
Lecture no 9: COMPLEX INNER PRODUCT SPACES (supplement) 1 

 

1. Some Facts about Complex Numbers  

In this chapter, complex numbers come more to the forefront of our discussion. Here 

we give enough background in complex numbers to study vector spaces where the 

scalars are the complex numbers. 

Complex numbers, denoted by ℂ, are defined by 

  

where 𝑖 = √−1. 

To plot complex numbers, one uses a two-dimensional grid 

 

Complex numbers are usually represented as z, where z = a + i b, with a, b  ℝ. 

The arithmetic operations are what one would expect. For example, if 

 

If a complex number z = a + ib, where a, b  R, then its complex conjugate is defined 

as 𝑧̅  =  𝑎 −  𝑖𝑏.  
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The following relationships occur 

 

 

Also, z is real if and only if 𝑧̅  = 𝑧. 

 

If the vector space is ℂn, the formula for the usual dot product breaks down in that it 

does not necessarily give the length of a vector. For example, with the definition of the 

Euclidean dot product, the length of the vector (3i, 2i) would be √−13. In ℂn, the length 

of the vector (a1, …, an) should be the distance from the origin to the terminal point of 

the vector, which is 

 

 

 

2. Complex Inner Product Spaces 

This section considers vector spaces over the complex field ℂ.  

 

Note: The definition of inner product given in Lecture 6 is not useful for complex vector 

spaces because no nonzero complex vector space has such an inner product. If it did, 

pick any vector u  0 and then 〈𝑢, 𝑢〉 > 0. But also 

  

which is a contradiction. Following is an altered definition which will work for complex 

vector spaces. 

The following definition applies. 

 

Definition: Let V be a vector space over ℂ. Suppose to each pair of vectors, u, v  V 

there is assigned a complex number, denoted by 〈𝑢, 𝑣〉. This function is called a complex 

inner product (Hermitian inner product) on V if it satisfies the following axioms: 



 

 

The vector space V over ℂ with an inner product is called a (complex) inner 

product space. Observe that a complex inner product differs from the real case only in 

the second axiom [I2*]. Axiom [I1*] (Linear Property) is equivalent to the two 

conditions: 

(a) 〈𝑢1 + 𝑢2, 𝑣〉 = 〈𝑢1, 𝑣〉 + 〈𝑢2, 𝑣〉 

(b) 〈𝑘𝑢, 𝑣〉 = 𝑘〈𝑢, 𝑣〉  

 

On the other hand, applying [I1*] and [I2*], we obtain 

〈𝑢, 𝑘𝑣〉 = 〈𝑘𝑣, 𝑢〉̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝑘〈𝑣, 𝑢〉̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝑘̅〈𝑣, 𝑢〉̅̅ ̅̅ ̅̅ ̅ = 𝑘̅〈𝑢, 𝑣〉 

That is, we must take the conjugate of a complex number when it is taken out of the 

second position of a complex inner product. In fact, the inner product is conjugate linear 

in the second position, that is, 

 〈𝑢, 𝑎𝑣1 + 𝑏𝑣2〉 = 𝑎̅〈𝑢, 𝑣1〉 + 𝑏̅〈𝑢, 𝑣2〉 

Combining linear in the first position and conjugate linear in the second position, we 

obtain, by induction, 

  

The following remarks are in order. 

 

Remark 1: Axiom [I1*] by itself implies that 〈0,0〉 = 〈0𝑢, 0〉 = 0〈𝑢, 0〉. Accordingly, 

[I1*], [I2*] and [I3*] are equivalent to [I1*], [I2*] and the following axiom: 

[I3*]’: If 𝑢 ≠ 0, then 〈𝑢, 𝑢〉 > 0 

That is, a function satisfying [I1*], [I2*] and [I3*]’ is a (complex) inner product on V. 

 

Remark 2: By [I2*] 〈𝑢, 𝑢〉 =  〈𝑢, 𝑢〉̅̅ ̅̅ ̅̅ ̅. Thus, 〈𝑢, 𝑢〉 must be real. By [I3*]  〈𝑢, 𝑢〉 must be 

nonnegative, and hence, its positive real square root exists. As with real inner product 

spaces, we define ‖𝑢‖ = √〈𝑢, 𝑢〉 to be the norm or length of u. 

 

Remark 3: In addition to the norm, we define the notions of orthogonality, orthogonal 



complement, and orthogonal and orthonormal sets as before. In fact, the definitions of 

distance and Fourier coefficient and projections are the same as in the real case. 

 

Example (Complex Euclidean Space Cn). Let V = Cn, and let u = (zi) and v = (wi) be 

vectors in Cn. Then 

  

is an inner product on V, called the usual or standard inner product on Cn. V with this 

inner product is called Complex Euclidean Space. We assume this inner product on Cn 

unless otherwise stated or implied. Assuming u and v are column vectors, the above 

inner product may be defined by 

  

where, as with matrices, 𝑣̅ means the conjugate of each element of v. If u and v are real, 

we have 𝑤̅𝑖 = 𝑤𝑖. In this case, the inner product reduced to the analogous one on Rn. 

