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Lecture topic. 1.5. Homogeneous Differential Equations

in Euler’s Sense

Definition. The function f(x,y) is a homogeneous function of the
k —th power, if the identity

f(tx,ty)=t“f(x,y)
takes place for any t. For example,

f(x,y)=

Is @ homogeneous function with the parameter of homogeneity k =-1.
Indeed,

x° + y?

tX+ty 1 x+y

= =tf(x,y).
t°x? +t7y%  tx2+y? (x.y)

f(tx ty)=

The function
f(x,y)=x’y+3xy* +8y°
Is homogeneous of the 3" power.
The function

f(x, y):%sin¥

IS homogeneous one of zero power.
The differential equation

y'=f(xy) (1.11)
is called homogeneous one in Euler’s sense, if f(x,y) is a
homogeneous function of zero power.



If the function f(x,y) is homogeneous of zero power, then it
satisfies the identity f (tx,ty)= f(x,y). So, it can always be presented

as the function of ratio .. Putting t = 1 we obtain

X X

f(l,%): f(x,y).
y

The left part of the obtained equality depends only on o SO

f(x y>=<p(ij.

X
The equation (1.11) may be written as follows:
y%:@(Xj. (1.12)
X
Changing the variable we obtain equation with separable variables:

X:z(x): y=xz, Yy =z+xz'.
X

Putting these expressions into the equation (1.12) we obtain
z+x2'=¢(z) or x2'=¢(z)-z.
Separating variables and integrating we obtain the general
integral of the equation
dz

hﬂﬂ—z

While separating variables we divided by ¢(z)-z, considering

=In|x/+In[C|.

that this expression does not vanish. If there exists such value z, at

which ¢(z,) -z, = 0, then we have the solution z =z, or y = xz,.

2Xy

x2—y?

Example. Solve the differential equationy’ =

Solution. This is a homogeneous differential equation since



Is a homogeneous function of zero power. For solving it we should
introduce the new function

2(x)=Y = y=xz, y'=2+x2'.
X

With new variables this equation looks like:

f“fmz? “ly 3‘2?11—3)" g

After integration we get:

In\z\—ln(1+ 22): In|x|+ In|C| or - - =CX.

1+z
Substituting the value z = Y \we obtain the general integral of the
X
equation
x° +y*=Cy.

If z=0 then we obtain solution y =0 that is not contained in

general solution. It is singular solution.
Equations like

a,x+b,y+c,

y,:f(a1x+b1y+clJ

can be transformed to homogeneous differential equations by change
of variables.



We should mention that if ¢, and c, are trivial constants (equal
to zero), then the equation is homogeneous (we can see it by dividing
numerator and denominator by x).

The equations ax+by+c, =0 and a,x+b,y+c, =0 define
two straight lines. To eliminate free members in these equations we
should move the origin at the point of intersection of these lines.
Solving the system of equations

ax+by+c =0,
{a2x+b2y+c2 =0,
we find the mentioned point of intersection (X,,Y,). The following
substitution of variables

dn _dy

:X—X’ = — , — =
S o M=Y Yo de  dx

transforms the equation to the equation
dn _ f(a@*'bmj_
dg a,€+ b
This is a homogeneous differential equation.
This method cannot be applied to parallel lines. But in this case
the coefficients at the current coordinates are proportional:
& _ by
a b
The differential equation can be presented as follows:
, ax+by+c
= =F(ax+ :
y (k(alx+b1y)+czj (ax+Dby)

Therefore the substitution of variables z=a,x+by transforms the

equation into the equation with separable variables.
X—y+1

Example. Find the general integral of the equation y'= 3
X+ Yy —



Solution. Solving the system of equation
X—y+1=0,
{x +y-3=0,
we obtain x, =1, Yy, =2.Suppose E=x-1, n=y—2, then we get

n

n_&-mn  dn_ &
¢ &+nm d& ..M

Substitution of the variables

z="1or n=12§
leads to the equation with separable variables
Z+ @E = 1_—2
d§ 1+7z
Let us separate variables:
(1+z)dz _dg

1-2z-2> &
After integration we have:

_%m‘l—zz - 22\ = In\g\—%ln\q =3 (1—2z— 22)52 ~C.

