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7. Definite integral and its applications

7.1  Definition, properties, geometrical meaning of a definite
integral.
Methods of their calculus

Let the continuous function y=f(x) be determined in the
interval [a,b]. Let’s divide the interval [a,b] into n subintervals by n
poINts a=xg <X <---<Xj_g <Xj <---<X, =b.

On each subinterval [x;_;,x;] we choose some point &; and

n
compound the sum S, =>" f(&; )Ax; which is called an integral sum of
i=1
the function y = f(x) in the interval [a,b].
If there exists some final limit of the integral sum S, while
A = max {Ax; } -0, not depending on the way of splitting the interval

1<i<n

[a,b] into elementary segments and choice of the points &;, this limit is
called a definite integral of the function f(x) in the interval [a,b] and

Is designated as
b

J f(x)dx= lim i f (& )AX;

A—0%
a =1
In this case the function f(x) is called integrated in the interval
[a,b].

y | —y=1f( |

The geometrical

. meaning of a definite integral:

/ S = [ f(x)dx 'J f(x)>0 wvxe[ab], then
a R . .

3 0 " £f(x)dx is numerically equal

Fig. 7.1 to area of the curvilinear
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trapezoid with the base [a,b], restricted by the straight lines x=a,
x=b and the curve y= f(x) (fig.7.1).

The properties of a definite integral.

1. .f dx——j )dx.

b

2. jf(x)dx:O

a
3. Linearity of an integral. If the functions f(x) u g(x) are
integrated in [a, b] then

a) ij X )Jdx = CJ x)dx, (C = const).

b) j X))dx = j Xi?g(x)dx

4. Additivity of an integral. If the function f(x) is integrated in

[a,c] and [c,b], where c e(a,b), then it’s integrated in [a,b] and
b c

b
j f (x)dx = j f (x)dx + j f (x)dx.

a

5. 1f a<b and f(x)>0, then j x)dx >0, and equality to zero is

possible only if f(x)=0,vxe(a,b).
b
6.1f a<b and f(x)>g thenj dx>jg

7. If the function f(x) is mtegrated in [a,b], then | f(x) is also
integrated in [a,b] and the following inequality is valid:

b b
j f (x)dx gﬂf(x}dx

a
8. The theorem of an estimation of a definite integral. If

a
m< f(x)<M, m=inf f(x), M =sup f(x) then
[a,b] [a,b]

mb-a)<| f(x)dx<M(b-a).

QD — T
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9. The theorem of an average meaning of an integral. If the function
y f(x) is continuous vxela,b], then

// 3¢ (a,b), that T f(x)dx = f(¢)b-a).

;

Geometrical meaning of the theorem:
let f(x)>0 wvxelab], then there
exists at least one point ¢ e(a,b), that
_ b "X area of the curvilinear trapezoid,
Fig. 7.2 restricted above by the continuous
curve y= f(x) is equal to area of the

rectangle with similar base and altitude, equal to f(¢) (fig.7.2).
10. If the functions f(x) and ¢(x) are continuous in [a,b], and

o(x) doesn’t change its sign in this interval, then
b

b

j f (x)p(x)dx = (&) J' o(x)dx a<&<b

a a

(generalized theorem of the average meaning of an integral).
11. If the continuous function f(x), xe[-1,1] is even, then

! !
I f(x)dx = 2[ f(x)dx.
0

|
If the function f(x) - odd, then [ f(x)dx=0.
5

b
b
The formula of Newton-Leibnitz If(x)dx: F(Xﬂa: F(b)-F(a)
a
establishes relation between definite and indefinite integrals and
allows calculus of definite integrals as the difference of values at high
and low limits of integrating.

Examples.
i . A sin x
1. Estimate the integral j = o,
i
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Solution. The integrand f(x)=>"* decreases in the interval
X

[“,n}, i.e. its derivative
4 3

:(x—@@umx<o.

