Adjoint operators

Example 1 Let {e1, e>} be an orthonormal basis in a Euclidean vector space R?. In the
basis f1 = e1, f, = e1 + ey, the linear operator T: R* > R? is defined by the matrix A =

H _21] Find a matrix of the adjoint of the operator T in the basis {f1, f2}?

Solution: It has to be noticed that in this case A* = AT because the basis {fi, 2} is not
orthonormal basis.

Way 1: The change-of-basis matrix from the basis {e1, e>} to the basis {f1, f.} can
be composed by acommodating the vectors {f1, f2} given in the basis {e1, e>} as columns,
e

P = [(1) 1 .

The matrix of the operator T relative to the basis {f1, f-} is presented in the form:
Af = P_lAeP
Hence, this matrix of the operator T relative to the basis {e1, €2} can be writen as
B 1 o131 2111 -11 712 -1
a.=pagpthend, =0 1) Sl =1 )
Since the basis {ei, e-} ia an orthonormal one, the matrix of the adjoint of the operator
T in this basis can be found as A* = AT. Thus,

. 2 1
4y =] . _2].
Using the change-of-basis matrix form the basis {es, €2} to the basis {fi, 2}, the matrix
of the adjoint of the operator T in the basis {f1, f2} is the following one:

ap=rrar=[o VN5 Bl =15 5

Way 2: Since As = H _21] Is the matrix of the operator T in the basis {f, f.}, we

can apply the operator to the basis vectors. Then, following the matrix representation of
T we have:

ThHh=fH+fandTf, =2f - f

Substituting the expressions of the vectors {f1, f.} relative to the basis {e1, e2} into
the relations written above we get:

T(e;) = (e;) + (e +e,) = 2e; + e,,0rTe; = 2e; + e, and

T(ey+e,) =Te, +Te, =2(e;) —(e; +e,) =e; —e,,0rTe, = —e; — 26,

These relationships allow composing the matrix of the operator T relative to the basis
{e1, e2} with appropriate columns:

ae=[7 I
Since the basis {e1, €2} is an orthonormal, the matrix representation A;, of the adjoint of
the operator T in the basis {e1, e2} is given by

Ao =4 = [—21 —12];
Hence, applying the adjoint of the operator T to the basis vectors leads to the
expressions:



Azel == 231 - 82 and Azez == el - 282

Reversing the relationships between the vectors {e1, e-} and {f1, 2}, i.e.
e; = frande; = —f; + f5,
the adjoint of the operator T applied to the basis vectors {f1, f.} takes the following form:
Ae(f)=2(f1) —(-fi+f)=3fi— fand
Ac(—fit+ o) =—Acfit Aef, = (f1) —2(=fi+ f2) =3fi—2f or
Ae(f2) =3fi— 2, +Asfi =3fi—2f, +3fi — [, = 6f1 — 3f,

Finally, the matrix representation Ar of the adjoint of the operator T in the basis {fi, f2}
Is as follows:

Ap = A = [—31 —63]'

Example 2 Let a linear operator T: R? - R? be defined by the matrix 4, = [8 _01]

relative to the basis a1 = (3,-1) and a2 = (2,1). Find a matrix of the adjoint of the operator
T in the usual basis {e1, €2}?
Solution: It has to be noticed that in this case A* = AT because the basis {e1, 2} is
orthonormal basis.
Way 1: The change-of-basis matrix from the basis {e1, e2} to the basis {a1, az} is
p= [_31 i .
The matrix of the operator T relative to the basis {ai, a-} is presented in the form:

Ay, = P7'A,P, where P71 = % H _32]

Hence, this matrix of the operator T relative to the basis {e, e2} can be writen as
_ 1 _[3 2110 —-1y2(1 -27_17-3 -9
Ao =PAPTthend, = [ %) ] b o ]5[1. 2 _5[ D 3 |

