or —2+y—2+—2§1
a~ b® c a C
X2 y2 22
Its boundary —2+b—+—2=1 Is a surface of an ellipsoid with the semi-
a C

axes a, b, c. As the point of origin lies inside of the ellipsoid and satisfies the
inequality indicated above, then the whole domain V consists of internal points
of the ellipsoid. This domain is closed since it also includes its boundary.

To give the formal definitions of some mentioned above concepts, let us
consider the following set of definitions.

Definition 2. e-neighborhood C, (M) of the point Mo(xlo,xg,...,xr?) is a

<1 \n

0 2 (0 2 0 2
dym, = (xl—xl) +(x2—x2) +...+(xn—xn) <&g.

Definition 3. Point M, is called the interior point of the region D < R" if
not only Mo but some its e-neighborhood belongs to D.
Definition 4. Point M, is called the boundary point of the region D < R"

if every its e-neighborhood contains points that are in D and points that are
outside D.

Definition 5. Point M, is called the limit point of the region D < R" if

every its e-neighborhood contains other than Mo point from D.
Definitions 6.
The Interior of D is the set of all its interior points.
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The Boundary of D is the set of all its boundary points.
D is called Open if all its points are interior points.
D is called Closed if all boundary points of D are in D.
Definitions 7. Set D is called bounded if it lies in some e-neighborhood of
the origin.

To develop calculus for functions of one variable, we needed to make
sense of the concept of a limit, which we needed to understand continuous
functions and to define the derivative. We will deal primarily with n=2 and to a
lesser extent n=3; in fact many of the techniques we discuss can be applied to
larger values of n as well.

Even limits involving functions of two variables can be considerably more
difficult to deal with. The potential difficulty is largely due to the fact that there
are many ways to "approach" a point in the Oxy plane. If we want to say that

lim f(x,y)=L,
(x,y)—>(a,b) ( y)

we need to capture the idea that as (x,y) gets close to (a,b) then f(x,y) gets

close to L. For functions of one variable, there are only two ways that x can
approach a: from the left or right. But there are an infinite number of ways to
approach (a,b): along any one of an infinite number of lines, or an infinite
number of parabolas, or an infinite number of sine curves, and so on.

Xy
x2+yt
When x=0 or y=0, f(x,y)=0, so the limit of f(x,y) approaching the origin

along either the Ox or Oy axis is 0. Moreover, along the line y=mx,

m2x3

f (x, y)=m . As x approaches 0 this expression approaches 0 as well.

So along every line through the origin f (x, y) approaches 0. Now suppose we

Example 3. Consider f(x,y)=

approach the origin along the parabola x = y2. Then
f (X,Y)= f (yZ’y):y—‘l:i,
yteyt o2
so the limit is 1/2. Thus, there is no limit at (0,0).

So, we can define the concept of limit without needing to specify how a
particular point is approached. We can adapt the definition to two variables quite
easily:

Definition 8 (Limit of function of two variables) Suppose f(x,y) isa

function defined in set D and (a,b) is a limit point of D. We say that
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lim  f(xy)=
(x,y)—>(ab) ( y)

if for every >0 there is a 8>0 so that whenever (x,y)eD and

0< \/(x— a)’ +(y—b)’ <3 the inequality |f(x,y)-L|<e is valid.
Definition 9. f (x, y) is called continuous at (a,b) if
lim f(x,y)="f(a,b).
(x,y)—>(a,b) ( y) ( )
It could be proven, that Polynomials are continuous everywhere and Rational
functions (ratio of polynomials) are continuous everywhere they are defined.

2. Partial Derivatives and Total Differential
Let the function u= f(x,, X,, ..., X,) be determined in some domain D

and the point Mo(x1°, x2°, ..., xn°) is an interior point of this domain. If there exists
a limit (finite or infinite) of a ratio of the partial increment

A u= f(xlo, oy Xp MKy ey xﬁ)—f(xf, xﬁ) of the function u at the
point Mo to the corresponding increment Ax, of the variable x, while Ax, -0,
then this limit is called a partial derivative of the function u= f (x, X, ..., X;)

at the point Mo with respect to the variable x, and is designated by S—U or f, .
Xk
Thus
ou
— (1)
OXy A% 0 Axk
Partial derivatives are calculated by the common rules and formulas of

differentiating. Thus, while finding g_u , we consider all other variables,
Xk
except X, , as constants.