X2

33

on

f,(X):xcosx—smx

T T
> =[x < tgx, XE‘:—, }

4'3

X

Therefore, minimum of the function m= f(?’) . and maximum

T
we obtain the following:

3f( “)qsiﬂdxgﬂ(ﬁ_zj,

21 3 4

M = f(nj 22 . Using the theorem of an estimation of an integral,

3 4

0,22 ~

\@S?mw 2

2. Estimate the absolute value of the integral
19

[ g
101+ X
Solution. l.e. |sinx/ <1, then at x>10 the inequality Sm); <107®
1+x

Is true. Using the property 7 we obtain the following:
T sin X

8
10
3. Estimate the following integral on above

1 .
SN X
| = dx.
‘([1+x2
Solution. According to the generalized theorem of the average
meaning of an integral we obtain the following:

} sin X ni]

01+x

dx <(19-101078 <1077,

dx| <

19 .
J SIn X
8

101+x 1+ X

—sma-mcwﬁgzﬁsmg (0<g<1).
1+ X2 4
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As in the interval [0, 1] the function sinx increases, then
sin& < sinl1. Thus we obtain estimation of the given integral on above:

1 .
.f >IN X dx<£sin1z0,64.
ol+ X
We can obtain more exact estimation while using the same

theorem as the foIIowing:
1

1 .
J. smxde: 2J.smxdx—
0l+ X 1+¢§

(L-cosL)y <1-cosl~046

1+E2

T

T
2 2
J'\/cosx—cos3 xdx = J.\/cos x(l—cos2 )dx=
I
2

sin x|(cos x)¥? dx =

—nN | 3

2 2
Let’s use the parity of an integrand
2 2
= 2.[ sin x(cos )42 dx = Zj(cos x)¥2d(cos x) =

0 0

2 32|,
Zj(cos x)¥2d(cos x) = ZM _4

: 32 | 3

5. Calculate the integral, if a+0,
1
I_J- :J~ d(x - cosa) |
Y x% —2xcosa+1 *(x—cosa)’ +sin?a

Solution.
x—cosoc|1 1 1-coso X + COS O
| =~ arct : = arctg — +arctg—— |=
sina sina \_1 sina sina sina
. o o
2sin? = 2c0s2 —
1 2
=———| arctg + arctg =
o . o a . o
Sina 2C0S — SIin — 2COSESIHE

b arctg(tg j+arctg tg(ﬁ—gj _L(E E_EJ m
sina 2 2 sina\2 2 2) 2sina
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Method of change of variable in a definite integral.

Let the function f(x) be continuous in the interval [a,b], and the
function x=o(t) is monotone and has the continuous derivative in the
interval [, /], where ¢(a)=a and ¢(B)=b, then the following formula
concerning the change (substitution) of variable in a definite integral
is valid:

b p

[ f(x)ax = f(qt)l'(t)dt .

While changing the integrating variable the values of the
function o(t) shouldn’t fall outside the limits of the interval [a,b]
while t being changing in [o,f]. If the function ¢(t) is monotone in the
interval [a,f], the mentioned condition is executed.

Examples.

a

1. 1={+/a% - x%dx
[
0

Solution. Let x=asint. Let’s define the new integrating limits
for variable t. Let x=0, i.e. x is equal to low limit of integrating in the
initial integral. Then in state of t can be accepted any solution of the
equation asint =0, for example t=0. While calculating high limit for
variable t in state of x we put high limit of integrating equal to a and
solve the equation a=asint, from here we obtain sint=1,

t=’2T+ 2nn, nez, i.e. the equation has an infinite set of the solutions.

Thus, taking the solution t=72T (at n=0) while changing t from 0 to TZE

we obtain the variable x will change monotone from 0 to a. Thus

x=asint,

dx—acostdt| 2 72
l=lx=0 t=0 |= \/<';12—a25in2tacostdt:a2 jcosztdt:

0 0

— =T

X=a, t—é

%

2 2 - T 2 - 2
:a2J-1+0032tdt:a (HsttjA:a (EJrsmnj:na |

n 2 2 2 Jo 2 \ 2 2 4
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—In2
2. 1= J. V1-eZ¥dx.
0
Solution. The function /1—e?* is continuous and monotone in
the interval [-In2,0]. Considering t=-/1—¢2*, we find the integrating
limits for variable t. At x=0 we have t=0; at x=-In2 we find

t=y1—p2IN2 _\f1_g-In4 =§. It’s obvious the function inverse for t

42
equal to x=ﬂ12—t) will be continuous and differentiable in the
/3

interval 0<t< PR Then

~In2 1-e?X =t2 —2e2Xdx = 2tdt,
|=I 1-e™dx = —tdt  tdt =
0 dx = o = o
et t°-1
V312 12 I/Z!t ~1)+1 BTN RN R S
= [ [ dt:(t+—ln— S 1 -
L t2o1 oy t2-1 2 Jt+1]), 22@+1
2
\/2— ; (2 \/_) :£+In(2 \/_)
27 dx
3. While calculating the integral |=j , using the
02+cosx

substitution t=tg)2(, we find low limit of integrating equal to

t=tg0=0, high limit equal to t =tgn =0. Then

0 0
dt dt
|=2j : . =2jt2+3:0,
0(1+t 2+ 5 0
1+t

> 0. The reason of this is

that is impossible, i.e. the integrand

2 + COS X

that the function tg)z( in the point x=ne|0, 2r] has a break and

therefore doesn’t have the continuous derivative. The substitution
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t=tg)2( is inapplicable in the interval [0, 2r]. The following integral
can be calculated as follows.

X—m=
T odx Tt Tod ¢ dt
o & T COSX toxl -n — €08 01+2sin“— o0
ot 1
sin® — +1
2 . ot
SIn~ —
t t|"
——Z_T dCth —arctgctg2 _Am_2n
03 1.2t 3 /3 J32 3
—+-ctg” —
2 2 2 0
b b
The formula of integrating in parts judv:uva—jvdu :
a
Examples
arcst
Solution. Considering u = arcsin ‘/L , then
1+ X
du = 1+ X

1+x
(1+ xj

o dx
_2f(1+x)’
3 3 2

_ (x| 1 BT (xSdlx)_ g
e 1J“Xo I\/_“X) £l+(\/§)2 3
) +1 d(/x)
- dl/x)+ | —2L =n—-/x_ +arctg-/x|_ =n—-/3 +arctg-/3 =
e A A

dv=dx,x=v.

=3arcsin

4
LY
37'C

/2
2. Calculate the integral 1, = [sin" xdx.
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Solution. Considering u =sin"* x, then

du =(n—1)sin"? xcos xdx, dv=sinxdx, v=—cosx. We obtain the
following
m/2 /2

i (n-1) J‘sin”_2 x(l— sin’ x)dx:(n -1) _[Si”n_z xdx =
0

I, =—cosxsin" X,

-2ty ~(r -1ty 5 (1D

n

Therefore 1, _Llln_z. The obtained recurrence allows getting the

value of the integral for any integer n.

2k ~1)2k —3).3-1, (2k—-1M~
Zk:( 2k()2(k—2)..).2 O_((Zk)!!) o+ Where lo = Idx_*

At n=2k +1 we find

/2
P 2K(2k - 2}..2 (2K , Where 1, = Isin xdx =1.
(2k -1 2k -3)..3-1 1 (2k +1p” :
/2 /2
Besides this, jcosn XX = jsinn xdx (it’s obvious from
0 0

geometrical reasons and can be checked out by the substitution
tz;t—x). Thus,

/2 /2 (n—l)”n if n—even
Jcos” xdx = jsin” xdx = (0 n!!l)ll
0 0 ~2"if n—odd
ni!
For example,
2 Sin 5.317 5r

lg = [sin®xdx=""2= 222 20T
. 612 6-4.22 32
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7.2 Geometric applications of the definite integral,
computing volumes, and arc length

If a curvilinear trapezoid is restricted by the curve y=f(x),
straight lines x=a, x=b, (a<b) y=0 and f(x)>0, then its area

b
S:If(x)dx.

If f,(x)>f(x), then area restricted by these curves and the
b
straight lines x=a and x=b isequal to S :j(fl(x)— f(x))dx.

a
X:X(tt) (t, <t<t,) the

If the curve is given in parametric form {

iterative traversal is carried out counter clockwise and the area is

calculated according the next formula:
t t

S =—[y()x'(t)dt = [ x(t)y(t)dt.