Since the basis {e1, €2} ia an orthonormal one, the matrix of the adjoint of the operator
T in this basis can be found as A* = AT. Thus,

A = 1[—3 1

¢ s5l-9 3I

Way 2: Since Aa = [8 _01] Is the matrix of the operator T in the basis {ai, a-},

we can apply the operator to the basis vectors. Then

Ta, =0andTa, = —a; = —3e; + e,

Substituting the expressions of the vectors {ai1, a2} relative to the basis {e1, e2}
into the relations written above we get:

T(a,) =T(3e; —e,) =3Te; —Te, = 0 and

T(a,) =T(2e, +e,) =2Te; + Te, = —3e; + ey,
Solving the linear system of equations with respect to the e; and e, we have,

3 1 9 3

Te; = —cetce and Te, = —teatce

Therefore, the matrix of the operator T relative to the basis {ei, e2}:

e



Since the basis {e1, e>} is an orthonormal, the matrix representation A} of the adjoint of
the operator T in the basis {e1, €2} is given by

% T—l_g 1
Ae—Ae—S[_g )

Example 3 Let a linear operator T: R? = R2 maps the vectors a; = (1,-2) and a2 = (2,-3)
to the vectors b: = (3,-1) and b, = (-1,1), respectively. Find a matrix of the adjoint of the
operator T in the usual basis {e1, e2}?
Solution:

The operator acts as follows: Ta; = b, and Ta, = b,, then,
we can find the matrix of the operator T in the usual basis {e1, €2} from the expression:

_ 1t 2 3 -1
A,a = b, where a = [_2 _3] and b = [_1 1 ]
Thus,
. 13 -111-3 -21_[-11 -7
Ae = ba ‘[—1 1”2 1]‘[5 3]
Since the basis {es, e-} ia an orthonormal one, the matrix of the adjoint of the operator
T in this basis can be found as A* = AT. Thus,

Ae = [_—171 g]

Example 4 Let a linear operator T: R? - R? be defined by the matrix 4, = [_01 (1)]
relative to the basis a; = (1,-1) and a2 = (1,2), and a linear operator F: R?> > R? is defined
by the matrix B, = [i (1)] relative to the usual basis. Find a matrix representation of
the operator (4 - B)* in the usual basis {e1, €2}?

Solution:

Since Aa = _01 (1)] Is the matrix of the operator T in the basis {ai, a-}, we can
apply the operator to the basis vectors. Then

Ta1 - _az - _el - 262 and Taz - a1 - 61 - 62

Substituting the expressions of the vectors {a1, a.} relative to the basis {e1, e2}
into the relations written above we get:

T(a,) =T(e; —e;) =Te;, —Te, = —e; — 2e, and

T(a,) =T(es + 2e,) =Te; +2Te, = e; — ey,
Solving the linear system of equations with respect to the e; and e, we have,

T€1 = _gel —262 and Tez = —%el +§€2
Therefore, the matrix of the operator T relative to the basis {es, e2}:
4 =1 [—1 2
¢ 3l-5 1F

Since the matrix representations A, and B, of the operator are given relative to the
orthonormal basis {e1, €2}, the adjoints of A and B are found by

e _ v _1[-1 =5 . or 2 1

Ae_—Ae-—3[2 1]andBe—Be—[0 1
In accordince with the theorem:

(A-B)*=B*-A* =B} - A}



Hence, the matrix multiplication gives finally the matrix representation of the operator
relative to the basis {e1, e-} in the form:

e 4« _[2 171[-1 =5]_1[0 2
Be Ae_[o 1]3[2 1]"3[—9 1]
Example 5 Let a a linear operator T: R? = R? rotates vectors counterclockwise through
an angle 6 = n/4 around the origin. Find a matrix representation of the operator A*?
Solution:

