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Lecture topic. Exact Differential Equations 

(Equations in Total Differentials). 
Equations not Solved for Derivative 

 

 

Definition. The equation 

    0,,  dyyxQdxyxP   (1.20) 

is called an exact differential equation if  yxP ,  and  yxQ ,  are continuous 

differentiable functions for which the following relationship is fulfilled 
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in some domain. 

It may be proven that left side of the given equation is an exact 

differential of some function  yxu , , provided the last condition is valid. Then 

the given equation may be presented in the form 

  0, yxdu     (1.22) 

 

Take into account that total differential for function with two variable has 

the following form 
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Compare expressions (1.20) and ((1.23) we can conclude that the following 

relations must be fulfilled 
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From first equality of the last relation we can find the function  yxu ,  as 

     ydxyxPyxu   ,, ,   (1.25) 

where  function  y is unknown functions until.  In order to find it let’s 

differentiate equation (1.25) with respect to y and obtained expression equate to 

the function  yxQ ,  due to (1.24). Then we obtain equation 
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from which the function  y may be find. Then using  (1.22) we determine the 

function  yxu , as   

  Cyxu , . 

Example. Find the general solution of the equation 
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Solution. Let us calculate the partial derivative of function 

x
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respect to x. We get 
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You can see that condition 
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is fulfilled. So calculate the function as  
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Note, that when we calculate integral, variable y  held constant. So   

 

   yxxyyxyxu  lncossin,  

Let’s differentiate the last expression with respect to y . We have 
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Simplify  the last expressions and get 
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From this it follows that  



  Cyy  ln . 

Now we can write answer  

  CxyxyyxorCyxu  lncossin,,  

 

1.16. Equations not Solved for Derivative 
 

The equation 

  0,, yyxF      (1.26) 

may be not always easily solved for y, and even if it is possible, then 

obtained equations can be not easily integrated, and therefore the 

equation (1.26) should be integrated by other methods. One of such 

methods is method of introduction of a parameter. Essence of this 

method is that the considered variables are expressed through some 

parameter and the solution is sought for in a parametric form. This 

method is particularly convenient in cases when the equation (1.20) 

can be solved either for у or х. 

1. Let us assume that the equation (1.26) can be solved for 

variable у: 

 yxfy  , .     (1.27) 

As a parameter we consider y: py  . 

Putting the parameter into the equation (1.27) we obtain the first 

equation defining relations between pyx ,,  

 pxfy , . 

To find the second relation we should mention that this equality 

is turned into identity if we consider х and у as the corresponding 

solutions of the differential equation in a parametric form  

   pypx  , . 

The identity can be differentiated: 

   dppxfdxpxfdy px ,,  . 



On the other hand, pdxdy  . Equating two expressions for dy  we 

obtain differential equation connecting х and р 

   dppxfdxpxfpdx px ,,   

or 

    dppxfdxpxfp px ,,  . 

This equation can be solved for 
dx

dp
. If we are able to integrate it 

then we will obtain general integral   0,,  Cpx . 
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defines general solution of the equation (1.21) in a parametric form. 

2. Similarly the equation (1.26) is integrated if it can be solved 

for х:  yyfx  , . 

In this case putting py   and using the relation dxydy  , we 

obtain: 

 pyfx ,  

and  

    dppyfdypyfpdy py ,,  . 

Integrating the last equation its general integral   0,,  Cpy  can be 

found. 

Set of the equations  
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defines general solution of the equation in a parametric form. 

Example. 1. Find solutions of the differential equation yyy  ln . 



Solution. Let us introduce a parameter py  . The first equation 

connecting у and р is as follows: 

ppy ln . 

Let us differentiate and eliminate dy  using the equality 

pdxdy  . As result we obtain differential equation connecting х and 

р:  

 dpppdx 1ln  . 

This is the equation with separable variables: 
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After integrating we obtain  

Cppx  lnln
2

1 2 . 

Set of the obtained equations defines general solution of this 

differential equation in a parametric form: 
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Example. 2. Solve the differential equation 
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Solution. Let us consider as a parameter py  . Then 
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Differentiating and eliminating dx , with the help of the equality 

pdxdy  , we obtain 
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This is the equation with separable variables. After integrating we 

obtain  
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General solution in a parametric form is as follows: 
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After eliminating the parameter general integral of the equation 

is obtained: 
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However, not always an equation can be integrated in quadratures. 

There are some equations in which the method of introduction of a 

parameter is very effective. Equations by Lagrange and Clairaut 

belong to this type of equations. 


