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Lecture topic. 1.5. Homogeneous Differential Equations 

in Euler’s Sense 

 

Definition. The function  yxf ,  is a homogeneous function of the 

k th power, if the identity  
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takes place for any t. For example,  
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is a homogeneous function with the parameter of homogeneity 1k . 

Indeed, 
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The function  
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is homogeneous of the 3
rd

 power. 

 The function  
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is homogeneous one of zero power. 

 The differential equation 

 yxfy ,       (1.11) 

is called homogeneous one in Euler’s sense, if  yxf ,  is a 

homogeneous function of zero power. 



If the function  yxf ,  is homogeneous of zero power, then it 

satisfies the identity    yxftytxf ,,  . So, it can always be presented 

as the function of ratio 
x

y
. Putting 
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The left part of the obtained equality depends only on 
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y
, so 
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The equation (1.11) may be written as follows:  
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Changing the variable we obtain equation with separable variables: 

  zxzyxzyxz
x

y
 , . 

Putting these expressions into the equation (1.12) we obtain 

 zzxz  or   zzzx  . 

Separating variables and integrating we obtain the general 

integral of the equation 
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While separating variables we divided by   zz  , considering 

that this expression does not vanish. If there exists such value 0z  at 

which   000  zz , then we have the solution 0zz   or 0xzy  . 

Example. Solve the differential equation
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Solution. This is a homogeneous differential equation since 
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is a homogeneous function of zero power. For solving it we should 

introduce the new function  

  
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y
xz zxzyxzy  , . 

With new variables this equation looks like:  
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Whence it follows 
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After integration we get: 

  Cxzz lnln1lnln 2   or Cx
z

z


 21
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Substituting the value 
x

y
z   we obtain the general integral of the 

equation  

Cyyx  22 . 

 If 0z  then we obtain solution 0y  that is not contained in 

general solution. It is singular solution.  

Equations like 
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can be transformed to homogeneous differential equations by change 

of variables. 



We should mention that if 1c  and 2c  are trivial constants (equal 

to zero), then the equation is homogeneous (we can see it by dividing 

numerator and denominator by x ). 

The equations 0111  cybxa  and 0222  cybxa  define 

two straight lines. To eliminate free members in these equations we 

should move the origin at the point of intersection of these lines. 

Solving the system of equations 
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we find the mentioned point of intersection ),( 00 yx . The following 

substitution of variables 
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d
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transforms the equation to the equation 



















22

11

ba

ba
f

d

d
. 

This is a homogeneous differential equation. 

This method cannot be applied to parallel lines. But in this case 

the coefficients at the current coordinates are proportional: 
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The differential equation can be presented as follows: 
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Therefore the substitution of variables ybxaz 11   transforms the 

equation into the equation with separable variables. 

Example. Find the general integral of the equation 
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Solution. Solving the system of equation 
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we obtain 2,1 00  yx . Suppose 1 x , 2 y , then we get  
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Substitution of the variables 




z  or  z  

leads to the equation with separable variables  
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Let us separate variables: 
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After integration we have: 

 Czz ln
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1
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Considering 
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Returning to old variables we find general integral of the differential 

equation 

1
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Conclusion: the differential equations which look like 
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are reduced to homogeneous differential equations in Euler’s sense. 

 

 

1.7. Linear Differential Equations and 

Solving Methods for Linear Equations 

of the First Order 
 

A differential equation is called linear one if it contains y  and 

y in the first power. The general form of the linear equation of the 

first order is the following: 

     xCyxByxA  , 

where )(),(),( xCxBxA  are known functions and function   0xA . 

Let us divide the both sides of the linear equation by   0xA . Then 

the equation is transformed as follows: 

   ,xfyxpy      (1.13) 

where  xf  is the right part of the linear differential equation. 

If   0xf , then the equation is called homogeneous linear 

equation (in usual sense). If   0xf , then we have inhomogeneous 

linear equation. 

The first approach to Solving Linear Differential 

Equations. Consider homogenous linear equation corresponding to 

the given equation (1.13). It is an equation with separable variables: 
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After integration we obtain general solution of a homogeneous linear 

equation: 

 
 dxxp

Cey . 

For solving inhomogeneous linear equation we can use the 

method of variation of an arbitrary constant. The essentiality of the 

approach is sought for solution of the inhomogeneous equation at the 

same form as the solution of the corresponding homogeneous 

equation. However С is an unknown function of x : 
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Putting yy and  into the equation (1.13) we get: 
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After the simplification we obtain:  
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 The general solution of an inhomogeneous linear equation 

looks like: 
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where  xU  is the general solution of a homogeneous equation,  xV  

is particular solution of an inhomogeneous equation  01 C . 

Example 1. Find the general solution of the differential equation 

   11 22  xxxyyx . 

Solution. Let us divide the both parts of the equation by  12 x : 
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1. Solve the equation without its right part (homogeneous)  
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Separating variables  

 
dx

x

x

u

du

12 
  

and integrating we get 
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2. The solution of the inhomogeneous equation is searched for as 

follows:  
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Putting the obtained expressions into the origin equation we find:  
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Whence  
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General solution of the inhomogeneous equation is as follows: 
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Example 2. Solve the differential equation  
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Solution. This is linear differential equation with respect to 

unknown function x. In other words we will consider x as function of 

y: 

  22 21 yxy
dy

dx
y  . 

Let us divide the whole equation by  02 yy :  
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1. First, let us solve the corresponding homogeneous equation. This is 

equation with separable variables:  

dy
y

y

x

dx
2

12 
 . 

After the integration we find the general solution of the 

homogeneous equation: 
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2. Using the method of variation of an arbitrary constant we search for 

the solution of the inhomogeneous differential equation like:  
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Putting it into the given equation we get 
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or after simplification: 
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