Example 4. y=arcsiny/ x. Find M and a_u.

OX
: : : u ., .
Solution. While calculating Z— it is necessary to remember that the
X
variable
y must be considered as a constant. Then

y

\/y/ Xy - y2

Similarly, while calculating 8—, the variable x must be considered as a




constant. Then ou = 1 .iz 1

12 1 y% X x2—y?
X

The function u= f (X, X,, ..., X,) is called differentiable at the point Mo
if its total increment
AU = f(xf+Ax1, o X9+ Ay, ey xr?+Axn)—f(x1°, xﬁ)
can be represented as follows
Au = ou AX + ou AX, +...+ﬂAxn +0(p),
0% OXy Xy
where

p= \/Axlz + A% + o AXZ
and all partial derivatives at the point Mo are calculated.

The main part of the total increment in the function u at the point Mo
linear, for the increments Ax,, AX,, ..., AX,, is called a total differential of the

function u at the point Mo.

Therefore, du = u AX + u AX, +...+a—qun.
0%y OXy X,

Since differentials of independent variables coincide with their increments,
l.e. Ax, =dx, (k=1,n), the total differential can be represented as follows:
du:é—udx1+a—udx2+...+a—udxn. (2)
0% OX, OX,
Example 5. Find the total differential of the function u =In(z + /x> + y?).
Solution. Let us find the partial derivatives:

ou X _
OX  (z4+:x2+y2) X2 +y?
ou y . ou 1

ay _(z+\/x2+y2 X2 +y? Ot e ay?
According to the formula (2) we obtain the following

du X dx + y

:(z+\/x2+y2)-\/x2+y2 (z+\/x2+y2)-\/x2+y2

2, 2
N 1 dz = xdx + ydy +4/X“ + y“dz

Z++/X% + y? _(z+\/x2+y2 )-\/x2+y2 .

At rather small increments in independent variables, i.e.

dy +




,o=\/Ax12+Ax22+...+Axn2 the total increment in a function can be

approximately changed by its total differential:
Au = du
or
f (xlo + AX, X5 + AXy ... XD +Axn)z f (xf,xg,...,xr?)+df (xloxgxr?)

This formula is applied for calculation of an approximate value of a
function at some point. For n=2 and n=3 it takes a form

of (Xq, of (Xg,
f(xy)~ f(xo,yo)+%(x—xo)+%(y—yo). (3)
f(xy.2)~ f(xo,yo,zo)+af(Xoéyo’zo)(x—xo)ﬁf(Xoé;(”zo)(y—yo)Jraf (Xoa’ZO’ZO)<Z_Z°)' 4)

Example 6. Find an approximate value of (0.98)3'03.

Solution. The required value can be considered as a value of the function
z=x' at x=0.98, y=3.03. Here x,=1, y,=3, Ax=x-X,=-0.02,
Ay =y-yY,=0.03.

0z _
- = yXy l‘ =9,
OX|1,3) (13)
3 [l
z(1,3)=1"=1; 5
Ll p— x‘ =0.
|1z (1.3)
According to the formula (3) we have (0.98)3'03 ~1+3-(-0.02)=0.94.

3. Differentiation of a Composite Function

If the function u=f(x, X,, .., X;) is a differentiable function of
variables X, Xp, .., Xy, and % =g, (&, t, ., t,) (i=Lm) are differentiable

functions of variables t, t,, ..., t,, then the partial derivatives % of the
k

composite function u of variables t;, t,, ..., t, can be calculated according to
the following formula:

m
MY MK - (k=1n). ©)
o, ox o

In particular case, if x, =g (t) (i=1,m), then u is a composite function of one

variable t and we deal with the problem of finding the total derivative i—l: So
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du ou dx
D s (6)
t = OX; dt

If t coincides, for example, with the variable xi, then the total derivative

du . . :
v is calculated according to the following formula:
X

= +
dx, Ox 4=0X; dxl
We should pay attention that on the right in the formula the partial

du _ou_ Nou dx 7)

derivative S—U calculated considering all xi (i=2,m) as constants, is positioned.
X1

.. du —
On the left we have total derivative PV calculated considering that x,, ..., X,
X1
depend on x1.
Example 7. z=u’lnv,where u=y/ X, v=x*+y?.