Since the counterclockwise rotation of R?through an angle 6 occurs, any vector

belonging to R? is transfromed in accordance with the matrix:
1

__[cos8 —sin@ . \F \F
A_[sinH cosH” 1
K \/‘ V2
Since the matrix representations A of the operator is given relative to the orthonormal
basis, the adjoints of A can be found by

R
« _ T _ | V2 V2
A—AT—_i 1
V2. V2

Example 6 Let a a linear operator T: R® = R® maps the vectors 7, y and k to the vectors

7, k and 7. Find a matrix of the adjoint of the operator T in the basis of vectors
ai={1, 1, 0}, a>={1,1,1}, and a3 = {1,0,0}?
Solution:

The matrix of the operator T in the usual basis {7, J, 7€} can be found as follows:

1 0 O 0 0 1
Aa=b,wherea=[0 1 Olandb—[ 0]

0 0 1 1 0

0 0 111 0 O 1
A=ba =1 0 0||l0 1 0]= 0].
010001010

Therefore, the adjoints of A relative the orthonormal basis {z, J, E} IS

o

then

0 1 0
A*=AT=|0 0 1‘
100 B
The change-of-basis matrix from the basis {7, J, k} to the basis {ai, az, as} is
1 1 1 O 1 -1
P=11 1 OandP‘l—[O 0 1]
0 1 0 -1

The matrix A relative to the ba5|s {ai, a2, as} is presented in the form:

—1 0 1 0] (1 1 1 -1 0 -1
A, =P7lA*pP = 0O 0 11-f1 1 Of=1 1 1
1 0 o010 1 O 1 0 O




Self-Adjoint operators

Example 1 Let a linear operator T: R® - R® be defined by the matrix A, =
6 -2 2
[—2 5 0] relative to an orthonormal basis {fi, f, f3}. Find an orthonormal basis

2 0 7
{e1, €2, 3} which is formed from the eigenvectors of the matrix of the operator T and

write explicitly this matrix in the basis {ei, e2, es} and the change-of-basis matrix from
the basis {f1, f2, f3} to the basis {es, e, es}, i.e. the orthogonal matrix P?
Solution:
The characteristic polynomial of the matrix A follows from the equality:
6—-—1 =2 2
-2 5-12 0 |=0, then,
2 0 7—A
A3 —1842+991—-162=0
Solving the cubic equation, we have three real roots as follows:
A =3, 1, =6, A3 =9,
which define the eigenvaues of the linear operator T defined by the matrix A.

To find the egenvectors, the first root A, =3 is substituted into the expression:
(Af — Al)x = 0, that is, a homogeneous system of linear algebraic equations:
3x;, —2x, +2x3=0
—2x; +3x, +0x3=0
2x, +0x, +4x3=0
Solving the system by the Gauss method, we result in

3 =2 2 1 0 2 —2
<—2 3 0)~<—1 1 0), i.e.x()ll)=C1(—2>.
2 0 4 0 0 0 1

Hence, the vector g1 = (-2,-2,1) corresponds to the egenvector 1, =3.

Analogously, substituting the second root A, =6 and the third root A; =9
substituted into the expression (Af — AI)x = 0 we have

Ox; —2x, +2x3=0 —3x; —2x, +2x3=0

—2x; —1x, +0x3=0and—2x; —4x, +0x; = 0, respectively.

2x, +0x, +1x3=0 2x, +0x, —2x3=0

Solving them by the Gauss method

0 -2 2\ /2 0 1 —1
<—2 —1 0)~<0 —1 1>,i.e.x(/12)=C2<2>;
2 0 1/ \0o 0 0O 2
—3 -2 2 10 -1 2
(—2 —4 o>~<o 2 1),i.e.x(/13)=63(—1>;
2 0 -2/ \o 0 o 2

we compute appropriate eigenvectors such that
g2=1(-1, 2,2)and g3 = (2, -1, 2), respectively.

