Lecture no 9: COMPLEX INNER PRODUCT SPACES (supplement) !

1. Some Facts about Complex Numbers
In this chapter, complex numbers come more to the forefront of our discussion. Here
we give enough background in complex numbers to study vector spaces where the

scalars are the complex numbers.
Complex numbers, denoted by C, are defined by

C={a+bila,beR},

where i = v—1.

To plot complex numbers, one uses a two-dimensional grid

[ e a+ b

Complex numbers are usually represented as z, wherez=a + i b, with a, b € R.
The arithmetic operations are what one would expect. For example, if

=+ and zZ =@+ i,

then

o+ z=(m+bi)+( ap+bai) = [n. +ay )+ (b + b2 )i
and
Z1E3 = |:|:i"| + |!-‘||'.}I|: iz + .[":J::|= |T'_JI;+|:|T'_.["3 + Eﬁﬂ; }||'. + .["'_.[":J:: = I{ii']l?g—l!-"_.["] :|+I{|:i"|lgi‘; + byaan :IT-

If a complex number z = a + ib, where a, b € R, then its complex conjugate is defined

asz = a — ib.
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The following relationships occur

R

] ]

Z=a +b, 7| = a® + b, Lt =5 +5H 1€ = ;s L=
Also, zisreal ifand only if z = z.

If the vector space is C", the formula for the usual dot product breaks down in that it
does not necessarily give the length of a vector. For example, with the definition of the
Euclidean dot product, the length of the vector (3i, 2i) would be v/—13. In C", the length
of the vector (ay, ..., a,) should be the distance from the origin to the terminal point of
the vector, which is

aff o[

|I — — |
A il T il = "|"

The usual inner product in C" is if M= [rn ..-.H..] and o= |:f"_.--..I‘u J then

2. Complex Inner Product Spaces
This section considers vector spaces over the complex field C.

Note: The definition of inner product given in Lecture 6 is not useful for complex vector
spaces because no nonzero complex vector space has such an inner product. If it did,

pick any vector u = 0 and then (u, u) > 0. But also
0 < (iu,iu) = i(u,iu) =i*(w,u) = —(uw.u) < 0

which is a contradiction. Following is an altered definition which will work for complex
vector spaces.
The following definition applies.

@eﬁnition; Let V be a vector space over C. Suppose to each pair of vectors, u,v e V

there is assigned a complex number, denoted by (u, v). This function is called a complex
inner product (Hermitian inner product) on V if it satisfies the following axioms:



It (Linear Property) (au; + bu,, v} = aluy, v} + bl v)

I3} (Conjugate Symmetric Property) (u, v} = {v, u)
I} (Positive Definite Property) {u. u) = 0 and {u,u) = 0 if and only if 4 = 0.

The vector space V over C with an inner product is called a (complex) inner
product space. Observe that a complex inner product differs from the real case only in
the second axiom [l,*]. Axiom [I;*] (Linear Property) is equivalent to the two
conditions:

(@) (uy + uy, v) = (uyg, v) + (uz, v)

(b) (ku, v) = k{u, v)

On the other hand, applying [1,*] and [1,*], we obtain
(u, kv) = (kv,u) = k{v,u) = k(v,u) = k(u, v)
That is, we must take the conjugate of a complex number when it is taken out of the
second position of a complex inner product. In fact, the inner product is conjugate linear
in the second position, that is,

(u, avy + bv,) = alu, v;) + b{u, v,)
Combining linear in the first position and conjugate linear in the second position, we
obtain, by induction,

K{E i, Ef{, 1) II" =3 zr,Ein,. .';,::
'.I 1 b I.' 1,0

The following remarks are in order.

Remark 1: Axiom [l1;*] by itself implies that (0,0) = (Ou, 0) = 0{u, 0). Accordingly,
[1:*], [12*] and [15*] are equivalent to [I;*], [I.*] and the following axiom:

[15*]: If u # 0, then (u,u) > 0
That is, a function satisfying [1:*], [I.*] and [15*]" is a (complex) inner product on V.

Remark 2: By [1,*] (u, u) = (u, u). Thus, (u, u) must be real. By [Is*] (u, u) must be
nonnegative, and hence, its positive real square root exists. As with real inner product

spaces, we define [|[u|| = +/{(u, u) to be the norm or length of u.

