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GROUP I-219ia, KH-219 ae,219iae,219,iбe,219iве  

 

Lecture topic. SOME GEOMETRICAL APPLICATIONS OF 

THE TWO VARIABLES FUNCTION  

 

In the previous lecture, we examined some geometrical application of 

two variables function and obtained: 

a) equation of the tangent line  and normal plane to space curve given 

in parametric form   txx  ,  tyy  ,  tzz   

The canonical equations of the tangent line take the form: 
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Equation of normal plane has the following form: 
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b) The Equation of a Tangent Plane and Normal line to a Surface. 

 

The equation of the tangent plane to a surface given in 

implicit form    0,, zyxF   at an ordinary point  0000 ,, zyxM  
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 If equation of the surface is given in the form  yxfz , , then 

the equation of the tangent plane is presented in the form 
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The straight line drawn through the point  zyxM ,,0  of surface 

  0,, zyxF  and perpendicular to the tangent plane is called the 

normal to the surface. 

 Let us write the equation of the normal. Since its direction vector 

coincides with direction of the vector N


, its equations will have the 

form: 
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 If the equation of the surface is given in the form  yxfz ,  or 

  0,  yxfz , then the equations of the normal have the following 

form: 
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or 
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Let’s solve some  tasks related to this topic. 

Example. Find the tangent line T and normal plane to the line  

2tx  , ty  , 
3tz   

at the point P (1,1,1). 

Solution. We have 10 x , 10 y , 10 z . Find the derivatives tt yx ,  

and tz  at the point  1,1,1P  

22  pt tx ; 11  pty ; 33 2  pt tz . 



 Consequently the tangent line T at (1,1,1)P  has direction numbers 

(vector)  3;1;2a


, hence the following equations 
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are canonical equations of tangent line and 

    013112  zyx  

or 0632  zyx  is equation of the normal plane. 

Example 1. Write down equation of the tangent plane and 

equations of the normal to the surface 132 222  zyx  at the point 
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Solution. Let us find coordinates of the normal vector to the given 

surface at the point 
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 Consequently the equation of tangent plane has the following 

form: 
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and equations of the normal line are defined as follows: 
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Example 2. Find equation of the tangent plane to the surface z xy , 

if it is known that the tangent plane is perpendicular to the straight line 
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Solution. Denote coordinates of tangency point by 0x , 0y , and 0z . 

Then find normal vector which is parallel to direction vector of the 

given straight line 

 1,,
00


MyMx ffa


, where   xyyxf , . Obvious that 0
0

yf
Mx  ; 

0
0

xf
My   and hence  1,, 00  xya


. Vector  1;2;2 S


 is 

direction vector for the given straight line and due to condition of the 

problem sa


||  and hence 
1

1

22

00






xy
. 

 From this it follows 

20 y , 20 x . 

 Since the point of tangency lies on the surface, then its 

coordinates have to satisfy equation of the given surface. Therefore 

40000  zyxz . 

 Thus, we get 
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finally we have the following equation for tangent plane: 

   22224  yxz  

or 

0422  zyx  

and normal line has equation: 
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Example 3. Show that the surfaces a) 04ln2  zyx  and 

b) 0582  zxxyx  are touched with each other at the point 

 1;3;2 P . 

Solution. First of all let us check up belonging the point to each of 

the given surfaces. 

a) 0462  ; 

b) 0511664  . 

Then find coordinates of the normal vectors to each surface: 
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 You can see that normal vectors to tangent plane are parallel, 

because their coordinates are proportionally. Thus the given surfaces 

have the same tangent plane at the common point, therefore they are 

touching at this point. 

Example 4. Write down equations of the tangent line and normal 

plane at the point (1; 1; 2) for the given curves: 
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Solution. Let us find equations of tangent planes to the given 

surfaces: 
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The tangent line is the line of intersection of these two the 

tangent planes: 
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The equation of tangent line has the following form: 
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Zero in dominator means that the tangent line is perpendicular to y-

axis, because projection of direction vector on this axes is equal to 

zero. 

 

 

 

 