Flnd A and a_u
OX oy
Solution. According to the formulas (5) we obtain
2 2 2 2
@:2u|nv(—l2)+“—2x=zy_ ' 1 2_|n(x +y )|
OX X \Y; X | X“+y X
0z 1 u? 2
y ).

——2u|nv +—2y 2 (In(x +Y)+
oy X Vv +y

Example 8. u=e**(y— z), where y =asinx, z=cosx. Find (;_u
X
Solution. Applying the formula (7) we have
g_u =ae™(y—z)+e*acosx—e®(—sinx)=e* (a2 +1)sin X.
X

Example 9. Prove that the function Z=X(p(Xy2), where ¢(u) is a
differentiable function, satisfies the following equality

2X o yg =21.
OX "oy
Solution. Consider u = xy®. Then z = xp(u)
@:(p(u)+xd—(P-y2, 2 _yde. 2xy.
OX du oy du

Substituting the found derivatives into the left part of the given equality,
we obtain the following:



2xp(u) + 2x%y? ?;p 2x2y? 3([) 2x - o(xy?) =2z,

which was to be proved.

4. Derivatives and Differentials of Higher Orders

Partial derivatives - (i=1,n) of the function u=f (X, X, .., X,)
i
are functions of n variables x;, X,, ..., X, and may have partial derivatives with
respect to these variables.

The partial derivative of s—u with respect to the variable xi, i.e.
Xk

expression ila—uj is called the 2" order derivative (or the derivative of the

OX; \ OXy

2

2" order) and denoted by . If k=1, the partial derivative is called a

OX OX;
mixed one. Similarly derivatives of the 3", 4™ and higher orders are defined.
For mixed derivatives the theorem by Schwarz takes place:
If the function u=f (X, X,, ..., X,) has all possible partial derivatives

up to m-order inclusively in some domain D and they are continuous in this
domain, then the value of any of its mixed m-order derivative does not depend
on the sequence order of differentiations.

Let the function u= f (X, X,, .., X,) has continuous partial derivatives

of the 1% order. Then, as it was mentioned, its total differential du is calculated
according to the formula (9.1). Obviously, du is also the function of n variables
X;, X9, ..., X, and, therefore, we can deal with a total differential of this

differential d(du), which is called the differential of the 2" order and

designated by d?u. Similarly we can define d°u =d(d2u), i.e. the differential

of the 3" order, etc.
Thus d"u=d (d”‘lu) is called a differential of the n" order.

At that the increments dx;, dx,, ..., dx, of independent variables are

considered as constants and while passing from one differential to another they
remain the same.
For example for the function of two variables z = f (x, y) we have.



0%z 0%z 0%z
d? z_(—dx+—dy) z——dx +2—dxdy+—dy ;
oy ox° OX 5y oy*

d? z_(—dx+—ydy) z_—dx 439 £_dx2dy + (8)

o X0y
3

+3———dxdy” + jdy3
Y

Gxéy
For differentials of higher orders there the following symbolical formula

takes place:

dmu:(idx1+idx2+...+idxn)mu. 9)
X Xo OX,

o
X2y

Example 10. u=¢e**. Find

Solution.

