
Theorem  (Cayley–Hamilton) Every matrix A is a root of its characteristic polynomial. 

  

 

 
 

Characteristic Polynomials of Degrees 2 and 3 

 

 



 

 
 

Theorem  : Let A be an n-square matrix. Then its characteristic polynomial is 

 
 

Other Examples: 

 a) 

 
 b) 

 
 c) 

 



 

 
 

Let T: V  V is a linear operator on a vector space V of finite dimension. We 

define the characteristic polynomial (t) of T to be the characteristic polynomial of any 

matrix representation of T. 

Recall that if A and B are matrix representations of T, then B = P-1AP, where P is 

a change-of-basis matrix. Thus, A and B are similar, and by Theorem 7, A and B have 

the same characteristic polynomial. Accordingly, the characteristic polynomial of T is 

independent of the particular basis in which the matrix representation of T is computed. 

 

Because f (T) = 0 if and only if f (A) = 0, where f (t) is any polynomial and A is 

any matrix representation of T, we have the following analogous theorem for linear 

operators. 

 

Theorem * (Cayley–Hamilton) A linear operator T is a zero of its characteristic 

polynomial. 

 

Diagonalization, Eigenvalues and Eigenvectors 
 

 



 

 
  

 

Computing Eigenvalues and Eigenvectors, Diagonalizing Matrices 
 

An algorithm (Diagonalization Algorithm) for computing eigenvalues and 

eigenvectors for a given square matrix A and for determining whether or not a 

nonsingular matrix P exists such that P-1AP is diagonal. 

The input is an n-square matrix A. 

Step 1. Find the characteristic polynomial (t) of A . 

Step 2. Find the roots of (t) to obtain the eigenvalues of A. 

Step 3. Repeat (a) and (b) for each eigenvalue  of A. 

(a) Form the matrix M = A I by subtracting  down the diagonal of A. 

(b) Find a basis for the solution space of the homogeneous system MX = 0. (These 

basis vectors are linearly independent eigenvectors of A belonging to .) 

Step 4. Consider the collection S = {v1; v2; … ; vm} of all eigenvectors obtained in Step 

3. 

(a) If m  n, then A is not diagonalizable. 

(b) If m = n, then A is diagonalizable. Specifically, let P be the matrix whose 

columns are the eigenvectors v1; v2; … ; vn. Then D = P-1AP = diag{1; 2; … ; n}, 



where i is the eigenvalue corresponding to the eigenvector vi. 
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Diagonalizing Real Symmetric Matrices 

 



There are many real matrices A that are not diagonalizable. In fact, some real 

matrices may not have any (real) eigenvalues. However, if A is a real symmetric matrix, 

then these problems do not exist. Namely, we have the following theorems. 

 

Theorem  1: Let A be a real symmetric matrix. Then each root  of its characteristic 

polynomial is real. 

 

Theorem  2: Let A be a real symmetric matrix. Suppose u and v are eigenvectors of A 

belonging to distinct eigenvalues 1 and 2. Then u and v are orthogonal, that; is, 

(u, v) = 0. 

 

The above two theorems give us the following fundamental result. 

 

Theorem 3: Let A be a real symmetric matrix. Then there exists an orthogonal matrix 

P such that D = P-1AP is diagonal. 

 

The orthogonal matrix P is obtained by normalizing a basis of orthogonal 

eigenvectors of A as illustrated below. In such a case, we say that A is “orthogonally 

diagonalizable.” 

 

 

 

 
 

 The procedure in the above Example is formalized in the following algorithm 



(Orthogonal Diagonalization Algorithm), which finds an orthogonal matrix P such that 

P-1AP is diagonal. 

 

The input is a real symmetric matrix A. 

Step 1. Find the characteristic polynomial (t) of A. 

Step 2. Find the eigenvalues of A, which are the roots of (t). 

Step 3. For each eigenvalue of A in Step 2, find an orthogonal basis of its eigenspace. 

Step 4. Normalize all eigenvectors in Step 3, which then forms an orthonormal basis of 

Rn. 

Step 5. Let P be the matrix whose columns are the normalized eigenvectors in Step 4. 