L’} 4
Area of the figure, given in the polar coordinates ¢ =a, ¢=p and

p
the curve p=p(9), is calculated as follows S :;Ipz((p)d(p.
o

The volume of the surface, formed at gyration (rotation) of the
curvilinear trapezoid, restricted by the curve y = f(x) at above and the

straight lines x=a, x=b, y=0, round the axis OX can be calculated
according to the next formula:

b b
Vox = [ y2dx, at gyration round OY :Vq, = 2n[ xydx.
a a

The volume of the surface, formed at gyration (rotation) of the
figure, restricted by the lines y=1y,(x) u y=y;(x) (y; <y,) is equal to
b b
Vox =7 (V3 - y2 %, Voy =2n [ x(y2 = yp)dx.
a a
Length of an arc in Cartesian axials (a, b) is equal to:
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[
»

b
y L:J‘«/l+(y')2dx (a<b).
a
If the curve is given in

S —
/ parametric form {X x(t), we

y =y(t)

v

4 x  obtain

E "\2 "\2
L=]/0x)2 +(yp2dt; (cc<p)

-4\ X, 0

In polar coordinates:

L= Hp )% do; (01 <02)-

Examples.
1. Calculate area of the figure, restricted by the circle

x? +y% =16 and parabola x? =12(y -1).
Solution. Let’s find the points of intersections of the given
2 4 y2 =16
=12(y -1)
y; =-14 is unsuitable as y>0.
Yo =2 X2 =125 %, =42./3.
The given curves form two figures. Let’s find area S;, then S,
can be calculated as a difference between areas of the circle and S, .

23
S| = {J‘ /16 — x% dx — zx +12)d}
4sint d 4costdt
J = _[ V16 — x2 dxx | o

X
curves:{ = 16-y2 =12y -12, y? +12y-12=0

16 — x2 = 4cost

/3 /3 /3
=16 [cos? tdt =8 [(1+ C052t)dt=8(t+%sin2tj :8[g+£j'

4
0
2. Calculate area S of the figure, restricted by the curves

y=2-x%and y?=x3.
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Solution. Let’s solve the set of
i y=2- X2 i
equations , and find the
y2 = x3
limits of integrating x; =-1 and x, =1.
> b
¥ Due to the formula s = [(y; - y)dx, we

a

get the following:

1 3
S ::[1(2—x2 —X2/3)21X=(2X—X3—§X5/3] :ZE'

3. Find area of the figure, restricted by the curves, given in
parametric form:

1
2

X =6cost
{ > and y=2./3(y>2.3).
y =4sint
Solution. Let’s find the point of intersection of the ellipse and the curve
243 = 4sint; = y
sint—£:>t—£:>x—60035—3 1 B
2 3 37 D
i

The figure represents a
segment of the ellipse, given
in parametric form. Due to § 0 c /6
the symmetry of the given K/
figure we calculate half of the
area

><V

5,515 = [ y(O)x(t)dt - s,
Y

where S, - area of the rectangle OABC. Obviously S, =3-2./3=6./3
For the curvilinear trapezoid ODBC the parameter t is changing

from g to ; As x decreases while t is changing in the mentioned

interval we are to change the sign of the integral on the inverse.
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I

2 .
(sint)zdt:24jl COS2 4y _qpf ¢ SN

2 2

n

3
=12(“—“+1sin2“j:12 moB) e,

3 2 3 6 4

Conclusion: $ = 2(2r +3./3-6-/3)=4n—6./3.
4. Calculate area of the figure, restricted by the abscissa axis and
arc of the cycloid
{x =a(t - sint),

y =a(l - cost).

S; =—[4sint-6(-sint)dt = 24

W =3
W =3
wla Na

(0<t<2n).

Solution.

