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Lecture topic. SOME GEOMETRICAL APPLICATIONS OF
THE TWO VARIABLES FUNCTION

In the previous lecture, we examined some geometrical application of
two variables function and obtained:

a) equation of the tangent line and normal plane to space curve given
in parametric form x =x(t), y=y(t), z=2z(t)

The canonical equations of the tangent line take the form:

X_XO_y_yO_Z_ZO. (1)
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Equation of normal plane has the following form:
X{O(X_XO)JFy{O(y_YO)+Zt’O(Z_Zo):O- (2)

b) The Equation of a Tangent Plane and Normal line to a Surface.

The equation of the tangent plane to a surface given in
implicit form F(x, y, z)=0 at an ordinary point My(X,, Yo, Zo)
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If equation of the surface is given in the form z = f(x, y), then

(z-25)=0. (3)
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the equation of the tangent plane is presented in the form



(y_ YO) (4)

My

SRR

The straight line drawn through the point M,(x, y, z) of surface
F(x, Y, z)=0 and perpendicular to the tangent plane is called the
normal to the surface.

Let us write the equation of the normal. Since its direction vector
coincides with direction of the vector N, its equations will have the
form:

X=X _ Y=Y _2-2
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If the equation of the surface is given in the form z = f(x, y) or
z— f(x, y)=0, then the equations of the normal have the following

form:

X=X Y=Y _Z-%

or

X=X _ Y=Y _27%
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Let’s solve some tasks related to this topic.

Example. Find the tangent line T and normal plane to the line
x=t% y=t, z=t>

at the point P (1,1,1).

Solution. We have x, =1, y, =1, z, =1. Find the derivatives x;, y;

and z; at the point P(1,1,1)

=2t ,=2; y; =1, =1; z; =3t? =3.



Consequently the tangent line T at P(1,1,1) has direction numbers
(vector) & =(2;1;3), hence the following equations
x-1 y-1 z-1
2 1 3
are canonical equations of tangent line and
2(x-1)+y-1+3(z-1)=0
or 2x+Yy+3z—-6=0 is equation of the normal plane.

Example 1. Write down equation of the tangent plane and
equations of the normal to the surface 2x? +3y® + z* =1 at the point

(1 _l.i)
2" 3'J6)
Solution. Let us find coordinates of the normal vector to the given
: 1.1 1
surface at the point P| =;—=: — |.
P (2 3 Jéj
4 !/ ! 2
Fo=4x ,=2,F =6yl ,=-2,F =2z , =|_.
= 5 =% 3

Consequently the equation of tangent plane has the following

{23

and equations of the normal line are defined as follows:

form:

X +1 z—i
2:y 3_ 46
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Example 2. Find equation of the tangent plane to the surface z =xy,
if it is known that the tangent plane is perpendicular to the straight line

X+2 y+2 z-1

2 2 1
Solution. Denote coordinates of tangency point by x,, Y,, and z,.
Then find normal vector which is parallel to direction vector of the
given straight line

= _{f '
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, —1}, where f(x, y)=xy. Obvious that f/  =y;;
0 0

=X, and hence a={y,, X,, —1}. Vector S={2;2;-1} is

0

direction vector for the given straight line and due to condition of the

problem a|| S and hence ﬁ:&:_—l.
2 2 -1
From this it follows
Yo =2, X, =2.

Since the point of tangency lies on the surface, then its
coordinates have to satisfy equation of the given surface. Therefore
Zo =XoYo = 2, =4.

Thus, we get

z—4=1f (x=2)+ 1, (y-2),
taking into account that
fy :yo\yoz2 =2, fy :XO\XOZ2 =2
finally we have the following equation for tangent plane:
z2-4=2(x-2)+2(y—2)
or
2X+2y—-7z-4=0
and normal line has equation:



X=-2 y-2 171-4
2 2 -1
Example 3. Show that the surfaces a) x+2y—-Inz+4=0 and

b) x? —xy—8x+z+5=0 are touched with each other at the point
P(2,-372).
Solution. First of all let us check up belonging the point to each of
the given surfaces.

a) 2—-6+4=0;

b)4+6-16+1+5=0.
Then find coordinates of the normal vectors to each surface:

a) Fl=1 F =2 F=—1 =1

APE]
a, ={L,2-1};
b) F{=2x-y-8, =4+3-8=—1;
F,=-X,=-2; F =1,
a, ={-L-2:1}.

You can see that normal vectors to tangent plane are parallel,
because their coordinates are proportionally. Thus the given surfaces
have the same tangent plane at the common point, therefore they are
touching at this point.

Example 4. Write down equations of the tangent line and normal
plane at the point (1; 1; 2) for the given curves:
X° + Yy +12° =6,
%xz—y2+z2 =4,
Solution. Let us find equations of tangent planes to the given

surfaces:



a) x> +y’+2°=6; FX'ZZX‘lezzi I:y’:23/‘y:1:2; Fz’:22‘2:2:4;

2(x-1)+2(y-1)+4(z-2)=0=>x-1+y-1+22-4=0=
—=>X+Yy+2z-6=0.
b) x* —y*+2° =4; F/=2x _, =2; Fj=-2y| , =-2;
F/ =27 =4,
2(x-D)+2(y-1)+4z-2)=0=(x-1)—-(y-1)+2(z-2)=0=
=>X-y+22-4=0.

The tangent line is the line of intersection of these two the

tangent planes:

X+Yy+2z-6=0, A, = {1;2};
X—y+2z-4=0, A, = {12}
i J k
d=fxf,=1 1 2/=1(4)-7-0+k(-2)
1 -1 2

a=(40-2) or a=(20;-1).
The equation of tangent line has the following form:
x-1 y-1 z-2
2 0 -1
Zero in dominator means that the tangent line is perpendicular to y-
axis, because projection of direction vector on this axes is equal to
zero.




