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GROUP I-219ia, KH-219 ae,219iae,219,iбe,219iве  
 

Lecture topic. Directional Derivative 
 

 In a region D  consider the function  zyxuu ,,  and the point 

 zyxM ,, . Draw a vector S


 from point M  whose directional cosines 

are cos , cos , cos  (Fig. 2.5). 

Let us take a point on the vector 

S


, at a distance s  from its origin 

 zzyyxxM  ,,1 . Thus, 

222 zyxs  . 

We shall assume that the 

function  zyxu ,,  is continuous 

and has 

continuous derivatives with 

respect to its arguments in the region D . 

Let us represent the total increment of the function as follows: 
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where 1 , 2  and 3  approach zero as 0s . Divide all terms of 

(2.21) by s : 

s

z

s

y

s

x

s

z

z

u

s

y

y

u

s

x

x

u

s

u














































321 .     (2.22) 

It is obvious that 
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Consequently, equation (2.22) may be rewritten as 
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(2.23) 

The limit of the ratio 
s

u




 as 0s  is called the derivative of the 

function  zyxuu ,,  at the point  zyx ,,  along the direction of 

the vector S


 and is denoted by 
s

u
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
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Thus, passing to the limit in (2.23), we get 
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From formula (2.25) it follows that if we know the partial derivatives 

it  is  easy  to find  the  derivative  along  any  direction  S

. The partial  

derivatives themselves are a particular case of a directional derivative. 

For instance, when 0 , 
2


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Example. Let a function 222 zyxu   be given. 

Find the derivative 
s

u




 at the point  1,1,1M : a) along the direction  of 

the vector kjiS


321  ; b) along the direction of the vector 

kjiS


2 . 

Solution. a) Find the directional cosines of the vector 1S


 (Fig. 2.6): 
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The partial derivatives 
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at the point  1,1,1M  are 
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b) Find the directional cosines of the vector 2S


: 
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2.7. Gradient 
 

Determine the vector with coordinates what are projections on 

the coordinate axes as values of the partial derivatives 
x
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the function  zyxu ,,  at the appropriate  point of the region D: 
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This vector (2.26) is called the gradient of the function  zyxu ,, . We 

say that a vector field of gradients is defined in D .  

Let us prove the following theorem which establishes a 

relationship between the gradient and the directional derivative. 

Let a scalar field be given by the function  zyxuu ,, ; in this field 

define a field of gradients 
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Theorem. The derivative 
s

u




 along the direction of some vector S


 

is equal to the projection of the vector ugrad  on the vector S


. 

Proof. Consider the unit vector 0S


, which corresponds to the vector 

S


: 

 coscoscos0 kjiS


. 

Find the scalar product of the vectors ugrad  and 0S


: 
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The expression on the right is the derivative of the function  zyxu ,,  

along the vector S


. Hence, we can write 
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If we designate the angle between the vectors ugrad  and 
0S


 by   

(Fig. 2.7), we can write 
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and the theorem is proven. 

 Referring to Fig. 2.8, construct the vector ugrad  at some point 
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 zyxM ,, . Construct a sphere, for which ugrad  is the diameter. 

Draw the vector S


 from point M . Denote by point P  the point of 

intersection of S


 with the surface of the sphere. It is then obvious, that 

 cosugradMP , if   is the angle between the directions of the 

gradient and the segment MP  (here, 
2
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when the direction of the vector S


 is reversed, the derivative changes 

sign but its absolute value remains unchanged. 

Let us establish certain properties of a gradient. 

1) The derivative at a given point along the direction of the vector 

S


 has a maximum, if the direction of S  coincides with direction of the 

gradient; this the largest value of the derivative is equal to ugrad . 

The truth of this assertion follows directly from (2.28): 
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2) The derivative along the direction of a vector that is 

perpendicular to the vector ugrad  is zero. 

This assertion follows from formula (2.28). Indeed, in this case 
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Example 1. Let the function be given 

222 zyxu  . 

Determine: a) the gradient at the point  1,1,1M  and b) determine 

the derivative of the function u  at the point  1,1,1M  along the 

direction of the gradient.  



Solution. The expression of the gradient of this function at an 

arbitrary point is 

kzjyixugrad
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b) The directional cosines of the gradient are 
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Note. If the function  yxuu ,  is a function of two variables, then 

the vector 
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lies in the xy -plane. We shall prove that ugrad  

is perpendicular to the level line   cyxu ,  

lying in the xy -plane and passing through the 

corresponding point. Indeed, the slope 1k  of the 

tangent line to the level line   cyxu ,  will equal 
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2 . Obviously, 121 kk . This proves our assertion (Fig. 2.9). 
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The A similar property of the gradient of a function of three variables 

will be established later. 

Example 2. Determine the gradient of the function 
32

22 yx
u   

(Fig. 2.10) at the point  4,2M . 

Solution. Here 

2



M

x
x

u
, 

3

8

3

2





M

y
y

u
. 

Hence 

 

 

jiugrad


3

8
2  . 

The equation of the level line (Fig. 2.10) passing through the given 

point is 
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