Remark 3: In addition to the norm, we define the notions of orthogonality, orthogonal



complement, and orthogonal and orthonormal sets as before. In fact, the definitions of
distance and Fourier coefficient and projections are the same as in the real case.

focamp[e (Complex Euclidean Space C"). Let V = C", and let u = (z;) and v = (w;) be

vectors in C". Then

(, v) = DW= Wy + Wy + -+ 2,0,
k
Is an inner product on V, called the usual or standard inner product on C". V with this
inner product is called Complex Euclidean Space. We assume this inner product on C"
unless otherwise stated or implied. Assuming u and v are column vectors, the above
inner product may be defined by

) = ul v
\u, v) = u v

where, as with matrices, ¥ means the conjugate of each element of v. If u and v are real,
we have w; = w;. In this case, the inner product reduced to the analogous one on R".

focamplé The vector space C" has a standard inner product, (u, v) = i’ v. So,
(M+42—4],[3=2i,1+4]) =(1—=4)3=20)+(2+i)(1+i)=1—-5i+1+3i=2— 2.

focamplé Another example is the complex vector space Cc[a, b] of complex valued

continuous functions with domain [a, b]. So any vector in Cc[a, b] is of the form
f(t) + ig(t) where f and g are in C[a, b]. Examples are

(a) t? + it and

(b) e = cos(5t) + i sin(5t).

We can define a Hermitian inner product on Cc|[a, b] by

(w,v) = [, u(®v(e)dt
For example in Cc[0, 2x], if | #k

_ . 27 . 2w _ e(t=k)ti S 2x
<Z,Jf.'-'kt'3. .«_-»“3'} = ektighti gp — elt—F)ti g — } =0
' ' 0 0 ({ - Il']l’ 0

Note: el@ = ¢~i@

Just as for inner products, the length of a vector u is defined ||u|| = y/{(u, v). The angle



O between two vectors v and u is defined by ||u||||v|| cos 8 = R{u, v), where R(u, v)
denotes the real part of the Hermitian inner product.

2T and 12— 1 — 47T in C2
Example to find the angle between 13 717 and [2+7 1T =7 in € o paye.

—

BT =3 3+ (—i)-i=V10

2+i1 -7 =vV/2—d)-2+d) +(1+i)- (1 —i) = V22 +124+12 4+ 12 =7
BT 2+i1-i")=3-+i)+ (=) (1-i)=6+3i—i—1=5+2i

= cos1(5/(V10V/T)) = .93 radians

Example
a) Let V be the vector space of complex continuous functions on the (real) interval a <
t < b. Then the following is the usual inner product on V:

b

(f.8)= | S(1)glt) di

Y

(b) Let U be the vector space of m x n matrices over C. Suppose A = (z;;) and B = (wjj)
are elements of U. Then the following is the usual inner product on U:

m R

(A.B) = w(B"A) = 3" > w;z;
i=1j=1

B = B': that is, B

Here, Is the conjugate transpose of B.

Remark: A matrix A = A" = AT a Hermitian matrix that plays the same role that a
symmetric matrix A (i.e., one where AT = A) plays in the real case.

The following is a list of theorems for complex inner product spaces that are analogous
to those for the real case.

Theorem 1: (Cauchy—Schwarz) Let V be a complex inner product space. Then

[(w, v)| < lullllvll

Theorem 2: Let W be a subspace of a complex inner product space V. ThenV = W @
wt.



Theorem 3: Suppose {uy, u,, ..., u,} is a basis for a complex inner product space V.

Then, forany v e V:

) o) (o)
au) b (1) ST T
1y EE] ) \e£D2 5 82/ \ s tip/

v =

Theorem 4: Suppose {u,, u,, ..., u,,} is a basis for a complex inner product space V. Let

A = [a;j] be the complex matrix defined by a;; = (u;, u;). Then, for any

(u,v) = {HJTA[-:!j

where [u] and [v] are the coordinate column vectors in the given basis fuig. (Remark:
This matrix A is said to represent the inner product on V.)

Theorem 5: Let A be a Hermitian matrix (i.e. A = A" = A7) such that X" AX is real and

positive for every nonzero vector X e C". Then (u, v) = uT A% is an inner product on
Cc"

Theorem 6. Let A be the matrix that represents an inner product on V. Then A is

Hermitian, and X7 AX is real and positive for any nonzero vector in C".



Complex numbers

1. Perform the arithmetic operations:

1L (2+40-3(-1+21)
2(5-3-6+1)

-3

3. 6(2+i)(3-)
4. |-2-3i|
5. Show that if
z=a+hi
then
1 1
z ! =?— o {n—ba}

if a and b are not both 0.

