
Adjoint operators 
 

Example 1 Let {e1, e2} be an orthonormal basis in a Euclidean vector space R2. In the 

basis f1 = e1, f2 = e1 + e2, the linear operator T: R2  R2 is defined by the matrix 𝐴𝑓 =

[
1 2
1 −1

]. Find a matrix of the adjoint of the operator T in the basis {f1, f2}? 

Solution: It has to be noticed that in this case A*  A because the basis {f1, f2} is not 

orthonormal basis. 

 Way 1: The change-of-basis matrix from the basis {e1, e2} to the basis {f1, f2} can 

be composed by acommodating the vectors {f1, f2} given in the basis {e1, e2} as columns, 

i.e. 

𝑃 = [
1 1
0 1

]. 

The matrix of the operator T relative to the basis {f1, f2} is presented in the form:  

 𝐴𝑓 = 𝑃−1𝐴𝑒𝑃 

Hence, this matrix of the operator T relative to the basis {e1, e2} can be writen as  

 𝐴𝑒 = 𝑃𝐴𝑓𝑃
−1, then 𝐴𝑒 = [

1 1
0 1

] [
1 2
1 −1

] [
1 −1
0 1

] = [
2 −1
1 −2

]. 

Since the basis {e1, e2} ia an orthonormal one, the matrix of the adjoint of the operator 

T in this basis can be found as A* = AThus,  

 𝐴𝑒
∗ = [

2 1
−1 −2

]. 

Using the change-of-basis matrix form the basis {e1, e2} to the basis {f1, f2}, the matrix 

of the adjoint of the operator T in the basis {f1, f2} is the following one: 

 𝐴𝑓
∗ = 𝑃−1𝐴𝑒

∗𝑃 = [
1 −1
0 1

] [
2 1

−1 −2
] [

1 1
0 1

] = [
3 6

−1 −3
] 

 

 Way 2: Since Af = [
1 2
1 −1

] is the matrix of the operator T in the basis {f1, f2}, we 

can apply the operator to the basis vectors. Then, following the matrix representation of 

T we have: 

 𝑇𝑓1 = 𝑓1 + 𝑓2 and 𝑇𝑓2 = 2𝑓1 − 𝑓2 

 Substituting the expressions of the vectors {f1, f2} relative to the basis {e1, e2} into 

the relations written above we get: 

 𝑇(𝑒1) = (𝑒1) + (𝑒1 + 𝑒2) = 2𝑒1 + 𝑒2, or 𝑇𝑒1 = 2𝑒1 + 𝑒2 and 

 𝑇(𝑒1 + 𝑒2) = 𝑇𝑒1 + 𝑇𝑒2 = 2(𝑒1) − (𝑒1 + 𝑒2) = 𝑒1 − 𝑒2, or 𝑇𝑒2 = −𝑒1 − 2𝑒2 

 

These relationships allow composing the matrix of the operator T relative to the basis 

{e1, e2} with appropriate columns: 

 𝐴𝑒 = [
2 −1
1 −2

] 

Since the basis {e1, e2} is an orthonormal, the matrix representation 𝐴𝑒
∗  of the adjoint of 

the operator T in the basis {e1, e2} is given by  

 𝐴𝑒
∗ = 𝐴𝑒

𝑇 = [
2 1

−1 −2
]; 

Hence, applying the adjoint of the operator T to the basis vectors leads to the 

expressions: 



 𝐴𝑒
∗𝑒1 = 2𝑒1 − 𝑒2 and 𝐴𝑒

∗𝑒2 = 𝑒1 − 2𝑒2 

 

Reversing the relationships between the vectors {e1, e2} and {f1, f2}, i.e. 