2 2 2 1+ cos2t
S = jaz(l—cost)zdtzaz I(1—2c05t+c032t)1t=a2 I(l—ZcosH jdt:
0 0 0

RSN :
_ 2 Et—Zsint+Sm2t T_ sin4r
2 2 )0

j =3ra? (sg.unit).

aZGZn—Zsin 27 +

5. Calculate area of the figure, restricted by a closed loop of the

curve:
X = 3t2
{ y

y=3t—t3
Solution. As x=x(t) is even, and
y =y(t) is odd, then x=x(y) is even, and m
therefore the plot is symmetric concerning 0\/‘5\ X
the axis OX.

y:t(3—t2) y=0.
Att; =0 =x=0.ty3=%/3 =x=9.
By virtue of the symmetry let’s calculate the areas and then double the

result
3 3
S=2 j3(3t - t3)5tdt =12 j3(3t2 _t? )dt :12(t3 . t:} =12(3f _ 9fj -

0 0

/3

0
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_12.6/3 _72.3
5 5
6. Calculate area of the figure, restricted by the cardioid

p=a(l+cosq).

Solution. Area in polar coordinates is
calculated according to the formula:

3—1? %(@)d
Zap ¢)do.

By virtue of the symmetry we obtain:

- I
g S:%aZ-ZJ(1+COS(p)2d(p:
0

T
=a2J(1+ 2cos(p+cos2 ¢ )dep =
0

Y 1+ C0S 20 (3 .
=a _[ 1+2coscp+T dp=a E(p+23|n(p+

0
7. Find area of the figure, restricted by the curve r=2acos3¢

lying outside the circle r =a.
Solution.r = 2acos 3¢ is a three-lamellar rose, i.e.
r-0 cos3p>0 =

2km 2km

—E+2kn£3(péﬁ+2kn:> —E+—S([)SE+—
2 6 3 6 3

3 lobes with axes

s
=3 ra?,
2

ﬁnzmj

0

o g, L2 _4m
P11 =Y @2 3 ?3 3
Mmax = 2@
: 1
N By virtue of the symmetry calculate o
part of the necessary area. Let’s find the
points of intersections of the curves
r=2acos3
® = cosB(p:1 :>(p=iE+2—k7T
r=a 2 9 3
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)
according to the formula S :; jpqu)
(1

1) let’s find ; area of one of three lobes

n/9

m
:—_[4a COS 3(pd(p 2a° Md(pz

5 2

a9
:az[(P+Sln6(p ]:ag m \/_J
0 9 12
2) S, — area of the quadrant of the circle with radius a and angle
equal to ”.
a 9
R? ¢ _ azn na’
S, = .
2 2.9 18
1
l.e. =S=5,-S,,
6 1 2
2 2 2 2
ra® a‘-/3 ma a
S=6 + - =% (2n+3/3
( 0 12 18} 6 for+33)

8. Find the length of the astroid:
w23 4 y2/3 _ a2

b
Solution. The 1% way. | =j«/1+ (y} )% dx. Y

a
a |/4
Differentiating the equation of the astroid we /

obtain the following' a X
43, 2 A3y v \/
§ X774+ - 2 y =0 = yy = R

Therefore the length of the quarter of the
astroid as follows:

a 1/3 13,.2/3
1|=j 1+ dx ja 3a ‘ _% L _6a.
4 X1/3 2

The 2™ way (parametrlc).

o
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x=acos>t |x = ~3acos? tsint
y=asin’t Yi' =3asin® tcost

(y;')? =9a? cos? tsin? t, \/(xt')2

(x')*

+(y,')? =3acostsint.

T

2 3a 3a
— —2 = .

0 4 ( ) 2

3a

1 32
4 2

O —N | 3

+
n
2
= I costsintdt = sin 2tdt:—%a0032t
0

| =6a.
9. Find the length of an arc of the tractrix:

x:a(cost+ Intg ij
" 2
y =asint
R from point A(0,a) to point B(x, y).