2. Find the inner product (i, U) for the following pairs of vectors:
(a) :1={1—2@,3+5;,2],5=[a‘,—zr',a—zr']

(b} :1={a',3,1—a’},z"1={3,4+f,?:‘}

(c) :1={2f,5§,—3§},£n=[1,5,3}

(d) :1={I,Er,3], fr={2a’,5:‘,—3:‘]

3. Here a connection between complex numbers and 2 x 2 matrices is demonstrated. We
associate

(10 (III -1
H»fll:h(-':|I I] and ewlthkl D]'

{a) Show that

analogous to #=—1.

Identify

—h —A™
(b) Identify z; ~ 1 b and z; ~ [f d .
: b d

Show that



FRY VIS VIS

as z1Z, = 2,23 even though matrices do not typically commute in multiplication.

b —bY
(c) Show that ifa+bi~ [E ], thena+bi - (ﬁ ] .
_IJ a kb a

—h
(d) Show that if z=a+ bi~ [; IJJ, then
a

"

By
.:ifr[ﬂ J=ﬁ"+fr'= z
b oa

(e} In complex numbers, Euler’s theorem states that
i ..
e =cosb+1sinf.

In the matrix analogy, this says
0 -8 cos® —sin@)
“Ploe 0 |sin0 msﬂJ'

cosB  —sinf@) _ o . _
J is the rotation matrix in two dimensions.

Recall that[_sjnﬂ- cosh

Taking derivatives gives Ef’" = jg™ = jcos0—sin® whose matrix represen-
tation is

—sinf  —cos@ ] —1"'{1.:1:-5*] —sin@Yy )
= = Iex .
cos®  —sinB| (1 0 Jksinﬂ cos0 Pl 0
Complex Inner products

1 Suppose (u, v) = 3 + 2i in a complex inner product space V. Find
(a) ((2—4)u,v); (b) (u, (44 3i)v); (c) ((3—6i)u, (5—2i)v).
(@ (2—4i)u, v)=02 —4i){u,v)=2—4)(3+2i)=14—8i

(b) (u, (4+3i)v) =4+ 3i){u,v)=4-3)(3+2))=18—i

) {((3—=06i)u, (5-=20)v)=3-060)(5—2i)u,v)=3—-6{)(5+2)(3+2i) =129 — 18i

2. Find the Fourier coefficient (component) ¢ and the projection cw of v = (3 + 4i; 2 —
3i) along w = (5 +i; 2i) in C2



Recall that ¢ = (v, w)/{w,w). Compute
(o,w) =(3+4)(5+1) +(2-3)(2) = (3+4)(5—i) + (2 —3i)(—2i)
=194+17i -6 —-4i =13+ 13i
(w,w) =25+1+4=30

=

Thus, ¢ = (13 + 137)/30 = L3+ 13, Accordingly, proj(v,w) = ew = (2 +32i, -84 L))

Sl

—

3. Find an orthogonal basis for u* in C® where u = (1;i; 1 + ).
Here u™ consists of all vectors s = (x,y,z) such that
(wu) =x—iy+(1—i)z=0
Find one solution, say w; = (0, 1 —1, i). Then find a solution of the system
x—iy+ (1 —i)z=0, (1+i)y—iz=0

Here z is a free variable. Set z =1 to obtain y = i/(1 +1i) = (1 +i)/2 and x = (3i — 3)2. Multiplying by 2
yields the solution w, = (3i — 3, 1+, 2). The vectors w, and w, form an orthogonal basis for u~.

4. Find an orthonormal basis of the subspace W of C2 spanned by
v, =(1,i,0) and v, = (1, 2, 1—1).
Apply the Gram-Schmidt algorithm. Set w; = v; = (1,7,0). Compute
(v2,w1) I
- wy=(1, 2, 1—1i)—
o) =

Multiply by 2 to clear fractions, obtaining wy = (1 +2i, 2 —i, 2— 2i). Next find ||w,|| = v/2 and then
|lwa|| = V/18. Normalizing {w;,w,}, we obtain the following orthonormal basis of W:

5
. Y(1Li,0)= (G40 1-Li, 1)

(5]

- (G5 55 0) - (S 2 2D}

5. Find the matrix P that represents the usual inner product on C? relative to the basis
{1;1;1-1}.

Compute the following six inner products:

(1,1) =1, (1,i) =1 = —1, (L1-i)=1—-i=1+1i
(i) =i =1, (i,1 =iy =i(1 —i)= —1+1, (1—i, 1 —i)=2
Then, using (1, v) = (v, u}), we obtain
1 —i 1+i
P = i 1 —1+i

l—i —1-—i 2

(As expected, P is Hermitian; that is, P =p)