and



Since the eigenvalues are different, the system of vectors {g1, g2, g3} is orthogonal, but
not orthonormal. To find the orthonormal basis, we divide each the eigenvector vector
by its length:

el_ 91 _{_Z, 2 1},622 92 _{_122},and

3’3 3’3’3

C gt U3 lgzll
e, =93 — {E 1 E}
3 7 lgsl — 7 3’3)

Therefore, the orthogonal transition matrix P composed from the normalized
eigenvectors of A is
2 2
BRI
P=|—- —§=§—2 2 -1y
2 | 1 2 2
3

Hence, the matrix A of the operator becomes diagonal in the basis {es, e2, 3} as follows:

1—2 -2 116 -2 21—2 1 2 3 0 0
Ae=PTAfP=§ 1 2 2l|-2 5 O0|z|-2 2 -1|=[0 6 O0f.
2 2

WINWIN WK

3

2 =1 21L2 0o 7 1 0 0 9
1 2 2
Example 2. Let a linear operator T: R®* > R® be defined by the matrix 4, = |2 1 2
2 2 1

relative to an orthonormal basis {f1, f>, f3}. Find an orthonormal basis {e1, ez, es} which
is formed from the eigenvectors of the matrix of the operator T and write explicitly this
matrix in the basis {e1, e2, es} and the change-of-basis matrix from the basis {f1, f2, f3}
to the basis {e1, €2, es}, i.e. the orthogonal matrix P?

Solution:
The characteristic polynomial of the matrix A follows from the equality:
1-1 2 2
det(A4;—AI)=| 2 1-21 0 [=0,then,
2 2 1-1

—23+4322+91+5=0
Solving the cubic equation, we have three real roots as follows:
A =5, 1, = 13 =-1,
which define the eigenvaues of the linear operator T defined by the matrix A.

To find the egenvectors, the first root A, =3 is substituted into the expression:
(Af — AI)x = 0, that is, a homogeneous system of linear algebraic equations:

—4x; +2x, +2x3=0

2xy —4x, +2x3=0

2xy  +2x; —4x3=0
Solving the system by the Gauss method, we result in

—4 2 2 -2 1 1 1
(2 —4 2>~<—1 1 0),i.e.x(/11)=61<1>.
2 2 -4 0 0 0 1



Hence, the vector g1 = (1,1,1) corresponds to the egenvector A; =3.

Analogously, substituting the second and third roots 1, = A; =-1 substituted into
the expression (Af — AI)x = 0 we have

2x, +2x, +2x3=0

2xq +2x, +2x3=0

2xq +2x, +2x3=0

Solving it by the Gauss method

2 2 2 1 1 1 -1 -1
<2 2 2) ~ <0 0 0>, i.e. x(4;,13) = C2< 1 ) + C3< 0 );
2 2 2 0 0 O 0 1

we compute appropriate eigenvectors such that
g2=(-1,1,0)and g3 = (-1, 0, 1), respectively.

The system of vectors {g:, g2, g3} is not orthogonal as (g2, g3) #0 . To find the
orthogonal basis, we perform the Gram Schidt orthogonalization process:

f>=g2; and f3 = g3 + a f2, where
_ _ (9293 _ _1 = £1/2. - :
a=—"" 2.Then,fs {-1/2,-1/2, 1},
To find the orthonormal basis, we divide each the eigenvector vector by its length:
e, = -1 ={iii}e = 2 ={—i10}and
L lgall — W3'v3' V3l 72 T isll V2’2 )

_f (1 _1 2
MERRTAT { Ve’ @'@}'

Therefore, the orthogonal transition matrix P composed from the normalized
eigenvectors of A is

1 1
= -= -+
A L |
_{x/— V6|
1 2
V3 G
Hence, the matrix A of the operator becomes dlagonal in the basis {e1, e2, es} as follows:
1 1 1
|[_ V3 2 2 FE W 5 0 0
_ pT _ |- 1 | L
Ae =P AfP = N OI 1 2]\/§ NG ﬁ—lo -1 0‘.
_i_i e E N
V6 V6 V3 V6

Orthogonal operators

Example 1. Let a linear operator U defines a reflection of a vector in the XOY plane
with respect to the x-axis. Check whether this operator is orthogonal?



