Theorem (Cayley—Hamilton) Every matrix A is a root of its characteristic polynomial.
Remark: Suppose A = [a,] is a riangular matrix. Then o — A is a triangular matrix with diagonal
entries f — ay;. bence,
Alt) = det(tl — A) = (t —ay, )t — ag) - (t — ag,)
Observe that the roots of A(r) are the diagonal elements of A.

EXAMPLE 9.2 lectA = I; ;‘ . Its chamactenistic polynomial is

.a.(:_::|;;_,4|:51—_; I:EE:(I—I_:II:r—S_:I—E:fE—ﬁ'—?

Az expected from the Cayley—-Hamilton theorem, A is a oot of A(r]: that is,
3 (13 1B -6 =18 =7 of |00
Al) =4 ‘m‘”‘[u 3?]+[-24 -3u]+[ 0 -?]‘[n u]

Characteristic Polynomials of Degrees 2 and 3

There are simple formulas for the characteristic polyvnomials of matrices of orders 2 and 3

@) Suppose A= |71 D2 Then
& tn

Alt) = 1% = (ay, +aqs)t + det{A) = £ —tr{A) t + det{A)
Here ir(A) denotes the trace of A—that is, the sum of the diagonal elements of A.

dyg  dyr Ay

(b} Suppose A= |ay axp axn|.Then
dy  dyy dyn

Alf) =1 — r(A) £ + (A}, + Ay + Ayt — det(A)
(Here Ay, Ay, Ay denote, respectivel v, the cofactors of a;;. duw. dqy.)

EXAMPLE 9.3 Fmnd the chamcerstc polynomial of cach of the following matrices:
5 3 7T -1 5 -2
2 m]'m B_[-E. 2]'{“ C=14 —4]'

{a) We have rjd) =5+ 10=15 and |4| = 50 — 6 = #; hence, Afr) +7 — 157 + 44,

(a) A=

(b) We have r(B) =7 +2 =9 and |B| = 14 + 6 = 20; hence, A(f) = £ — 91+ 20,
(c) We have r(C) =5 —4 =1 and |C]|

=2+ 8&= -1 hence, Alf) = —1— 12

EXAMPLE 9.4 Fmd the chamcierstc polynomial of A =

fad
(= D T (N

1 3

We have tid] =1 4+ 3 4+ 9 = 13, The cofactors of the diagonal elements are as follows;

.422::' ‘:?. AH:E

L= U ]



Thus, 4,, + 4, + A, = 31 Also, [4| =27+ 2+ 0—6 — 6— 0= 17. Accordingly,

A= — 132+ 31— 17
Remark: The coefficients of the chamcteristic polynomial A(f) of the 3-square matrix A are, with
alternating signs, as follows:

8, = tr(d), S = Ay + Am + As, 55 = det(A)

We note that each 5§ is the sum of all principal minors of A of order k&

Theorem : Let A be an n-square matrix. Then its characteristic polynomial is

A =1 = St" ' + 5" 24 .. 4 (=1)"5,

where 5§, is the sum of the principal minos of order k.

Other Examples:

a) . .
1 =2 ..
LetA= |, . Find f{A), where
(a) flt) =4 =347, (b) fit) =1 =& +13
oo [ =2l 2] _[-7 -1z
reatna # =1 2 [1 2] =[5 2]
a2 [ -2 -3 6 700 _[-3 -6
(a) flA) =4 ‘3*"-"‘_"’—[:4 1?]"‘[_12 -15]"'[1] ?]_[12 '3]
v ogn [-7 -2 A 13 0] _[o o
(B fid)=A ﬁ_4+13;_l24 1?]"'[-24 -311]"'[11 13]‘[1] n]
[Thus, A is a root of r).]
b)

Find the characterstic polynomial A(r) of each of the following matrices:

2 5 7 =3 1 =2
(a) A= L‘ I]-ﬂﬂ- B_[j _2]-{1:1- C= [9 _3]
Use the formula (1) = / — (M) ¢ + |M| for a 2 = 2 matrix M:
(@) w(d)=241=3 |4 =2-20=-18 s0 Alf)=F-3r—18
ib) wiB)=7-2=35, |B = —14+15 =1, 50 Alfj=F—-5r+1
(¢ wr(Cl=3-3=0,

c)

|IC|=-9+18=9, so  Alfj=rF+9

Find the characteristic polynomial A(t) of each of the following matrices:

1 6 =2
by B=|<3 2 0

0 3 -4

[ S e R V]
I

o e =
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Use the formula A(r) = f —tr(A)F + (A + Az + Ay )f — |A|, where A; is the cofactor of g in the
3 x 3 matrix A = [a,].
b=

{8) wA]=14+0+5=6,

'*'-'-=.2 :J_:I=-m. '!!=.;l1 _::.=‘”' '*‘-‘-=._:, al=—¢
Ay + A + Ay = =135, and |[A| =48+ 36 — 16 —30 =38
Thus, Alf) = — &r* — 35 — 38
{b) B =14+2—-4 = -1
B-_-_=:§ _2:=—:-i:. B!=:l:l] :i:=—4. 31_1_=:_; 2::3:]
By + By + By =8 and |Bl = -8+ 18 —72 = —62
Thus, Alt) =8 +1* — & +62

Let T: V = Vis a linear operator on a vector space V of finite dimension. We
define the characteristic polynomial A(t) of T to be the characteristic polynomial of any
matrix representation of T.

Recall that if A and B are matrix representations of T, then B = P-*AP, where P is
a change-of-basis matrix. Thus, A and B are similar, and by Theorem 7, A and B have
the same characteristic polynomial. Accordingly, the characteristic polynomial of T is
independent of the particular basis in which the matrix representation of T is computed.

Because f (T) = 0 if and only if f (A) = 0, where f (t) is any polynomial and A is
any matrix representation of T, we have the following analogous theorem for linear
operators.

Theorem * (Cayley—Hamilton) A linear operator T is a zero of its characteristic
polynomial.

Diagonalization, Eigenvalues and Eigenvectors

EXAMPLE 9.5 letA = E .l. and let vy = .El'.mdl:: ll.Thcn

[ 1
0 1101 1 ‘
Thus, 1, and 1, are eigenvectors of A belonging, respectively, to the sigenvalues 4; = | and 4; = 4. Ohbserve that

and 1, are linearly independent and hence form a basis of R, Accordingly, A is diagonalizable. Furthermore, let P be
the matrix whose columns are the cigemvectors v, and 1. That is, lat

(2 e

Then A is similar to the diagonal matrix

| B
|

]
I i

i L=
b Ll



=

[l ) 2o

Az expected, the diagonal elements 1 and 4 in I} are the eigenvalues cormesponding, respectively, to the eigenvectors
1, and 14, which are the columns of P, In particular, A has the factorization

e[ E

D= P AP = [

ek
b= =

Accondingly,
o 1 1)1 oll% l,_mﬁﬁ
' 2 1|0 b6z 1 170 86
Moreover, suppose f(f] = F — 5% + 3r +6; hence, F(1) = 5 and f(4) = 2. Then
1 1775 07(% i 3 17
fia) = PAD)P ! = [ [ ik [
2 140 21]s i 2 =
| ; ; |
Last, we obimin a “psitive square mot™ of A. Specifically, using T = 1 and /3 = 2, we obtain the matrix
, 1 [ 1 | § 1
;j-_pv.-’ﬁpl_[ 11 [1 0 [: :‘_[: :l
2 1jlo 2)| 3 : 3

where 8 = A and where B has positive eigenvalues 1 and 2.

Computing Eigenvalues and Eigenvectors, Diagonalizing Matrices

An algorithm (Diagonalization Algorithm) for computing eigenvalues and
eigenvectors for a given square matrix A and for determining whether or not a
nonsingular matrix P exists such that PAP is diagonal.

