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Differential equation-chapter II
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Lecture topic. DIFFERENTIAL EQUATIONS
OF THE SECOND AND HIGHER ORDERS

Some Types of the Second Order Differential
Equations Reducible to the First Order Equations

2.1. General Conceptions

To show the principal difference between differential equation of
the first order and ones of higher order let us consider some examples.

First, we consider the simple equation of the second order
y"+y=0.
The function y =cosx satisfies given equation. But the function
y =sin x satisfies this equation as well. And in general any function
of kind
y =C, cosx+C,sinXx,
where C, and C, are any constants will satisfy this equation.
Similarly consider the equation of the third order
y"—y'=0.
Functions y=e*, y=e", y=1 satisfy this equation and in
general any function of kind
y=Ce*+C,e* +C,,
where C,,C, and C,; are any numbers, will satisfy this equation.
Let us take elementary equation of the fourth order:



yIV 1.
Integrating it we obtain
ym — X+ C ’

X2
y”?+C1+C2,
x> C
y’:E+?1x2+C2x+C3.
At last

4
y:%+%x3+%x2+cax+c4.

It is possible to show that the solution of any equation of the n-th
order
y" = f(x, YA y(“‘l)) (2.1)
contains n arbitrary constants and may be written in general case in
the following form
y =o¢(x,C,,C,,...,C,), (2.2)
where C,, C,,.., C, are any constants. Assigning to variables

C,,C,,..., C, concrete values C,, C, ..., C, we obtain the concrete
solution

y:(p(x,Cl ,C, ..., C, )
It is called particular solution of the given equation. To find needed
particular solution from (2.2) it is necessary to give initial conditions

Viory =Yor Yoy =Y'or ¥y =Yoo Y| =96 (23)

Their quantity is always equal to order of the given equation.
Differentiating (2.2) n-1 times and taking X=X,, Y=VY,,

(n-1)

V' =vyi,..., Y" P =y{"™ one can get system of n the following

equations



(0(%,C;,C5,.,C. ) = Vg
9'(X,C1,Cy,s ) = Yy

07 (%,C1,C0n Cp) = Yo .

The needed values C,, C,,..., C, may be determined from this system.

A natural question arises. Does system have solutions? Or in
other words: is obtained system compatible for any initial conditions?
And if this system has solution then will it be single? The Cauchy’s
theorem gives the answer this question.

Theorem. If in the equation (2.1) y™ = f(x,y,y’,y”,..., y(”‘l)) the
function f(x,y,y’,y”,..., y‘“‘l)) and its partial derivatives of the first

order o o o of with respect to the arguments

ay’ ayr’ ayn""’ 8y(n_1)

y,¥',...y" ™ are continuous in some region D containing the values

(xo, Voo Vo, Voo y(”‘l)o)e D , then there is one and only one solution
y = y(x) of the equation that satisfies the given initial condition

-1

X:Xo

View = Yor ¥how, = Vor ¥y = Yoo Y

The function y=¢(x,C,,C,,..,C,) is called the general
solution if it satisfies the following conditions:
1) the function yz(p(x,Cl*,Cz*,...,Cn*) is solution of the given
equation for any values C,=C,, C, =C, ,.., C, =C,:
2) for given initial conditions y’\X:XO =Y, y”\X:XO =Ye,...,

y(n_l) = y(()n—l) the constants Cl = Cl*a C2 = CZ*""1 Cn - Cn* may

X=Xp




be chosen so that the function y=cp(x,C1*,C2*,...,Cn*) will satisfy
these  conditions (we assume that the initial values
(xo, Yor Yor Yoo y((,”‘l)) belong to region, where the conditions of
existence of solution are fulfilled).

In the general case the problem of finding the general solution of
the higher order differential equations is enough difficult. However, in
some cases it is possible to simplify the given equation and then find
the general solution. Below we consider some approaches for solving
such problem.

2.2. Some Types of the Second Order Differential
Equations Reducible to the First Order Equations

Let us consider the equation of the second order, which is solved
for the second derivative

y'=f(xy,Y).

We consider two types of such equations:
1) Let equation has the form

y'=f(xy).
This one does not contain unknown function y explicitly. Let us denote
the derivative y’ by z, that is we put y'=z. Then equation gets the
following form

7' = f(x,2).
But obtained differential equation has the first order. Let function
z = ¢(x,C,) be general solution of this equation. That is

y' =0(x,C,),

therefore
y =[o(x,Cy)dx+C,.



Example. Let us consider the equation

!

ﬂ_l
X

Solution. Denote the first derivative as new variable y'=z, then we

y = X.

get linear differential equation of the first order:
z

2'——=X.
X
Write down the corresponding homogeneous differential equation
dz z dz z dz dx
———=0, —=—s—=—,
dx X dx X Z X

And after integrating the last expression we have
In|z| = In|x|+ In|C|,
hence
z =CX.

To find the general solution let us use the method of variation of
an arbitrary constant and consequently we will consider C as function
of x:

z =C(x)x.
Then
C'(x)x=Xx,C'(x)=1=C(x)=x+C,.
Substituting the obtained expression for C into equality we have
z=x"+CX.

Then taking into account substitution y’=z we can obtain the

general solution of the given differential equation
3
y:j(x2 +C1x)dx=%+%x2 +C,.
2) Let us consider the differential equation of the following form
y'=f(y,y).



This equation does not contain the independent variable x explicitly.
Let us denote derivative of unknown function by new variable z, that
is y' =1z, here z(y) is new unknown function. Then calculate the
derivative of the second order. It should be noted, that new unknown
function is composite one with respect to variable x. Therefore we
have to use the rule of differentiation of the composite function

y_dz_dz dy . dz
dx dy dx dy
By reason initial equation takes the form
z-2'(y)=f(y, 2).
The last equation has the first order. Let function z=q(y, C,) be
general solution. Taking into account the substitution y'=z we

receive

dy

AP C.).
dx (P(y 1)
Whence

dy dy
=dx and x+C,=|———.
o(y,C,) ’ %WQ)

Example. Solve the following equation

y'?+2yy"=0.
Solution. Denote y'=z, then y"= z%. After substitution of the
y

expressions for y,y’ into initial equation we receive
22+2yz%=0 or z=—2y$, (2.4)
dy dy

whence
_dz_ay

z 2y (2:3)



and
~Infz|+ Inc,| = %In\y\ = % - Jy.
And consequently

&y_G o Jydy = C,dx.

dx .y

Thus, we obtain

2
3 Yy =Cx+C,,
or in another form, which is the same
yJy =C;x+C,.
Finally, we can write down
y?=(Cx+C,). (2.6)
Note, when we passed from expression (2.4) to (2.5) we supposed,
that z=0. Butif z=0, then y'=0 and consequently y = const. This
solution is in (2.6) at C, =0. Thus, we did not lose solution when we
had divided by z =0.

Conclusion. The differential equations of the second order of the
following form:

a) y'=f(xy);
b) y"=f(y,y)
are reduced to the differential equations of the first order by
substitution:
a) y'=2(x), y"=2/(x);
b) y'=2(y), y'=2-2,