Solution:
For any vector in XQOY defined by a general form: a a = a. + ayJ, the operator U
yields
U(_i = axf — ayj

Find the matrix representation of the operator, that is,
Ul=7and Uy = —J
Hence, the operator matrix is
M o
a=ly
The matrix A is orthogonal since
7. 1 0111 071_71
ara=ly Zllo Sl=1o
Thus, the operator U is orthogonal because its matrix is orthogonal.

Example 2. Let a linear operator U defines a counterclockwise rotation through an angle
0 = n/4 around the x-axis in the space R3. Check whether this operator is orthogonal?

Solution:

For any vector in XYZ defined by a general form: @ = a.i + ayj + ayk, the operator

U yields

Ud = (ax, ay’, a;’), where

a, = a,cosf +a,siné, and a; = —a, sinf + a, cos
Substituting 6 = /4 in the formulas we obtain,

- - 1 > 1 7

Ud =ada + (a, + aZ)\/_E J +(-a, + az)ﬁ k

Find the matrix representation of the operator, that is,

- __ - —)_i—)_i_) _):ie i_)
Ul—l,U]—ﬁ] ﬁkandUk \/§]+\Fk
Hence, the operator matrix is
1 0 0
o ~+ L
A= V2. 2
0 —+ L
V2 2
The matrix A is orthogonal since
1 0 0711 O 0
o L —Llfo L |_[} 9 0
ATA = V2 V2 V2 V2 0 1 0
0o + L lo =1 i 0 0 1
V2 2 vz V2

Thus, the operator U is orthogonal because its matrix is orthogonal.

Example 3. Let a linear operator U: R? = R2 maps the vectors a; = (1,-1) and a2 = (1,1)
to the vectors b; = (-1,—1) and b, = (1,-1), respectively. Check whether this operator is
orthogonal?
Solution:

The the matrix of the operator U in the usual basis we can find from the solution



of the matrix expression:
_ 71 1 -1 1
Aa—b,wherea—[_1 1]andb—[_1 _1]

Thus, the operator matrix is
.o _[-1 171t -11_70 1
A =ba ‘[—1 —1]2[1 1]_ 1 0
The matrix A is orthogonal since
r._ [0 —=17710 11_p1 O
AA_[1 0]—1 0]_[0 1

Thus, the operator U is orthogonal because its matrix is orthogonal.

Example 4. Let a linear operator U in R® defines projections of vectors onto the stright

Iineg = 12 = g Check whether this operator is orthogonal?

Solution:

For any vector in XYZ defined by a general form: @ = ax + ayj + ayE, the operator
U yields

Ud = proj(a,l) = %f where [ = (5,-2,3) defines the direction of the given

stright line. Therefore,
s @)_(s 2. .3 )7
Ua = [l (38 Ax ~ 35 % T3 az) L
Find the matrix representation of the operator, that is,

> 572 25 10 15 > 2 7 10 4 6
S T T R
38 38 38 38 38 38 38

38
> 3 15 6 9
Uk=—l={—,——,—}
38 38" 38’38
Hence, the operator matrix is
25 _ 1 15
[ 38 38 38 ]
10 4 6
A=l-=— = -—-=]
| 38 38 38 |
l 5 _6 9 J
_ _ 38 38 38
The matrix A is not orthogonal since
257 10 159r25 10 15
38 38 38 38 38 38 1 0 0
T,_|_10 4 _6ff_10 4 6
ATA = 38 38 38 38 38 38:/:0 1 0f.
15 6 9 15 6 9 0 0 1

38 38 381l 38 38 38
Thus, the operator U is not orthogonal because its matrix is not orthogonal.