/\ Solution. I_N (x{)? + (y;)*dt.

t

. T .
X aS|nt1:a:>t1=E, t2:arc3|nl.
a

! H 1 !
Xt :a(— smt+_—), y; =acost.

sint

~—~
>
~ ~
~—

N
+
—~
<<
~ <
~
N
I

+COSZt =

az(sinzt—2+ 5
sin“t y

> , 5. As arcsin > <=, then
2( 1 J 2{1—sm ) a® cos‘t a 2
=a 5 -1l|=a = :

sin?t sin?t

/2
— acost . /2 B y q
| = j nt dt = alnsmt\amsiny/a_—alng_alng,

arcsiny/a

10. Find the length of the curve r :asin“g, ¢ is changing from
0 to 3=x.

Solution.

r _asm2 %COS9
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| = a“ sin —+asm49ms d =
I\/ 3 ®

2,
ajan §d(p_

11. Find area of the surface, formed by gyration of the close loop
9y2 = x(3-x)* round the axis OX.

Solution:

For upper part of the curve at

0<x<3 we obtain y:é(?)—xW.

y

0

Therefore the differential of the arc makes

di =Ly, According to the formula

2f

S= 2nj ydl, area of the surface

a
3

3
S =2n.([;(3—xw)2(§dx=g‘([(2x—x2 +3)1x=;°(9—9+9):3n

12. Calculate area of the surface, formed by gyration of one arch
of the cycloid round the axis 0X:

x=a(t—sint) @<t<@
y=a(l-cost) © 7

Solution. Area of the surface, formed by gyration is equal to
b

S= ZnI ydl or if the curve is given in parametric form
a

B
s =2n[y) /X2 +y 2 M)t

Then we get
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27 2n
S =27‘c.|.a2(1—COSt)\/(l—COSt)2 +sin tdt =8na? _[sin3£dt=
0 0

271

227c 1—cos21 sinldt:Sna2 —2acos£+gcos31
gra” | 2)7 2 2 3 2

0
zz0

sna2(2—3+2—3j:6—4na2.
3 3/ 3

13. Calculate volume of the sphere with radius R and its center
in the origin. Sphere will be formed by gyration of the semicircle

y=-/R% —x2 round the axis OX.

Solution.
R R
Vox ZW_IR(RZ - XZ)jX= ZTC_(';(RZ - XZ)jX=27I[R2X—X33J§ = ZR[R?’ —F\:J:
=;1nR3 (175/53)

7.3 Physical and mechanical applications of a definite
integral

Let's consider the applications of a definite integral for solving
some physical problems.

Problem 1. Calculate the work, needed to launch the rocket with
weight P from the surface of the Earth on the height H. What should
be the work equal to if the rocket should be removed on infinite
distance (perpetuity)?

Solution. The value of the force F, determining the force,
necessary to launch the rocket from the surface of the Earth, is equal
to the value of gravitational force, influencing the rocket, i.e.

F(x)=k (’;"TFZ’,

where M — mass of the Earth, P mass of the rocket, k — constant
q

coefficient, x — distance between the center of the Earth and the
rocket. The force F is directed along the radius of the Earth from its
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center. Movement of the rocket from a=R (R — radius of the Earth) to
b=R+H is carried out in the same direction.
Let’s divide the interval [R, R+H] into subintervals [x;,x;,;] and then

calculate an approximate value of work A; on each subinterval. Due to
smallness of each subinterval Ax; we consider the value of the force F

on each subinterval constant on this subinterval and equal to the value

of force F at some point x; of this subinterval. Then
Ai ~r F(Xi )AXi ZKNIEAXi .
aXj
The work correspondent to the whole interval [R, R+H] is

approximately equal to:

L N kKMP
i=1 i=1 OXj
Passing to a limit in equality (7.1) while A —0 we obtain an

exact value of the work A as follows:
R+H

A:IimZkMPAxi:kMP J- %:kMP(l 1 ) (7.2)

2—0 gx? qa 3 NG R R+H

Taking into account the fact on the surface of the Earth the

gravitational force F =P and x =R, we can find the coefficient k:

p - kKMP

arR?
whence
dR*

M
And for required work we finally get:

A= PRZG— L j

R R+H

At moving the rocket on indefinite distance (perpetuity) the work
makes as follows:

lim A= Iim PR X_ 1 |_pr.
H—o0 H—o0 R R+H

Problem 2. With what force does wire ring with weight M,
radius R affect the mass point C with weight m, lying on the straight
line passing through the center of the ring perpendicularly to its plane?
The distance between the point C and the center of the ring makes a.
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Solution. Let’s divide the ring into elementary segments Al;,

considering each of them to be a mass point with weight:

M M M
m; = pAl; =——Al; =——RA@; =—Ag; 7.3
i = PAl R R ?i or ?j ( )

Here p — density function of weight, Ag; - angle, correspondent
to the part of arch Al; (fig. 7.3.). Let’s define the force F, of

interaction of the material point C
with the small segment of the ring

w Al;. For this let’s decompose F; on
0 basis 7,7,k .

y |E = FiXT + Fiyj + Fizlz, (74)
X where Fy,Fy,F; - are projections of

Fig.7.3 F, on coordinate axes. Obviously,
the required force F is a resultant of

elementary forces F and is defined as follows:

n n n
F=i) Fx+]) Ry +k> F; (7.5)
i=1 i=1 i=1

It should be mentionéd that due to a symmetry of the given
problem:

z

n

0, > Fy=0.

i=1

Thus the value of the required value of interaction is determined
as a sum of projections of F, on the axis OZ. Let’s calculate the value
I:iz

IM:

F, = Fcosy, (7.6)
where y — an angle between the axis OZ and the vector F; constant for
all i=01,2,n-1 and is defined from the rectangle COA:

cosy=-—— > 7.7

! R? +a? (1)

According to the law of interactions of two material points the
value F; is approximately defined as follows:

mm; kmM

Fizk =

r? (RZ +a2)27zA(0i (7.8)
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The value m; and the distance r=+/a® + R? between mass points
are taken in account here (fig. 7.3).

Then putting (7.8) and (7.7) into (7.6) and summarizing on i we
obtain the following:

n n

F=YFes) — km';"a/z Ap, (7.9)
i=1 |:1(R +a)3 27

As an exact value of force of interaction we’ll accept the limit the

integral sum (7.1.9) is aiming to when the length of the longest

subinterval Al; and therefore Ag; aim to zero.

27
E_ lim Z kmMa A kmMa kmMa

A0 (R2 +a2)3/227r "o (R2 +a2)3/227z od(p: (R2 +a2)3/2 |

Problem 3. Find the inertia moment relatively the rotation axis

7 of the paraboloid with radius of
AY; A the basis equal to R and height —
H.
/ H Solution. The paraboloid of
/ rotation represents the surface,
Foig ;' Ziﬂ X formed at gyration (rotation) of a

parabolic segment (R, H) round
the axis OZ. Equation of parabola,

illustrated on the fig. 7.4, makes x?=2pz. Let’s put in the equation

coordinates of the point A belonging to the mentioned parabola in

order to define the parameter p. Then
R2
RZ=2pH, 2p=-—,

p P H

2
and equation of parabola can be presented as x? =RWZ. The equation

of the surface of rotation (gyration) we’ll get by substitution of x? on
x? +y?, i.e. the equation z =iz(x2 + y2) is the equation of the given
R

paraboloid of rotation (gyration).

While solving the problems concerning calculation the inertia
moment we should pay attention to the fact division on elementary
subintervals should be carried out that all points of each selected
segment should be approximately at similar distance from the rotation
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axis. In the given problem this can

be achieved by division the

y paraboloid of gyration by a set of
circumferential cylinders, which
axes of rotation correspondent to the
axis OZ. Then all points of the
Fig 7.5 paraboloid of rotation, located
between cylinders with radiuses x;

u X, Will be at almost similar
distance from the axis of rotation due to the smallness of Ax;.

The weight of the selected segment is approximately calculated
as the weight of cylinder ring with width equal to Ax; and height h;.

Xi Xi+1 X

H 2 H{52 2
hi:H_Z(Xi’O):H_QXi :?(R _Xi )

By virtue of the created division the selected segment can be
considered as a mass point with weight:

mi P~ 7Z'(Xi +AXi )Zhi —7ZXi2 ] 27Z'XiAXihi = 2ﬂ'Xi iZ(RZ _Xiz)AXi
R

Then the inertia moment of the segment i is approximately equal to
the following:

Ji = Zﬁ%X?(RZ - xiZ)Axi :
An exact meaning of the needed value we can get by summarizing I,
on all i=012,.,n-1 and then passing to a limit in obtained integral
sum while max Ax; — 0.