Considering z =— we obtain

g |3

g*-2&n-n’=C.
Returning to old variables we find general integral of the differential
equation
X* —2xy —y* +2x+6y=C,.
Conclusion: the differential equations which look like



a) y'=f Xj,

b) y'— f qx+Qy+q]
a,x+b,y+c,

are reduced to homogeneous differential equations in Euler’s sense.

1.7. Linear Differential Equations and
Solving Methods for Linear Equations
of the First Order

A differential equation is called linear one if it contains y and
y' in the first power. The general form of the linear equation of the
first order is the following:

Ax)y'+B(x)y = C(x),
where A(x),B(x),C(x) are known functions and function A(x)#0.
Let us divide the both sides of the linear equation by A(x)=0. Then
the equation is transformed as follows:
y'+ p(x)y = f(x) (1.13)
where f(x) is the right part of the linear differential equation.

If f(x)=0, then the equation is called homogeneous linear
equation (in usual sense). If f(x)=0, then we have inhomogeneous
linear equation.

The first approach to Solving Linear Differential

Equations. Consider homogenous linear equation corresponding to
the given equation (1.13). It is an equation with separable variables:

, d
Y+ plx)y = 0= "% = =p(x)ox.



After integration we obtain general solution of a homogeneous linear
equation:

y = Ce_I p(x )dx

For solving inhomogeneous linear equation we can use the
method of variation of an arbitrary constant. The essentiality of the
approach is sought for solution of the inhomogeneous equation at the
same form as the solution of the corresponding homogeneous
equation. However C is an unknown function of x:

y = C(x)e_j p(x)dx,

y'=C'(x)e TP _c(x)e T p(x).
Putting y and Y’ into the equation (1.13) we get:
[ p(x)dx [ p(x)dx [ p(x)dx
c'(e 1P —c e P p(x) + pxic(oe TP = 1 (x).
After the simplification we obtain:
C'(x)= £ (x)e! "
Integrating we find C(x):
C(x)=] f(x)e/ ™™ dx+C,.

The general solution of an inhomogeneous linear equation
looks like:

y(0)=Cre TP 1.Goel ™ e TP —u ) v (1)

where U(x) is the general solution of a homogeneous equation, V(x)
is particular solution of an inhomogeneous equation (C, =0).
Example 1. Find the general solution of the differential equation
(x2 +1)y’ + Xy = x(x2 +1).

Solution. Let us divide the both parts of the equation by (x2 +1):



, X
+ = X.
y (m) y
1. Solve the equation without its right part (homogeneous)
, X

u'+ u=0.
(x2 +1)
Separating variables
du X

and integrating we get
Infu| = —%In(xz +1)+1n[c].

Whence
C
N
2. The solution of the inhomogeneous equation is searched for as
follows:

u=

Cx) ,_Ck Cx

y =, y = — X.

VX2 +1 x° +1 (x2+1)3/2
Putting the obtained expressions into the origin equation we find:
X x  C(x)

C'(X) 5~ C(X) g+ 1 -
VX +1 (x2+1) (X +1)'\/x2+1
Whence
2 3/2
C'(x)=x/x*+1, then C(x)=M+C1.

General solution of the inhomogeneous equation is as follows:
y- C, . X +1
VxP+1 3

Example 2. Solve the differential equation




(x—2yx— yz)dy+ y“dx =0.
Solution. This is linear differential equation with respect to
unknown function x. In other words we will consider x as function of
y:
» dX 2
—+(1-2y)x=vy".
iy (1-2y)x=y

Let us divide the whole equation by y* (y = 0):
dx 1-2
@y Y :
1. First, let us solve the corresponding homogeneous equation. This is
equation with separable variables:
dx 2y-1
X y?
After the integration we find the general solution of the
homogeneous equation:

X =1.

dy.

1
Inx| = In y? +%+ InC| = x=Cy%’.

2. Using the method of variation of an arbitrary constant we search for
the solution of the inhomogeneous differential equation like:

1 1 1 1
x =C(y)y’e’, x'=C'(y)y’e’ +C(y)[2yey —eyJ.

Putting it into the given equation we get

1 1 1 1
C'(y)y’e’ +C(y)(2yey —ey}l_fyC(y)yzey =1

or after simplification:



Finally,