ou Xyz aZU 0 Xyz 2 xyz
—=yz-e"". —=—/(yz-e
pvinb/ PV (y )=y%z
a3u ( 2 2 xyz) 2 Z2exyz 1 X 2 3 xyz ZZexyz(2+X Z)
8x28y oy yz y y Z =Y yz).
Example 11. z =arctanx/ y. Find d?z.
Solution. At first, let us find the 1 order partial derivatives of the given

function

o_ 1 1 'y oa_ 1 x)_ X
1% g y Xyt E_W Y ey
Then let us find all partial derivatives of the 2" order
o’z 2y 0%z 2xy 0’z xP-y?
8X2 - (XZ + y2)2 ) 8y2 - (X2 + y2)2 ) 8X8y - (X2 + y2)2 )

Substituting the found derivatives into the formula (8), we obtain
2xy(dy? — dx?) + 2(x? — y?)dxdy
(< +y?)? |

d?z =

5. Extremum of a Function of Several Variables. Conditional Extremum
5.1. Investigation of a Function of Several Variables for a Local Extremum

Investigation of a function for a local extremum includes the following

main steps:
1) determine the natural domain of a function;
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2) find the points of possible extremums (critical points);

3) check the extremum sufficient conditions.

For finding the points of a possible extremum of a function we should find
all the 1% order partial derivatives of the given function and equate them to zero.
Solving the obtained set of equations, we find stationary points of the function.
If there are points at which partial derivatives do not exist, these points are also
included to the set of points of possible extremums. All these points are called
critical points of function.

If the function is doubly differentiable in some neighborhood of the
stationary point Mo and all partial derivatives of the 2" order are continuous at
this point, we will calculate their values at this point as the third step of our
investigation.

o : : 5%

If at this point the 2" differential d*f(Mg)= >
i k=1 O X0 X

..., dx, of a fixed sign, then at this

dx;dx, is a

quadratic form of the differentials dx;, dx,,
point the function (M) takes an extreme value, and if d*f(Mg)<0, then at

the point Mo the function takes a local maximum, and if d*f(My)>0 the

function takes a local minimum.
Let us formulate the criterion of the fixed sign of the quadratic form.

n
Sylvester’s criterion: in order to let the quadratic form F =Z:aikyiyk be
i k=1
positively determined, it is necessary and sufficient if the following inequalities
are valid:

a1 ap A,
A1 9 3
a1 ap dy; Ay ay
ay;; >0, >0, @y Ay, ay|>0,..., >0.
21 A
Ayp Ay Ay
anl an2 ann

In order to let the quadratic form be negatively determined it is necessary

and sufficient if the following inequalities are valid:

all alZ aln
a'll a'12 a'13
all a12 n a21 a‘22 aZn
a, <0, >0, |a, a, a,/<0,...,(-1 > 0.
a21 a22 cee .
a21 a22 a23
anl an2 ann

Example 12. Investigate the function for a local extremum
U=x>+y?+2%+2x+4y—6z.
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Solution. From the system of equations u'x =2x+2=0; u, =2y+4=0;
u, =2z-6=0 we find the only stationary point: x=-1, y=2, z=3. Letus
find the 2" derivatives:

"

" " 14 14 n
U =2, Uy =2, Uz =2, Uy =0, ug, =0, uf, =0. From here

" " "
" ” l“IXX uxy l'IXZ 2 00
" uXX uxy 2 O n " 14
U, =2>0,| , 7 |= =4>0,|u, U, U,|=0 2 0[=8>0.
u u " " "
yX yy 0 0 2
Uy uzy Uy,

So, according to Sylvester’s criterion, the second differential is a
quadratic form with the positive sign. Therefore, at the point M, (-1, -2, 3)

the function has its minimum (u,;, =-14).

The Case of a function of two variables. Let the function f(x, y)

be doubly differentiable in some neighborhood of the stationary point Mo(Xo, Yo)
and all the partial derivatives of the 2" order be continuous at this point. For

0% (%0.Yo) 2% (%.Yo) 2% (%.Yo)
A =——>%  Yp=——F _— Qp=—_H5
OX OXOY oy
if
A(Mg)=ay,8, —a, >0,
the function f (x,y) has a local extremum at this point, namely, the maximum if
a4, <0 and the minimum if a;; > 0.
Otherwise if
A(Mg) =28y, — a7, <0,
the function f (x,y) has no local extremum at this point.
The case, when A(M,) =0, requires additional investigations.
Example 13. Investigate the function z=x3+3xy?—15x—12y for an

extremum.
Solution. According to the necessary condition of extremum existence we
will find the stationary points