 𝑒1 = 𝑓1 and 𝑒2 = −𝑓1 + 𝑓2, 

the adjoint of the operator T applied to the basis vectors {f1, f2} takes the following form: 

 𝐴𝑒
∗(𝑓1) = 2(𝑓1) − (−𝑓1 + 𝑓2) = 3𝑓1 − 𝑓2 and 

 𝐴𝑒
∗(−𝑓1 + 𝑓2) = −𝐴𝑒

∗𝑓1 + 𝐴𝑒
∗𝑓2 = (𝑓1) − 2(−𝑓1 + 𝑓2) = 3𝑓1 − 2𝑓2 or 

 𝐴𝑒
∗(𝑓2) = 3𝑓1 − 2𝑓2 + 𝐴𝑒

∗𝑓1 = 3𝑓1 − 2𝑓2 + 3𝑓1 − 𝑓2 = 6𝑓1 − 3𝑓2 

 

Finally, the matrix representation 𝐴𝑓
∗  of the adjoint of the operator T in the basis {f1, f2} 

is as follows: 

 𝐴𝑓
∗ = 𝐴𝑒

𝑇 = [
3 6

−1 −3
]. 

 

Example 2 Let a linear operator T: R2  R2 be defined by the matrix 𝐴𝑎 = [
0 −1
0 0

] 

relative to the basis a1 = (3,-1) and a2 = (2,1). Find a matrix of the adjoint of the operator 

T in the usual basis {e1, e2}? 

Solution: It has to be noticed that in this case A* = A because the basis {e1, e2} is 

orthonormal basis. 

 Way 1: The change-of-basis matrix from the basis {e1, e2} to the basis {a1, a2} is 

𝑃 = [
3 2

−1 1
]. 

The matrix of the operator T relative to the basis {a1, a2} is presented in the form:  

 𝐴𝑎 = 𝑃−1𝐴𝑒𝑃, where 𝑃−1 =
1

5
[
1 −2
1 3

]. 

Hence, this matrix of the operator T relative to the basis {e1, e2} can be writen as  

 𝐴𝑒 = 𝑃𝐴𝑎𝑃−1, then 𝐴𝑒 = [
3 2

−1 1
] [

0 −1
0 0

]
1

5
[
1 −2
1 3

] =
1

5
[
−3 −9
1 3

]. 

Since the basis {e1, e2} ia an orthonormal one, the matrix of the adjoint of the operator 

T in this basis can be found as A* = AThus,  

 𝐴𝑒
∗ =

1

5
[
−3 1
−9 3

]. 

 

 Way 2: Since Aa = [
0 −1
0 0

] is the matrix of the operator T in the basis {a1, a2}, 

we can apply the operator to the basis vectors. Then 

 𝑇𝑎1 = 0 and 𝑇𝑎2 = −𝑎1 = −3𝑒1 + 𝑒2 

 Substituting the expressions of the vectors {a1, a2} relative to the basis {e1, e2} 

into the relations written above we get: 

 𝑇(𝑎1) = 𝑇(3𝑒1 − 𝑒2) = 3𝑇𝑒1 − 𝑇𝑒2 = 0 and 

𝑇(𝑎2) = 𝑇(2𝑒1 + 𝑒2) = 2𝑇𝑒1 + 𝑇𝑒2 = −3𝑒1 + 𝑒2,  

Solving the linear system of equations with respect to the 𝑒1 and 𝑒2 we have, 

 𝑇𝑒1 = −
3

5
𝑒1 +

1

5
𝑒2 and 𝑇𝑒2 = −

9

5
𝑒1 +

3

5
𝑒2 

Therefore, the matrix of the operator T relative to the basis {e1, e2}: 

 𝐴𝑒 =
1

5
[
−3 −9
1 3

] 



Since the basis {e1, e2} is an orthonormal, the matrix representation 𝐴𝑒
∗  of the adjoint of 

the operator T in the basis {e1, e2} is given by  

 𝐴𝑒
∗ = 𝐴𝑒

𝑇 =
1

5
[
−3 1
−9 3

]. 

 

Example 3 Let a linear operator T: R2  R2 maps the vectors a1 = (1,2) and a2 = (2,3) 

to the vectors b1 = (3,-1) and b2 = (-1,1), respectively. Find a matrix of the adjoint of the 

operator T in the usual basis {e1, e2}? 

