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Differential equation-chapter II
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Lecture topic. 2.4. Linear Differential Equations of the
Second Order. The General Theorems.
Wronskian’s Determinant

Linear differential equations of the second order have the
following form
A(x)y” +B(x)y’ +C(x)y + D(x)=0,
where A(x), B(x), C(x) and D(x) are some continuous functions and
A(x) =0 for all x of considered interval. Let us the both parts of this
equation divide by A(x). Then this equation takes the following form
y"+ p(x)y’+a(x)y = f(x). (2.7)
If function f(x)=0, then equation is called homogeneous one
or equation without right part. If f(x)=0, then equation (2.7) is

called inhomogeneous linear differential equation. Let us consider
homogeneous equations, that is the equation of the kind

y"+ p(x)y’ +q(x)y =0. (2.8)
Theorem 1. If functions y,(x) and y,(x) are solutions of the
equation (2.8), then function y;(x)+ y,(x) will be solution of this
equation as well.

Proof. Indeed, due to condition we have that the following identities
are valid:

y; + p(x)y; +a(x)y, =0,
y5 + p(x)y5 +a(x)y, =0.



If we add these identities, then we obtain
(yl +Y, )” + p(x)(yl +Y, )’ + q(x)(yl + yz)E 0.
The last identity means that the function y,(x)+ y,(x) is

of the given equation. Theorem is proven.
Theorem 2. If function y(x) is solution of the equation (2.8), then

also solution

function Cy(x), where C =const will be also solution of this
equation.
Proof. Indeed, due to condition we have that the following identity is
valid:

y"+ p(x)y’ +d(x)y =0.
Let us multiply this identity by C, then we get

(Cy) +p(x)(Cy) +a(x)(Cy)=0,
The last identity means that the function Cy(x) is solution of the given
equation. Theorem is proven.

Definition. The functions y,(x) and y,(x) are called linearly
independent, if their ratio is not equal to constant, that is
Y2 (X) Y2 (X)

=2~ = const. But if their ratio is constant, that is = const or
y1(X) y1(X)
by other way Yy, =Cy,, then these functions are called linearly
dependent.
Definition. The following determinant
wey="
Yi Yo

is called Wronskian’s determinant or just wronskian of the
functions y,(x) and y,(x).

Theorem 3. If functions y,(x) and y,(x) are linearly dependent,
then their wronskian will be identically equal to zero.



Proof. Indeed, by virtue condition y,=Cy,; and consequently

y5 =Cy; . Let us construct the Wronskian’s determinant

W(X) _ y1' y2 yﬁ Cy1, C yl’ yl — O
Y1 yi Cy Y1

!

Ys

!

Y1

Theorem is proven.
Theorem 4. If W(x) =0, then corresponding functions y,(x) and

yz(x) will be linearly dependent.
Proof. Due to initial condition we have the following identity

Y1Y2 = Y1Y. =0. (2.9)
Let us divide the both parts of this identity by y> (y, =0). Whence

Y1Y2 = Y1¥
122 122 =0, (2.10)
Y1
The last identity can be written in the form that is more compact

!

(ﬁj =0,
Y1
from this it follows that
M = const.
Y1(X)

What is required to proof.
Remark. When we passed from (2.9) to (2.10) we assumed that
function y,(x) does not vanish. It can be shown that this theorem

holds true and without this condition.

2.5. Ostrogradskiy-Liuvill’s Formula

Theorem 5. If the wronskian W(y,, y, ) formed for solutions y,(x)

and yz(x) of the homogeneous linear equation (2.8) is not zero for



some value x=Xx, on the interval [a,b], where p(x) is continuous,
then it does not vanish for any value of x [a,bl].
Proof. Let functions y,(x) and y,(x) be solutions of the equation
(2.8). Then the following identities hold true
yi + p(x)y; +a(x)y; =0,
Y3 + P(x)y; +d(x)y, =0.
Let us multiply the first identity byy,, the second by y, and then
subtract the second identity from the first one. Then we obtain
Y1¥5 = V1Y + PONYLY5 — 1Y, )=0. (2.11)
Since
W (X)=y1Y5 — Y12,
then
W' (X)=Y1¥5 + V1¥5 = Y1¥2 = 1Yz = Yi¥5 = Vi¥e-
Therefore (2.11) takes the form

W'(x)+ p(x W (x)=0.