92 _3x2 43y?_15-0 , ,
OX {x +y =50r{x +y =5
ﬂ:6xy—12:0 Xy =2 2xy = 4
oy
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(x + y)2 =9, |x + y| =3, X+y=%3, whence we get four stationary points:
Mi(1, 2), M,(2, 1), M3(-1 -2), M,(-2, —1). At every point let us check
the sufficient condition, i.e. check the sign of the second differential:

2 2 2
a_zz X, oz =6y, a—§:6x; d?z = 6xdx® + 2 - 6 ydydx + 6xdy? .
OX OXOY

oy
1) At the point M,:
2 2 2
_oz =6,@2=[592J‘ ~12, %széé} =6,
oxc My oxoy )My ay° )My
A, =a;,=6>0; A=a;a,, —a5, =36-144<0. There is no extremum.
2) At the point M,: a;; =12, a, =6, a,, =12,
A, =2, =12 >0;A=ay,a,,-8,,° =144—-36>0= There is a minimum at the
point Mz, Z,(My)=2740(2;1)=8+6-30-12=-28;
3) At the point M5 : a; =-6, a;, =-12, a,, =6,
A, =2, =—6<0; A=aya,, —a,° =36-144 <0. There is no extremum.
4) At the point M, : a, =-12, a;, =-6, a,, =-12,
A =2, =-12<0; A=aya,, —a,° =144-36>0= There is a maximum at

ayq

the point Ma, 70 (My) = 2oy (—2;-1) =—8—-6+30+12 =28.
It is convenient to present a solution of problems by means of a table
Points My(1;2) M>(2;1) M3(-1;-2) Ma(-2;-1)
a1 6 12 -6 -12
a5 12 6 -12 -6
sy 6 12 -6 -12
A;=ay; >0 >0 <0 <0
A <0 >0 <0 >0
Extr None Min None Max
Z -28 28
Example 14. Investigate the function for an extremum:

z=1—x*+y>.

Solution. 1) The function is defined forall xeR and yeR.

2) 7, =——2

P

Z, =—

It is easy to see that this function has no stationary points. But at the point
Mo(0,0) there exist no partial derivatives of the 1% order as the following
difference ratios
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2(Ax,0)-2(00) _|Ax]  2(0,Ay)-2(0,0) _|AY|
AX CAX Ay Ay

have no limit. Therefore, the point M(0,0) is a point of a possible extremum. As

the increment z(x,y)-z(0,0)=—/x*+y* is a negative value, we conclude
that the function has a maximum at this pointand z,,, =1.

Example 15. Investigate the function for a local extremum:
z=x*+y* —x?—2xy - y°.
Solution.
1) The function is defined at —o <X <o, —w0<Yy<o0;
2) Let us find the partial derivatives:
Z, =4x>—2x-2y, 7, =4y°-2x-2y.
We get stationary points from the following system of equations:
4x3 —2x-2y=0
4y —2x-2y=0
It has three solutions: % =0, y; =0, x,=-1, y, =-1, x3=1, y;=1.

The points M1(0, 0), M>(-1,-1), M3(1,1) are stationary points.
3) In order to check the sufficient conditions of a local extremum we should
calculate the second derivatives:

Zy =g =123 =2, &= Zy=—2, ap=1y =12y* -2.
Let us form the following expression:
A(X,Y) = ayay, —ad, = (12x2 - 2)(12x2 - 2) —4.
As A(0,0) =0, then in order to solve the question of an extremum

existence we need additional investigations. Let us consider the increment of the
function z at the point A1 (0, 0):
Az(0,0)=z(hk)-2z(0,0).

If k=h, where 0<h<+/2, then Az(0,0)=2h?(h’ -2)<0.
If k=-h, where h>0, then Az(0,0)=2h">0.