The input is an n-square matrix A.

Step 1. Find the characteristic polynomial A(t) of A..
Step 2. Find the roots of A(t) to obtain the eigenvalues of A.
Step 3. Repeat (a) and (b) for each eigenvalue A of A.

(@) Form the matrix M = A — Al by subtracting A down the diagonal of A.

(b) Find a basis for the solution space of the homogeneous system MX = 0. (These
basis vectors are linearly independent eigenvectors of A belonging to A.)
Step 4. Consider the collection S = {vi; vy; ... ; v} Of all eigenvectors obtained in Step
3.

(@) If m = n, then A is not diagonalizable.

(b) If m = n, then A is diagonalizable. Specifically, let P be the matrix whose
columns are the eigenvectors vi; Vy; ... ; Vo. Then D = PAP = diag{\:; A2 ... ; M},



where A, is the eigenvalue corresponding to the eigenvector v;.

. - . . . 4 2
EXAMPLE 9.6 The diagonalization algorithm is applisd to A = [3 _1].
{1} The characteristic polynomial Afr) of A is computad:

rA)=4-1=3, |[A|==-4-6==10, s0 A() = =3 =10=(t=5)(t+2)

(2) Set Affi=1" — 3r— 10=(r— 5Kr+2)=10. The mots Ay=35 and i,=2 am the cigenvalues of A.

3) (i) We find an cigenveator v; of A belonging to the eigenvalue i, =5. Subtract i, =5 down the diagonal
of A to obtain the matrix

—x 42y =0
and the homogeneous sysiem of —x+2y=0
Ix=6y =0

-1 2
‘”‘[3 -6

The system has only one mdependent solution, for example, vy ={2, 1}
{ii) We find m eigenvector vy of A beonging to the cigenvalue i,= —2. Subtract —2 (or add 2)
down the diagonal of A to obtain the matrix

6 2 x4+ 2y=0
M = and the homogeneous svsiem of 3x4y=0
E x4+ y=10

The system has only one mdependent solution, for example, vz = { —1, 3L

2 -1
1 3
D =P AP is the diagonal matrix whose diagonal entries ane the cormesponding cigenvalues:

i I i e B

{4 LntPh:ﬂh:nmi:uﬂimccu]mmm:ﬂ:cigcnv:ctcﬁwmdm.ﬂm?:[ ].Thus

Remark: Fnd a 2 x 2 marix A with eigenvalues 4, =2 and 4;=3 and cormesponding eigenvectors

vy =1(1, 3) and v =(1, 4). We know that P "AP=D where P= [; ” mdD = [ﬁ 2]

o [ 4 2 oo [ a2 o] 4 1] [ -1
[Fere P _[—3 1]'] Thus 4 = FOF _[3 4”1] 3”—3 1]_[—12 ﬁ]'

3 -1

EXAMPLE 9.7 Consider the matnx B = [1 1

].Wchm'c
riB)=5+4+3=8§, |B| =154+1 = 1&; S0 ﬂl:f}:fz—Ef-I-lﬁzl:f—-'i-}z
Accordingly, 4 = 4 is the only cigenvalue of B.

Subtract 4 = 4 down the diagonal of 8 to obtain the matrix

x=y=0

fey=0 o x=y=0

1 =1
M:[I I]mdﬂwhumg:mam::ystem
The system has only one independent solution: for example, = 1,¥= 1. Thus, v= (1.1} and its multiples are the
only cigenvectors of B, Accordingly, B is not diagonalizable, because there does not exist a basis consisting of
cigenvectors of B,



Example

2 2
Let A = [l 3].