Whence
dw
— =—p(xXW .
=P

Taking the assumption that W = 0 separate the variables
dwW
—— =—p(x)dx.
W =Pk

Integrating the last equation along segment (x,,x), where x is any

point of the segment [a,b], we receive

InW/[ =~ [ p(x)dx
or

W ()~ InW (3) =~ plxk

Whence



—J)Ep(x)dx
W(x)=W(x,)e © . (2.12)

Since W(x,)=0 we get that W(x)=0, V X e[a,b]. The theorem is

proven.
Remark. The value W(x,) in formula (2.12) plays role of an

arbitrary constant, because we can take any point x, < [a,b]. Therefore
formula (2.12) may be presented in the another form

- Tp(x)dx
W(x)=C-e ™ . (2.13)

Formula (2.13) is called Ostrogradsky-Liuvill’s formula.
Note. If W(y,,Y,),,_, =0, then W(y,,y,)=0 for any xe[a,b].

This directly follows from (2.13): if W(x,)=0, then C=0.
Consequently W =0, there is no matter what the value of the upper
limit of x in formula (2.13).
Theorem 6. If functions y,(x) and y,(x) are linearly independent
particular solutions of the equation (2.8), then their wronskian does
not vanish at any point.
Proof. Let us assume opposite statement. In other words we assume,
that there exists such point x,, at which W(x,)=0. Then by virtue of
(2.12), wronskian is equal to zero identically W(x)=0. Whence due
to Theorem 4 it follows that y,(x) and y,(x) are dependent solutions
of equation (2.8). We get the contradiction that proves the given
theorem.
Theorem 7. If functions y,(x) and y,(x) are linearly independent
solutions of the equation (2.8), then function

y=Cy1 +G,Y,
Is general solution of this equation.



Proof. By reason of Theorems 1 and 2 it follows that function
y=C,y,+C,y, is solution of the given equation. Let us prove that
this solution is general one.

For this we have to prove that for any initial conditions
y\X:XO = Yo, y’\X:XO =y, such values of arbitrary constants C, and C,

may be chosen that solution y=C,y, +C,y, will satisfy this initial
conditions.

Since y'=C,y; +C,y, initial conditions can be written in such
way

Cy Y1 (%) +CoY,(xp) = yo}_ (2.14)

C1y1 (%) +CaY3 (%) = Y5
The determinant of this system is equal to wronskian
¥1(Xe)  Ya(X _
] 1] _W(XO)

y1(Xe)  y5(

Since functions y,(x) and y,(x) are linearly independent their
wronskian never vanishes. Consequently the system (2.14) has unique
solution. Thus, the necessary values of arbitrary constants C; and C,

can be found from the system and these values are single.

The general integration approach of differential equations of the
second order does not exist. However, the following theorem holds
true.

Theorem 8. If it is known one particular solution of the equation

(2.8), then the second one, which is linearly independent to the known
solution, can be found by the following formula

1 _fp(x)dx
y2 = le‘_Ze Ip( )d dX
Y1

Proof. Earlier we have obtained expression for wronskian:
W (x) = Ce ™l P



or since

Yi Yo

yi Y2

The last formula can be written in expanded form
Vi —Yay; =Cel P,

Let us divide the both sides by y;:

W = =Y1¥s —YaYi -

VY2 =¥1Ye _ o L o-fetoex

A A
or
(ﬁj oL oot
Y1 )’12
whence

Yo g L gelrtmigy
Y1 Y1
It means that
yo=Cy,] L e Mg ¢,

1
Since y, and y, are linearly independent at C =0, then we can take

value for C equal to 1, i.e. C =1. Finally, we obtain

1—xx
b:yJFef“”m. (2.15)
1

From proved theorem it follows that it is possible to find the
general solution of the equation (2.8) of the second order by knowing
one particular solution.

Example. Consider equation (1+ xz)y” —2xy'+2y =0.



Solution. It is easy to show that it has the particular solution y, = x.
To find the second particular solution y, we will transform it by the
way:
) 2X , 2
Y T) Tee)’ T
Let us use formula (2.15), then we get

0.

| 2x2 dx 2
Y, =XI%9 te?) dX=XJX—12e'”(1+X )dx=xjx—12(1+ xz)dx:

= xj(% +1jdx :x(—l+ xj =—1+x2,
X X

The general solution may be written as
y = Cyx+Cy(x2 —1).