So the increment Az(0,0) takes values of various signs, and, therefore,

there is neither a maximum nor a minimum at the point A£1(0,0).
At the points M>(-1,-1), M3(1,1) A=96>0, and as a; =10>0, then the

function has its minimum z,,;, =—2 at these points.
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Note. Let the function f(M)="f(x, X, .., X,) be m times

differentiable in some neighborhood of the point Mo(x1°, x2°, ..., x»°) and all
partial derivatives of the m" order be continuous at this point, moreover

df (Mg)=0, d*f(Mg)=d>f(My)=..=d™"f(My)=0, d"f(Mg)=0.
Then, if m is odd, then the point Mo will not be the point of extremum; otherwise
if m is even, the function f(x, y) has an extremum at the point Mo: a local

maximum, if d™ f (M;)<0, and a local minimum, if d™ f (M,)> 0.

5.2. Investigation of a Function of Several Variables for a
Conditional Extremum

It should be mentioned that the function u=f(M)=f(x, X, ... X;)

Is considered not at the whole domain of definition, but on the set E consisting
of points which coordinates satisfy the following equations:

@ (X, X940, %X,) =0
) 204X %) =0
¢m(X1,X2,...,Xn) :0

These equations are called condition equations. Let us suppose that there
exists of such a point M, € E and such a neighborhood C,(M,) € E that for all
M eC,(M,)NE the inequality f(M)> f(Mg)(f(M)<f(M)) is valid.
Then it is told that the function u=f(M) has a conditional minimum

(maximum) at the point Mo under the given conditions (10).
To find the points suspected of a conditional extremum we should
construct Lagrange’s auxiliary function

F (XX 00 Xn 3 Ay s dn oo A ) = £ (X0 Xg 100X Zﬂ'k(pk Xp,Xg X ), (11)

, where m<n. (10)

where /”tk(kzl,_m) are constant factors by Lagrange, and then put partial
derivatives with respect to all (n+m) variables to zero.

0

The sign of the second differential dZF(xf, X3, e xﬁ) at the stationary

point Mo(xlo, X3, e x,?) determines the nature of an extremum considering

that the variables dx;, dx,, .., dx, satisfy the following equality obtained
from condition equations:
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N 90 _
{Zﬂdxk ~0, j=L.m. (12)
ka1 O%y

Example 16. Investigate the function u=xyz for a conditional
extremum, if x* + y* + 2% =3.
Solution. Let wus construct Lagrange’s function F (x,y,z; i) =
= Xyz + ﬂ,(x2 +y%+27° —3) and write down the following system of equations:
F,=Yyz+214x=0,
F; =Xz+24y =0,
F,=xy+21z=0,
F;=x*+y*+2°-3=0.
We obtain eight stationary points from this system:
M,(1, 1, 1), M,(1, -1, -1), My(-1, 1, -1), M,(-1 -1, 1) for A=-1/2
and Mg (-1, -1, -1), Mg(-1 1, 1), M, (L, -1, 1), Mg(1, 1, 1) for A=1/2.
Let us find the 2" differential of Lagrange’s function
d?F = 2ﬂb(dx2 +dy? + d22)+ 2zdxdy + 2ydxdz + 2xdydz. (13)
For 4, =-1/2 and the point M, we obtain:
d2F (My,4) = —(olx2 +dy? + dzz) + 2dxdy + 2dxdz + 2dydz .
Substituting the value dz=—(dy+dx) into the last sum, obtained from
the constraint equation at the point A1, we get the following:
d2F (M) =—(dx —dy)’ —(dx+dy)’ —2(dx+dy)’ <0,
from here it follows that at the point M, the function u =xyz has a conditional
maximum. For 4, =-1/2 and the point M, from (13) and condition equations
(12) we get
d2F(M,,4) :-(olx2 +dy? + dzz)—dedy— 2dxdz + 2dydz, dx=dy+dz.
Therefore
d2F (M) =—(dy +dz)’ —dy? — dz? - 2(dy + dz)dy — 2(dy + dz) dz + 2dydz =
=—dy? — 2dydz — dz? — 2dy? — 2dydz — 2dydz — 2dz* + 2dydz =
= —4dy? — 4dz? — 4dydz .
According to the criterion by Sylvester