R 452 6 4
J :.[27ri(x3R2—x5)dx:27zi xR _x R H.
5 R2 R2| 4 6 6

Problem 4. Calculate Kkinetic energy of the disk of mass M and
radius R, rotating with angular speed @ round the axis, passing
through its center perpendicularly to its plane.

R
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The kinetic energy of an element of the

¥ disk makes:

gk ~MV° _prie’ ds,
2 2
where r — distance between an element of
the disk (circumferential ring) and the
rotation axis

Area density of mass makes:

Y
P nR?’
then
2
dK = sz rzds, ds = 2zrdr;
27R
Kinetic energy of the disk is equal to
R
Mo?® 3. Mo?r? Mw?R?
K= jr dr = — = :
R® § R 4], 4

Problem 5. Find the static moment of the homogeneous cone
with radius R of its basis and height H relatively its basis.
x From similarity of triangles we have:
y H-=-X
R H '

whence y = R(l— i) :

H
The division is carried out the way the
element of the volume (shaded) is located
on the similar distance from the basis.

2
We have dv :7zy2dX=7zR2(1—ﬁj dx.
An elementary static moment makes:
2
dM :ﬂRZ(l—ﬁ) xdx,

whence
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H 2
M :ﬂszx(l—ij dx=7zR2jx£1—3+x— dx =
H

H
2 2 242
_aRe| R 22 HY ) ARTHT
2 3 4 12

Problem 6. Find the inertia moment of area of the ellipse
x =acost, y =bsint relatively the axis QY. Let’s consider p=1.
As it is clear from the figure

a
=7 ¥ _ 2
= ly =2[x?ds,
0

where

dS =2ydx =—-2bsintasintdt = —2absin? tdt
an element of the area. By virtue of
equality of area density to 1 we have

dS =dm.
Therefore
0 72
Iy =-4ab _[az cos?tsin? tdt = a3h Isinz 2tdt =
/2 0
7/2 B - /2 3
_ 23 J- 1 cos4tdt:a3b(£_sm4t) _m b.
.2 2 8 ), 4

Problem 7. Find the force of water pressure on a vertical wall,

having the form of a trapezoid, which lower basis is a, upper — b,
height H, basis b is on the surface of the water (a>b).
According to the Pascal law the liquid pressure on a horizontal plate,
immersed in it, is equal to the weight of a liquid pile, resting on this
plate, i.e. product of the plate area on the distance between the plate
and free surface of the liquid and on the specific weight of the liquid.
Let’s divide the plate into elementary layers, placed on the diving
depth equal to x. (AD =b, EC =a).
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D 0 4 B AABC ~ AFKC,

Lol A T/ then
\ a_CzH_le—i;c=b+(a—b)1.
a-b H H H
: X c The pressure of the liquid on

elementary layer dx makes

dP = ((b +a- b)ﬁxdxj (specific weight of the water 1),

then for calculating the pressure influencing the whole plate we should
integrate the pressure element dP in the limits of its changing from 0
to H. We obtain the following:

H X H ax® b
P=j(b+(a—b)—dex:j bX + —— — —x2 |dx =
. H 5 H H

:9H2+(a-mH3:b+2a

2 3H 6

Problem 8. In what time will be bleeded (will become empty)
the vertical cylindrical barrel filled up to the top with radius R, height
(altitude) H through a round hole with radius r in the bottom of the
barrel?

H2.

According to the law of Torricelli the
ST speed of a liquid outflow is equal to

v=k./2gh, where h — height of the liquid level
above the hole. The amount of flowing out
liquid at the time dt is equal to the volume

7R%dh, where zR? is an area of the cylinder
\&Swz basis. Then the speed of a liquid outflow
through the hole with area S = r2will be equal

2
to & dn , and from another side kS./2gh. Here we obtain the equality
2
ﬂRdtdh = k7zr21/2gh :
whence
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R%dh  R%* dh

ka2 J2gh  kr22g vh'
The container will be bleeded (become empty) while changing h from
0 to H. Integrating the obtained equality we find the needed time T.

‘H 2H R*
g krzl

dt =

® f
k22 \/— krzr
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