Solution:  

 The operator acts as follows: 𝑇𝑎1 = 𝑏1 and 𝑇𝑎2 = 𝑏2, then,  

we can find the matrix of the operator T in the usual basis {e1, e2} from the expression: 

 𝐴𝑒𝑎 = 𝑏, where 𝑎 = [
1 2

−2 −3
] and 𝑏 = [

3 −1
−1 1

] 

Thus, 

 𝐴𝑒 = 𝑏𝑎−1 = [
3 −1

−1 1
] [

−3 −2
2 1

] = [
−11 −7
5 3

] 

Since the basis {e1, e2} ia an orthonormal one, the matrix of the adjoint of the operator 

T in this basis can be found as A* = AThus,  

 𝐴𝑒
∗ = [

−11 5
−7 3

]. 

 

Example 4 Let a linear operator T: R2  R2 be defined by the matrix 𝐴𝑎 = [
0 1

−1 0
] 

relative to the basis a1 = (1,-1) and a2 = (1,2), and a linear operator F: R2  R2 is defined 

by the matrix 𝐵𝑒 = [
2 0
1 1

] relative to the usual basis. Find a matrix representation of 

the operator (𝐴 ∙ 𝐵)∗ in the usual basis {e1, e2}? 

Solution:  

 Since Aa = [
0 1

−1 0
] is the matrix of the operator T in the basis {a1, a2}, we can 

apply the operator to the basis vectors. Then 

 𝑇𝑎1 = −𝑎2 = −𝑒1 − 2𝑒2 and 𝑇𝑎2 = 𝑎1 = 𝑒1 − 𝑒2 

 Substituting the expressions of the vectors {a1, a2} relative to the basis {e1, e2} 

into the relations written above we get: 

 𝑇(𝑎1) = 𝑇(𝑒1 − 𝑒2) = 𝑇𝑒1 − 𝑇𝑒2 = −𝑒1 − 2𝑒2 and 

𝑇(𝑎2) = 𝑇(𝑒1 + 2𝑒2) = 𝑇𝑒1 + 2𝑇𝑒2 = 𝑒1 − 𝑒2,  

Solving the linear system of equations with respect to the 𝑒1 and 𝑒2 we have, 

 𝑇𝑒1 = −
1

3
𝑒1 −

5

3
𝑒2 and 𝑇𝑒2 = −

2

3
𝑒1 +

1

3
𝑒2 

Therefore, the matrix of the operator T relative to the basis {e1, e2}: 

 𝐴𝑒 =
1

3
[
−1 2
−5 1

]. 

Since the matrix representations 𝐴𝑒 and 𝐵𝑒 of the operator are given relative to the 

orthonormal basis {e1, e2}, the adjoints of A and B are found by  

 𝐴𝑒
∗ = 𝐴𝑒

𝑇 =
1

3
[
−1 −5
2 1

]  and 𝐵𝑒
∗ = 𝐵𝑒

𝑇 = [
2 1
0 1

] 

In accordince with the theorem: 

 (𝐴 ∙ 𝐵)∗ = 𝐵∗ ∙ 𝐴∗ = 𝐵𝑒
∗ ∙ 𝐴𝑒

∗  



Hence, the matrix multiplication gives finally the matrix representation of the operator 

relative to the basis {e1, e2} in the form: 

 

 𝐵𝑒
∗ ∙ 𝐴𝑒

∗ = [
2 1
0 1

]
1

3
[
−1 −5
2 1

]=
1

3
[

0 2
−9 1

] 

 

Example 5 Let a a linear operator T: R2  R2 rotates vectors counterclockwise through 

an angle = /4 around the origin. Find a matrix representation of the operator A*? 

Solution:  

 Since the counterclockwise rotation of R2
 through an angle θ occurs, any vector 

belonging to R2 is transfromed in accordance with the matrix: 

 𝐴 = [
cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

]|
𝜃=

𝜋

4

= [

1

√2
−

1

√2
1

√2

1

√2

]. 

Since the matrix representations 𝐴 of the operator is given relative to the orthonormal 

basis, the adjoints of A can be found by  

 𝐴∗ = 𝐴𝑇 = [

1

√2

1

√2

−
1

√2

1

√2

]. 

 

Example 6 Let a a linear operator T: R3  R3 maps the vectors 𝑖, 𝑗 and 𝑘⃗⃗ to the vectors 

𝑗, 𝑘⃗⃗ and 𝑖. Find a matrix of the adjoint of the operator T in the basis of vectors 

a1={1, 1, 0}, a2={1,1,1}, and a3 = {1,0,0}? 

