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Lecture topic. PART I. DIFFERENTIAL EQUATIONS
CHAPTER 1. DIFFERENTIAL EQUATIONS OF THE
FIRST ORDER

1.1. Problems Leading to Necessity of Solving
Differential Equations.
The Main Concepts and Definition

If scientific problem may be mathematically formulated then it is
reduced as rule to solving one or several differential equations. It
always has place for problems connected with forces and motion.
Numerous examples prove this fact. For example, Newton has
received laws of space motions of planets due to research of
differential equations of motions. Earlier Kepler had stated these laws
experimentally. At the present time theory of differential equations is
widely applied in different fields of science and technique.

Let us consider some problems leading to necessity of solving
differential equations.
Example 1. It is known that slope of tangent is greater than slope of
radius vector in two times at any point of the given curve. Find
equation of this curve. Y
Solution. Due to given condition
we have tano = 2tan. Let unknown

curve be described by function y(x).

Then slope tangent tano will be



expressed as tana=Y’. The slope of the vector-radius tan¢ of the

given curve is equal to ratio Y at any point M(x,y). Hence due to
X

given condition we have

y'=22
X

or
xy'—2y=0.
It is easy to show that function y=Cx? satisfies obtained equation.

Here C is any constant. Really, let us substitute this function into
obtained equation

2Cx* —2Cx* =0,
we obtained identity.
Example 2. Radium disintegration. Determine mass of radium
which is remained as result of radioactive disintegration at the
moment time t, if it is known that its mass was equal M, at initial

moment of the time.
Solution. To determine the dependence between mass of radium
M, which is not disintegrated and time, we can use experimental
result. It follows that speed of decay rate of radium is proportional to
quantity of substance, which is not disintegrated. We know that speed
of changing any function coincides with derivative of the function
with respect to its argument. That is why we can write down
dM
P
where k is coefficient of proportionality. Sign minus is taken because
mass of radium decreases as time increases. Hence speed is negative
value. Show that function

M =Ce™ (1.2)

kM, (1.1)



satisfies obtained equation. Here C is any number. Really determine
derivative of this function and substitute in equation (1.1)
am _ —kCe™, —kCe™" = —kCe ™.
dt
Thus, we have identity. Since the mass of substance is equal to My at

initial time, then we can write down
M, =Ce ™. (1.3)
Consequently C =M e*°. After substitution of this value (1.3) into
equation (1.2) we obtain
M = Moekto—kt _ Moe—k(t—to).

Naturally the question occurs. What is called the differential
equation?
Definition. If an equation connects unknown function, its
derivatives and independent variables, then it is called differential
equation.

If unknown function depends on several variables, then it is
called differential equation with partial derivatives.

For example, the warm processes are described by the following
equation

2 2
M _22pu+ f (x,y,t), where Au= 6L21+ al;

ot oX~ oy

The forced vibrations of the plate are described by equation of

the fourth order

2
AAW = a2 88:/2\/ + f(x,v,1),

where

AAW:a“w+2 o'W o'w

+ .
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Presented equations are enough complex. And methods for
solving such equations are considered in special courses of higher
mathematics and particularly in chapters of mathematics physics.

If the unknown function is a function of one independent
variable, then the differential equation is called ordinary differential
equation.

Definition. The order of the highest derivative, which appears in
the given equation, is called the order of the differential equation.

For example, the equation

3y'+5xy +sinx=0
IS an equation of the first order.
The equation
y"—3xy'+6y—e* =0
IS an equation of the second order.

The ordinary differential equation of the n™ order is presented as

follows:

Fxy,y,y"... y™)=0.
We will study only the simple ordinary differential equations.
Consider the differential equations of the first order.

1.2. The General and Partial Solution.
Problem by Cauchy

In general case differential equation of the first order can be
written as

F(x,y,y')=0. (1.4)
Definition. Any function y=¢(x) satisfying the differential
equation is called the solution or integral of the differential equation,



l.e. in other words the function that converts the equation into an
identity when we put it into given equations is called the solution. The
ratio @(x,y)=0, implicitly establishing a solution of an equation, is
called the integral of this equation. The graph of a solution of
differential equations is called its integral curve. Process of finding a
solution is called integration of a differential equation.

Let us assume that the equation (1.4) can be solved for the
derivative. Then it will be look like:

y'=f(xy). (1.5)

The equation (1.5) is canonical form of the differential equation
of the first order.

If the problem requires finding the solution of the equation
y'= f(x, y), which satisfies the initial condition y|,_ = y,, then such

problem is called the Problem by Cauchy. For such problem the
following theorem by Cauchy holds true.

The theorem of existence and uniqueness of the Cauchy problem
solution:

If in the equation y'= f(x, y) the function f(x,y) and its partial
derivative fy’(x, y) with respect to y are defined and continuous in
some domain D in xy-plane, containing some point (X,, Yy, ), then there
is an unique solution y =o(x) of this equation, which satisfies the
condition y =y, at X =X,.

Geometrically it means that one and only one integral curve
passes through point (x,, Y, ) in the domain D. Equation of this curve
is defined by function y = ¢(x).