‘:12>O.
4

Therefore, at the point M, the function achieves a conditional maximum.
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Similarly, we find that the function u = xyz has a conditional maximum at
the points M5 and M,: U, =1.
For A, =1/ 2 and the point M from (9.11) and constraint equations we get
d°F (Mg, 4, ) =dx* +dy” + dz* - 2dxdy — 2dxdz — 2dydz, dx+dy+dz=0.
Whence dz = —(dy +dx) and
d2@(dx, dy)=dx?+dy? +(dx+dy)’ — 2dxdy + 2dx(dx + dy) + 2dy(dx + dy) =
= 4dx? + 4dy? + 4dxdy .

According to the criterion by Sylvester

4

2
‘=12>0.
4

Therefore, at the point Mg the function achieves a conditional minimum:
Umin =—1. It is easy to see that at the points Mg, M,, Mg the function u = xyz

also has its minimum u;, =-1.

Note. As the function u=xyz is continuous in some bounded closed set
(on a sphere), and it takes only two various values at the stationary points, then
one of them will be a minimum, and the other will be a maximum, i.e. testing
the sufficient condition of an extremum in these cases is not necessary.

According to this note we could immediately see that the points
M;, M,, My, M, are maximum points and Mz, Mg, M,, Mg are minimum
points.

Note 1. Some problems of a geometrical nature that require finding optimal
values can be solved as problems for a conditional extremum.

Example 16. On the plane 3x—2z=0 find the point, the sum of the
squares of the distances between this point and two points A(1, 1, 1) and
B(2, 3, 4) would be minimal.

Solution: Let M(x,y,z) be the required point. Let us construct the
function

u=(x-1°+(y-1°+(z-1)" +(x=2)" +(y-3)° +(z-4)",
defining the studied sum of squares of distances between the point M and points
A and B. After obvious transformations we obtain the following:

u=2x%+2y%+22%2 —6x-8y—10z +32.
Then we solve the problem for a conditional extremum of the function
u=2x%+2y%*+2z2-6x—-8y—10z +32, if 3x—2z=0.
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Let us construct the function by Lagrange:
F(x, y, z; A)=2x"+2y®+22° -6x-8y —10z + 32+ A(3x - 22)
and write down the system of equations:

F,=4x-6+31=0

Fy’:4y—8:0

F,=4z-10-21=0
(F;=3x-2z=0

Solving this system, we find A=-2/13 and the stationary point

o(f—;ZE—gj Since this point is the only one, then it is a required point, what

follows from the sense of the problem and, therefore, there is no need to check
the sufficient conditions.

Note 2. Recall that when we did single variable global maximum and minimum
problems, the easiest cases were those for which the variable could be limited to
a finite closed interval, for then we simply had to check all critical values and
the endpoints. The same should be done for the case of several variables due to
the following statement.

Theorem. If f (M ) is continuous on a closed and bounded subset of R", then it
has both a maximum and minimum value.

For this it is necessary to find all internal points of the possible extremum and
values of the function at them. Find points of the possible conditional extremum
at the boundary of the domain D and the value of the function at them. Compare
all the found values. The maximum (minimum) among all these values would be
the maximum (minimum) of the function in the domain D.

6. Geometrical Applications of Differential Calculus of Several Variables
Functions

Let us have in space some curve L given in a parametric form
x=g(t),
y=w(t), (14)
z=x(t),
Let the functions ¢(t),w(t), (t) be differentiable. Then, at each point
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Mo(Xg,Yo.2g)e L, where ¢'(t), w'(t), x'(t) do not vanish simultaneously we
can write equations of the tangent to this curve. These equations are the follows:
X — X — Z-1
' . = y ’ yo = ' : ) (15)
¢'(to) v'(to) x'(to)
Here to is the parameter point correspondent to the point Mo, I.e.
Xo =¢(to), Yo =v(to), 2o = x(to).
The plane passing through the point Mo perpendicularly to the tangent is
called a normal plane. Its equation is the following:

¢'(to Nx—xo)+w'(to Xy — Yo )+ x'(to Nz — 29)=0. (16)
Now, let us consider the surface given by the following equation:
F(x,y,2)=0. 17)

The plane, which includes all the tangents to the curves on the surface
passing through its given point M (X, yo,zo), is called a tangent plane to the

surface at the point Mo,
The point Mo is called a regular (non-singular) point of the surface (17), if

the derivatives gg and g exist at this point and they are continuous, and

at least one of them is not equal to zero.