Solution:  

 The matrix of the operator T in the usual basis {𝑖, 𝑗, 𝑘⃗⃗} can be found as follows: 

 𝐴𝑎 = 𝑏, where 𝑎 = [
1 0 0
0 1 0
0 0 1

] and 𝑏 = [
0 0 1
1 0 0
0 1 0

] 

then 

 𝐴 = 𝑏𝑎−1 = [
0 0 1
1 0 0
0 1 0

] [
1 0 0
0 1 0
0 0 1

]=[
0 0 1
1 0 0
0 1 0

]. 

Therefore, the adjoints of A relative the orthonormal basis {𝑖, 𝑗, 𝑘⃗⃗} is 

 𝐴∗ = 𝐴𝑇 = [
0 1 0
0 0 1
1 0 0

]. 

The change-of-basis matrix from the basis {𝑖, 𝑗, 𝑘⃗⃗} to the basis {a1, a2, a3} is 

𝑃 = [
1 1 1
1 1 0
0 1 0

] and 𝑃−1 = [
0 1 −1
0 0 1
1 −1 0

] 

The matrix A relative to the basis {a1, a2, a3} is presented in the form:  

 𝐴𝑎
∗ = 𝑃−1𝐴∗𝑃 = [

0 1 −1
0 0 1
1 −1 0

] ∙ [
0 1 0
0 0 1
1 0 0

] ∙ [
1 1 1
1 1 0
0 1 0

] = [
−1 0 −1
1 1 1
1 0 0

] 

 



Self-Adjoint operators 
 

Example 1 Let a linear operator T: R3  R3 be defined by the matrix 𝐴𝑓 =

[
6 −2 2

−2 5 0
2 0 7

] relative to an orthonormal basis {f1, f2, f3}. Find an orthonormal basis 

{e1, e2, e3} which is formed from the eigenvectors of the matrix of the operator T and 

write explicitly this matrix in the basis {e1, e2, e3} and the change-of-basis matrix from 

the basis {f1, f2, f3} to the basis {e1, e2, e3}, i.e. the orthogonal matrix P? 

Solution:  

 The characteristic polynomial of the matrix 𝐴𝑓 follows from the equality: 

det(𝐴𝑓 − 𝜆𝐼) = |
6 − 𝜆 −2 2
−2 5 − 𝜆 0
2 0 7 − 𝜆

|=0 , then, 

 𝜆3 − 18𝜆2 + 99𝜆 − 162 = 0 

Solving the cubic equation, we have three real roots as follows: 

 𝜆1 =3, 𝜆2 =6, 𝜆3 =9, 

which define the eigenvaues of the linear operator T defined by the matrix 𝐴𝑓. 

 

 To find the egenvectors, the first root 𝜆1 =3 is substituted into the expression: 

(𝐴𝑓 − 𝜆𝐼)𝑥 = 0, that is, a homogeneous system of linear algebraic equations: 

 

3𝑥1 −2𝑥2 +2𝑥3 = 0
−2𝑥1 +3𝑥2 +0𝑥3 = 0
2𝑥1 +0𝑥2 +4𝑥3 = 0

 

Solving the system by the Gauss method, we result in 

 (
3 −2 2

−2 3 0
2 0 4

)~(
1 0 2

−1 1 0
0 0 0

), i.e. 𝑥(𝜆1) = 𝐶1 (
−2
−2
1

). 

Hence, the vector g1 = (-2,-2,1) corresponds to the egenvector 𝜆1 =3.  

 

 Analogously, substituting the second root 𝜆2 =6 and the third root 𝜆3 =9 

substituted into the expression (𝐴𝑓 − 𝜆𝐼)𝑥 = 0 we have 

 

0𝑥1 −2𝑥2 +2𝑥3 = 0
−2𝑥1 −1𝑥2 +0𝑥3 = 0
2𝑥1 +0𝑥2 +1𝑥3 = 0

 and 

−3𝑥1 −2𝑥2 +2𝑥3 = 0
−2𝑥1 −4𝑥2 +0𝑥3 = 0
2𝑥1 +0𝑥2 −2𝑥3 = 0

, respectively. 