Definition. The general solution of the I® -order differential
equation is a function y=¢(x,C), depending on one arbitrary
constant C and satisfying two following conditions:



1) The function y =¢(x,C) is a solution of the equation for any

possible values of the constant C;
2) It is always possible to find a value C=C, such that the

functiony = ¢(x,C,) satisfies the given initial condition y\X:XO =Y,.

Here it is assumed that the values X, Yy, belong to the range of the

variables x and y in which the conditions of the existence and
unigueness theorem are fulfilled.

The expression ®(x,y,C)=0 defining general solution by
implicit way is called the general (complete) integral of the equation.
The general solution presents one-parameter family of integral curves.
Definition. A particular solution of the differential equation (1.4)
is any function y=¢(x,C,) obtained from the general solution

y =(x,C) at any concrete value of arbitrary variable C. In this case
the relation ®(x,y,C,)=0 is called a particular integral of the

equation.

Solution of the Cauchy problem, i.e. the solution satisfying the
initial conditions is a particular one.
Example. Let us consider the differential equation of the first order

dy y

dx X

The general solution is a family of functions y =9. It can be
X
checked by simple substitution of these functions into the equation.
Let us find a particular solution that satisfies the following initial
condition: Yixe2 =1. Putting these values into the formula y :9 we
X

have



will be the particular solution.

From the geometric view point the general solution (complete
integral) is a family of curves in the coordinate plane. This family
depends on a single parameter C and it is one parametric family of
curves. These curves are called integral curves of the given differential
equation. A particular curve is associated with one curve of the family
that passes through certain given point of the plane.

Note. The equation dy __Y has no solution passing through point

dx X
lying on the y-axis. Since the right side of the equation is not defined
for x=0 and consequently is not continuous. At this point the
conditions of the Cauchy’s theorem is not fulfilled. Such points are
called singular points.

1.3. Equations with Separable Variables

The differential equation
y'=f(x,y) (1.6)
is the equation with separable variables if its right part f(x,y) can

be presented as product of two functions and each of them depends on
only one variable:

f(x,y)=o(x)y(y).

Then the equation (1.6) can be presented as follows:



Y pxw(y) (1.7)

Assume that function (y) is not equal to zero for any y. Let us divide

both parts of the equation by y(y) (y(y)=0):

% = ¢(x)dx. (1.8)
In the last equation the variables are separated. Considering that
y = y(x) is the solution of the equation (known function of x),
obtained equation may be regarded as an identity of two differentials.
Integrating the left side with respect to y and the right side with
respect to x we get

ji:j(p(x)dXJrC.

w(y)

Thus, we found general integral of the equation.
Note. If there exist such values y=vy,, y=VY,,...,y =Y, at which the
function y(y) vanishes y(y;)=0,y(y,)=0,..,y(y,)=0, then the
equation (1.7) will have additional solutions y =y;, Yy =VYs,..., Y = Y,.
The equation (1.7) may be presented in the following form
M (x)dx+ N(y)dy=0. (1.9
This equation is called an equation with separated variables. From
what has been proved, its complete integral is
[M(x)dx+[N(y)dy=C.
Example. Find the general solution of the differential equation
y = —.
V¥ +1

Solution. This is an equation with separable variables. Considering

that y =0 let us separate variables:



dy  dx
y x*+1
After integrating we obtain:

Injy|= In‘x+x/x2 +1‘ +In[C]|.

Then it follows that
y = C(x + M)
is a general solution of the equation. The solution y =0 is contained
in the general one at C =0.
An equation of the form

M, (XN, (y)dx + M, (x)N,(y)dy =0 (1.10)
will be an equation with separable variables. Assume that we consider
region where neither function N,(y) nor function M,(x) vanish. Then

an equation (1.10) can be reduced to an equation with separated
variables by dividing the both sides by expression N, (Y )M,(x):

M, (x)Ny(y) X+M2(X)N2(y) _
N M, (0 N ()00 @ =

or

That is equation like (1.9).
Example. Solve the differential equation
(2+In x)ydx + (1— yz)xdy =0.
Solution. Let us separate the variables
1+Inx . _ y? _1dy.
X y
Now we can integrate the obtained equation




2 2 2
j1+|nxdx:jy —1dy :>(1+I;x) :%—Iny+c.

X y
Equations like one

y' = f(ax+by+c)
may be transformed to equations with separable variables by
substitution of variable.
Let us introduce a new variable z=ax+by+c. Then

z'=a+by’. Considering that y’'= f(z) we obtain the following
z'=a+bf(z).
This is an equation with separable variables. Separating the variables

and integrating obtained equation we get the following:

dz

Ia+bf(z)+C:X'
X—y+1
X—Yy
Solution. The right part of this equation is a function of (x —y).

Example. Solve the differential equation y'=

Therefore putting

Z=X-Y

we obtain:
2'=1-y' or z’:1—2—+1:> z’:—1 :
z z

Let us separate variables

zdz = —dx
and integrate

7 =-2x+C.

As z=x-y, then the general integral of the equation looks as
follows:
(x—yy =—2x+C.



Conclusion. Thus, the differential equations of the following types
a) y'=o(x)-w(y),

b) M(x)dx + N(y)dy =0,

¢) M, ()N, (y)dx+ M, (x)N,(y)dy =0,

d) y'= f(ax+by+c)

are reduced to differential equations with separated variables.