(a) Find all eigenvalues and cormsponding eigenvectors.
(b) Find a nonsingular matrix P such that D = P~ 'AP is diagonal, and P,
(c) Find A% and f(A), wher * — 3 — 6 + Tt + 3.
(d) Find a “real cube mooi” of B—that is, a mairix B such that B = A and B has real eigenvalues.
{a) Frst find the chamcteristic polynomial A(r) of A:
Alfy=r —ufA) 1+ |A| =" — 5t 44 = (1 —1)(r— 4)
The moots 4 =1 and 4 =4 of A(r) are the cigenvalues of A. We find corresponding eigenvectors.
(i) Subtract 4 = 1 down the diagonal of A to obtain the matrix M = A — AJ, whene the comesponding
homogeneous system MX = 0 yields the cigenvectors belonging to 4 = 1. We have
H=[: i] cormesponding to ii;:ﬂ or r+2y=10
The system has only one independent solution; for example, x =2, vy = —1. Thus, 1y, = (2, —1) is
an eigenveator helonging to (and spanning the eigenspace of ) 4 =1,
{ii) Subtract i =4 down the diagonal of A to obwmin

H=[_f ﬂ comesponding to y or x-y=0

The sysiem has only one independent solution: for example, =1, y= 1. Thus, », = (1.1} is an
gigenvector belonging to 4 = 4.
(b} Let P be the matnix whose columns are v, and v,. Then

_ 21 _piap_ |1 0 1 _
P= [_1 1] and D-P‘AP—[U 4]: whem P i=

[FTE T
[——

T 1
Ladfr Lk e

{c) Using the diagonal factorization A = PDP~' and 1° = 1 and 4° = 4096, we get

2 1|1 oj|3 -%
—1 1|0 4 ||:  F
Ako, (1) =2 and f(4) = — 1. Henee,

o T
-1 1§10 =1 1

1 O
{d) Hc:n:[u 1:'.-4—]‘ﬁﬂr:m.almhcmctnt'ﬂ.Hmmﬂnm&lcmcmunf.ﬂ.t

2 111 o][: -&]
B=PYDP'= 3 ==
[—1 1”“ ,:m‘l o3 2

AS = prFp-! =

1366 2230
1365 2731

[FIERTT
[——
I
—
|
—
= b
[——

2+v4 24234
-14+44 14234

EXAMPLE 9.8 Consider the matrizx 4 = [; :g . Hore tr(A)=3-3=0 and [A|= —9+10=1. Thus,

Aff) = * + 1 is the characteristic polynomial of A. We consider two cases:

{a) A is amatrix over the real field R. Then A (r) has no (real) roots. Thus, A has no cigenvalues and no eigenvectors,
and =0 A i= not diagonalizable.



ib) A iz a matrix over the complex field C. Then A(r) = (r —i)(t +i) has two mots, i and —i. Thus, A has wo
distinct eigenvalues § and —i, and hence, A has two independent eigenvectors. Accomdingly there exists a
nonsingular marix P over the complex field C for which

1,0 |1 0O
P AP = [u —i]
Therefore, A is diagonalizable (over C).
Example

4 1 =1
LetA= |2 5 <=2|.(a) Findall eigenvalues of A.

1 1 2
(b) Find a maximum set § of inearly independent eigenvectors of A.

(c) Is A diagonalizable? If ves, find P such that D = P~ 'AP is diagonal,
{a) Frst find the chamcteristic polynomial A(r) of A. We have
U’[.q.]=4+5+2=11 and |.4|=4l]—2—2+5+ﬁ'—4=45

Alzo, find each cotactor A, of a; in A;

5 -2 4 -1 4 1
Hence, Alf) =7 —tr{A) F + (A +4n + At —|JA| =7 — 117 +30r — 45

Assuming Ar has a rational root, it must be among £1, =3, £5, =8, £135, =45, Testing, by
synthetic division, we get
I[T-=11+39—-45
3I—2M+45
1-8+15+ 0

Thus,r=lkan:-utnt'ﬂ[r].A]m,r—lisaﬁctcrandrl—ﬁ'r+151'5&1:'1::1:1:5'. Hence,
Ay =t =3 — B +15) =t =3[t =5)(r—3) = [1—3]1[1— 5)
Accordingly, 4 =3 and 4 = 5 are cigenvalues of A.
(b} Find lincady independent cigenvectors for cach cigenvalue of A.
(i) Subract 4 =3 down the diagonal of A to obtain the matrix
-1