If the point Mo is regular, then at this point there exists the only tangent
plane and its equation is the following:

F(M F(M F(M
%(X_XO)"'%)/O)W_yO)*’%(Z_ZO):O- (18)

The curve passing through the point Mo of the surface (17),
perpendicularly to the tangent plane at this point is called a normal to a surface.
Equations of this curve are defined as follows:

X=Xo _ Y—Yo _ =1 (18)
oF(My) OoF(My) oF (M) -
OX oy 0z

If a surface is given explicitly (non implicitly), i.e. by the equation
= f(x,y), where f(x,y) is a function differentiated at the point (xg, yg) and

20 = f(xo Yo ), then the equation of the tangential plane has the following
form

of (M of (M
o) + Ty ) =) (20)
and the equation of the normal:
X=X Y— Yo -1
= = . 21
of X0, ¥0)  OF (X ¥0) -1 (21)
OX oy
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Example 17. Find the equations of the tangent plane and the normal one
to the surface z = 2x? + 4y? at the point M (2, 1,12 ).

Solution.
é=4x, ﬂ=8y;
X %
atx=2,y=1 i :8,5 =8.
X Mg a’yMO

Therefore the equation of the tangent plane according to (21) is
8(x—2)+8(y-1)=z-12 or
8x+8y—-z+12=0.
The equation of the normal:
Xx-2 y-1 z2-12
8 8 -1
Example 18. Write down the equations of the tangent line and of the
normal plane equation to the line of intersection of the following surfaces:

2x% +3y2 + 22 =47 and x? + 2y? =z at the point My(— 2;1;6).

Solution.
The 1%t way. As the point M lies in the 2" octant, then x<0,y>0,z>0.

Let us introduce the parametert: z =t > 0, then from the system we get
{sz 1 3y2 =47 -2 _ y=t% + 2t — 47
x2 +2y2 =t x=—lo4-3t—2t2
Thus the line of intersection is given by parametric equations:
(v =t2 4ot a7

X=—94—3t—2t2 .
Z=t

to =6 is a value of the parameter correspondent to the point M.
Let us find:

PRRN 22 Y PR £ |
_ _2 -
2loa-3-2% 4 T P-4t

t t,
Then the equation of the tangent according to the formula (15) is as follows
X+2 y-1 z-6
27 28 4

=7, Z't‘to =1.
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and the equation of the normal plane according to the formula (16):
27(x +2)+28(y —1)+4(z—6)=0,i.e. 27x+28y +4z+2=0.

The 2" way. Let us find equations of the tangent planes to the surfaces
2x?% +3y2 + 22 =47 and x? + 2y? =z at the point Mo(— 2:1;6):

aﬂ :6y‘M =06; ai :ZZ‘M =12.
0 0

MO I\/IO
~8(x+2)+6(y—-1)+12(z-6)=0.
8x—-6y—-122+94=0o0r 4x—-3y-62+47=0.
For the 2" surface:

F oF

oF2 =2x,, =4 =4y =4 i —
OX M, 0 M, 0 0z M,

The equation of the second tangent plane: 4x-4y+z+6=0.

The tangent is a line of intersection of these two tangent planes:
{4x—3y—6z+47:0

oF2

4x-4y+2+6=0
Let us pass to the canonical equations:

— —

i ] K
S=2NyxN,=A[4 -3 —6|=n(-277 -28] - 4k).
4 -4 1

Let A =-1. Then s = {27;28;4}.

X+2 y-1 z2-6

The equation of the tangent:
28 4

The result is the same.
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