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Lecture topic. 1.17. Equations by Lagrange and Clairaut

An equation F(x,y,y’)=0 is equation by Lagrange if it is linear
relatively x and y
A(y')x+B(y')y +C(y')=0.
Let us solve this equation for y (B(y’) # 0):
y = xo(y')+w(y’).
It is standard form of Lagrange’s equation. Introduce a
parameter y'= p. Then

y =xo(p)+w(p).
Differentiating and eliminating y with the help of the relation
dy = pdx we obtain

pdx = p(p)dx+ x¢'(p)dp +y'(p)dp
or
(p—o(p))dx=(x¢'(p)+w'(p))dp.
Let us consider the different situations for the last equation:
a) p=const=dp=0 and
(p —cp(p)):—; —x¢'(p)=v'(p).
This is linear differential equation of the 1 order. Integrating it we
find: x=x(p,C). General solution of the equation by Lagrange in a
parametric form is as follows:
x=x(p,C)
{y =x(p,Clp(p)+w(p)



b) p=const=dp=0 and p-¢(p)=0. If this equation has
solution p = p,, then the line
y = xo(py)+w(py)

Is an integral curve of this differential equation. The solution
y = xo(p, )+ w(p,) is not included into general solution and it is a

singular solution of the equation by Lagrange.
c) p—o(p)=0, in this case we have the equation by Clairaut:
y=xy"+w(y’).
Solving it similarly to Lagrange’s one we obtain
y=xp+wy(p),
pdx = xdp + pdx +y/'(p)dp
or
(x+y'(p))dp =0.
In the last equation we consider such cases:
1. dp=0= p=C. General solution of the equation by Clairaut is as
follows:
y =Cx+y(C).
This is one-parametric family of straight lines.
2. dp#=0=x+y'(p)=0. We obtain one more solution of the
equation which is not included in the general one. Its parametric
equations are the following:
{y =xp +y(p)
x=—y'(p)
This is singular solution. Graphic of this singular solution is envelope
of one-parametric family of the straight lines:
y =Cx+w(C),
{O =x+y'(C).



Example 1. Find the general and singular solutions of the equation
y=x(yy+y'.
Solution. This is equation by Lagrange. To solve it we use the
method of introduction a parameter: y' = p. Then
y =xp®+p, (1.22)

dy = p?dx + x2pdp +dp.
Eliminating dy with the help of the equality dy = pdx we obtain the
differential equation connecting x and p

(p - pz)dx— 2xpdp =dp.
Consider the following cases
1. p=const=dp=0. We have linear differential equation of the 1%
order

dx 2p 1
—+— X = 5
dp p°-p pP—p
First, we solve homogeneous linear equation:
%+iu =0.
dp p-1

(1.23)

General solution of this equation is as follows:
C
(p-1)°
Using the method of variation of an arbitrary constant we find general
solution of inhomogeneous equation

. Clp) dx_ C(p) 2C(p)
(p-1) " dp (p-27 (p-1)
Putting these expressions into the linear equation (1.23) we get
C(p) _ I
(p-1> p(i-p)

U=

Whence



C(p)=Inp|-p+C,
and
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The set of equations
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X = —(In\p\—p+C)
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y= p*(inlp| - p)+ Cip” + p:> y=p+ P’ (In|p|-p+C)
(P (p-1) (p-1y
defines general solution of the initial equation.
2. p=const=dp=0. The equation is transformed as follows:

(p— pz)dx=0.
As dx =0, then p— p° =0. Whence p, =0 and p, =1. Putting these

Ve

expressions into the equation (1.22) we obtain special solutions of the
equation by Lagrange.

y=0, y=x+1.
Example 2. Find the general and singular solution of the
differential equation y = xy’ —(y')’.
Solution. This is the equation by Clairaut. To solve it we introduce
a parameter: y’' = p. Put it into the given equation:

y=xp-p”.
This is the first relation connecting x, y, p. To get the second relation
let us differentiate the first one:
dy = pdx+ xdp —2 pdp.
Eliminate dy with the help of the equality dy = pdx. In result
we will obtain the differential equation connecting x and p



(x—2p)dp =0. y
Let us analyze the last equation
1.dp=0= p=C and

1
y =Cx—C?. N

This is general solution of the 07 X
Clairaut equation. It Fig. 1.5
geometrically presents one-
parametric family of straight
lines.
1. x—2p=0. The set of equations

y =xp-p,

X=2p

defines singular solution of the equation.

2
Eliminating parameter we obtain y =X7. This is envelope of one-

parametric family of straight lines and special solution of the given
equation.
Conclusion: 1. The equation by Clairaut has the following form

y =Xy'+o(y')

To obtain its general solution it is enough to change derivative
y' by an arbitrary constant C and its general solution makes form

y =XxC +¢(C).
The singular solution of the equation by Clairaut is defined by system

y =Cx+wy(C)
{0= x+y'(C)



The first equation is general solution, the second equation of this
system have been obtained by differentiation of the general solution
with respect to an arbitrary constant C.

2. The equation by Lagrange has the following form
y=xo(y")+w(y') and may be solved by method of introduction of

parameter p=y'.