11
M=]2 2 =2, cormesponding to x+y—z=10
11 -1

Here u = (1,—1,0) and v= (1,0, 1) are lincarly independent solutions.
(i) Subtract i =35 down the diagonal of A to obtin the matrix

-1 1 =1 —x+4+y— =1 . R
M=} 2 0 -=-2/{, corresponding to 2 — Z2r=10 or 2: :"
1 1 -3 t+y—3d=0 Y=z

Only z is a foee variable, Here w = (1,2, 1] is a solution.
Thus, § = {w, v.w}={(1,-1.0), (1,0.1), (1,2,1)} i= a maximal szet of lineardy independent
cigenvectons of A.

Diagonalizing Real Symmetric Matrices



There are many real matrices A that are not diagonalizable. In fact, some real
matrices may not have any (real) eigenvalues. However, if A is a real symmetric matrix,
then these problems do not exist. Namely, we have the following theorems.

Theorem 1: Let A be a real symmetric matrix. Then each root A of its characteristic
polynomial is real.

Theorem 2: Let A be a real symmetric matrix. Suppose u and v are eigenvectors of A

belonging to distinct eigenvalues A; and A,. Then u and v are orthogonal, that; is,
(u,v) =0.

The above two theorems give us the following fundamental result.

Theorem 3: Let A be a real symmetric matrix. Then there exists an orthogonal matrix
P such that D = PAP is diagonal.

The orthogonal matrix P is obtained by normalizing a basis of orthogonal
eigenvectors of A as illustrated below. In such a case, we say that A is “orthogonally
diagonalizable.”

EXAMPLE 9.9 Lo A= _;" , a real symmetric matrix. Find an onthogonal matrix # such that P AP is
diagomal.

First we find the chamcerstc polynomial Afr) of A, We have

It 1ad

A =245=7, [A| =10 -4 = 50¥ Alty=r =Tt+6=(t—6)t=1)

Accomdingly, 4, = 6 and 4, = 1 ame the cigenvalues of A.

{a) Subtracting 4, = & down the diagonal of A yickds the matrix

= 2 4y =2y =10 -
M= - and the homogensous svslem - Of 2x4y=10
2 | N g 2x y=0
A nonzero solution is & = (1, —2).
(b} Subtracting 4; = 1 down the diagonal of A yields the matnx
! = 7
M= 5 . and the homogeneons svalem x=2y=10

(The =second eguation drops owt, becasss it is a4 multple of the fist eguaton.) A noneero solubion is

I, = (2, 1).

As expected from Theorem 9.13, wy and u, are onthogonal. Normalizing &, and w, yiclds the orthonormal veotors

1l

¥

iy =(1/v5,-2/v5)  and @y =(2/V5, 1V

Fmally, lat P be the matrix whose columns are &, and i, respactively. Then

-

—— | | & 0
and P~ AP = 01

(TR

P= /v
i "‘I

f V-
g -.‘,"- : {

2
1

nglan

[ B
LE

As expected, the diagonal entries of P~" AP are the cigenvalues corresponding to the columns of P

The procedure in the above Example is formalized in the following algorithm



(Orthogonal Diagonalization Algorithm), which finds an orthogonal matrix P such that
P-XAP is diagonal.

The input is a real symmetric matrix A.
Step 1. Find the characteristic polynomial A(t) of A.
Step 2. Find the eigenvalues of A, which are the roots of A(t).
Step 3. For each eigenvalue A of A in Step 2, find an orthogonal basis of its eigenspace.
Step 4. Normalize all eigenvectors in Step 3, which then forms an orthonormal basis of
R".
Step 5. Let P be the matrix whose columns are the normalized eigenvectors in Step 4.