 

Example The vector space Cn has a standard inner product, 〈𝑢, 𝑣〉 = 𝑢̅𝑇𝑣. So,  

 

Example Another example is the complex vector space CC[a, b] of complex valued 

continuous functions with domain [a, b]. So any vector in CC[a, b] is of the form 

f(t) + ig(t) where f and g are in C[a, b]. Examples are  

(a) t2 + it3 and  

(b) ei5t = cos(5t) + i sin(5t).  

 

We can define a Hermitian inner product on CC[a, b] by 

 〈𝑢, 𝑣〉 = ∫ 𝑢(𝑡)̅̅ ̅̅ ̅̅ 𝑣(𝑡)𝑑𝑡
𝑏

𝑎
 

For example in CC[0, 2], if l  k 

  

Note: 𝑒𝑖𝑎̅̅ ̅̅ = 𝑒−𝑖𝑎 

 

Just as for inner products, the length of a vector u is defined ‖𝑢‖ = √〈𝑢, 𝑣〉. The angle 



 between two vectors v and u is defined by ‖𝑢‖‖𝑣‖ cos 𝜃 = ℜ〈𝑢, 𝑣〉, where ℜ〈𝑢, 𝑣〉 

denotes the real part of the Hermitian inner product.  

Example  to find the angle between  we have, 

 

 

Example 

a) Let V be the vector space of complex continuous functions on the (real) interval 𝑎 ≤

𝑡 ≤ 𝑏. Then the following is the usual inner product on V: 

  

(b) Let U be the vector space of m  n matrices over C. Suppose A = (zij) and B = (wij) 

are elements of U. Then the following is the usual inner product on U: 

  

Here,  is the conjugate transpose of B.  

 

Remark: A matrix 𝐴 = 𝐴𝐻 = 𝐴̅𝑇 a Hermitian matrix that plays the same role that a 

symmetric matrix A (i.e., one where AT = A) plays in the real case. 

 

The following is a list of theorems for complex inner product spaces that are analogous 

to those for the real case. 

 

Theorem 1: (Cauchy–Schwarz) Let V be a complex inner product space. Then 

 |〈𝑢, 𝑣〉| ≤ ‖𝑢‖‖𝑣‖ 

 

Theorem 2: Let W be a subspace of a complex inner product space V. Then 𝑉 = 𝑊 ⊕

𝑊⊥.  

 



Theorem 3: Suppose {𝑢1, 𝑢2, … , 𝑢𝑛} is a basis for a complex inner product space V. 

Then, for any v  V: 

  

 

Theorem 4: Suppose {𝑢1, 𝑢2, … , 𝑢𝑛} is a basis for a complex inner product space V. Let 

A = [aij] be the complex matrix defined by 𝑎𝑖𝑗 = 〈𝑢𝑖 , 𝑢𝑗〉. Then, for any 

  

where [u] and [v] are the coordinate column vectors in the given basis fuig. (Remark: 

This matrix A is said to represent the inner product on V.) 

 

Theorem 5: Let A be a Hermitian matrix (i.e. 𝐴 = 𝐴𝐻 = 𝐴̅𝑇) such that 𝑋𝑇𝐴𝑋̅ is real and 

positive for every nonzero vector X  Cn. Then 〈𝑢, 𝑣〉 = 𝑢𝑇𝐴𝑣̅ is an inner product on 

Cn. 

 

Theorem 6: Let A be the matrix that represents an inner product on V. Then A is 

Hermitian, and 𝑋𝑇𝐴𝑋̅ is real and positive for any nonzero vector in Cn. 

  



Complex numbers 
 

1. Perform the arithmetic operations: 

 

 
 

2. Find the inner product 〈𝑢̂, 𝑣̂〉 for the following pairs of vectors: 

 
 

3. Here a connection between complex numbers and 2 × 2 matrices is demonstrated. We 

associate 

  

 



 
as z1z2 = z2z1 even though matrices do not typically commute in multiplication. 

 
 

Complex Inner products 
 

1 Suppose 〈𝑢, 𝑣〉 = 3 + 2𝑖 in a complex inner product space V. Find 

 
 

2. Find the Fourier coefficient (component) c and the projection cw of v = (3 + 4i; 2  

3i) along w = (5 + i; 2i) in C2. 



 
 

3. Find an orthogonal basis for u in C3 where u = (1; i; 1 + i). 

 
 

4. Find an orthonormal basis of the subspace W of C3 spanned by 

  

 
 

5. Find the matrix P that represents the usual inner product on C3 relative to the basis 

{1; i; 1 – i}. 

 Compute the following six inner products: 

 

 