 

Solving them by the Gauss method 

(
0 −2 2

−2 −1 0
2 0 1

)~(
2 0 1
0 −1 1
0 0 0

), i.e. 𝑥(𝜆2) = 𝐶2 (
−1
2
2

);  

and 

(
−3 −2 2
−2 −4 0
2 0 −2

)~(
1 0 −1
0 2 1
0 0 0

), i.e. 𝑥(𝜆3) = 𝐶3 (
2

−1
2

);  

we compute appropriate eigenvectors such that  

g2 = (-1, 2, 2) and g3 = (2, -1, 2), respectively. 



 

Since the eigenvalues are different, the system of vectors {g1, g2, g3} is orthogonal, but 

not orthonormal. To find the orthonormal basis, we divide each the eigenvector vector 

by its length: 

 𝑒1 =
𝑔1

‖𝑔1‖
= {−

2

3
, −

2

3
,
1

3
}, 𝑒2 =

𝑔2

‖𝑔2‖
= {−

1

3
,
2

3
,
2

3
}, and  

 𝑒3 =
𝑔3

‖𝑔3‖
= {

2

3
, −

1

3
,
2

3
}. 

 

Therefore, the orthogonal transition matrix P composed from the normalized 

eigenvectors of A is  

 𝑃 =

[
 
 
 
 −

2

3

1

3

2

3

−
2

3

2

3
−

1

3
1

3

2

3

2

3 ]
 
 
 
 

=
1

3
[
−2 1 2
−2 2 −1
1 2 2

]; 

Hence, the matrix A of the operator becomes diagonal in the basis {e1, e2, e3} as follows:  

 𝐴𝑒 = 𝑃𝑇𝐴𝑓𝑃 =
1

3
[
−2 −2 1
1 2 2
2 −1 2

] [
6 −2 2

−2 5 0
2 0 7

]
1

3
[
−2 1 2
−2 2 −1
1 2 2

]=[
3 0 0
0 6 0
0 0 9

]. 

 

Example 2. Let a linear operator T: R3  R3 be defined by the matrix 𝐴𝑓 = [
1 2 2
2 1 2
2 2 1

] 

relative to an orthonormal basis {f1, f2, f3}. Find an orthonormal basis {e1, e2, e3} which 

is formed from the eigenvectors of the matrix of the operator T and write explicitly this 

matrix in the basis {e1, e2, e3} and the change-of-basis matrix from the basis {f1, f2, f3} 

to the basis {e1, e2, e3}, i.e. the orthogonal matrix P? 

Solution:  

 The characteristic polynomial of the matrix 𝐴𝑓 follows from the equality: 

det(𝐴𝑓 − 𝜆𝐼) = |
1 − 𝜆 2 2

2 1 − 𝜆 0
2 2 1 − 𝜆

|=0 , then, 

 −𝜆3 + 3𝜆2 + 9𝜆 + 5 = 0 

Solving the cubic equation, we have three real roots as follows: 

 𝜆1 =5, 𝜆2 = 𝜆3 =1, 

which define the eigenvaues of the linear operator T defined by the matrix 𝐴𝑓. 

 

 To find the egenvectors, the first root 𝜆1 =3 is substituted into the expression: 

(𝐴𝑓 − 𝜆𝐼)𝑥 = 0, that is, a homogeneous system of linear algebraic equations: 

 

−4𝑥1 +2𝑥2 +2𝑥3 = 0
2𝑥1 −4𝑥2 +2𝑥3 = 0
2𝑥1 +2𝑥2 −4𝑥3 = 0

 

Solving the system by the Gauss method, we result in 

 (
−4 2 2
2 −4 2
2 2 −4

)~(
−2 1 1
−1 1 0
0 0 0

), i.e. 𝑥(𝜆1) = 𝐶1 (
1
1
1
). 



Hence, the vector g1 = (1,1,1) corresponds to the egenvector 𝜆1 =3.  

 

 Analogously, substituting the second and third roots 𝜆2 = 𝜆3 =1 substituted into 

the expression (𝐴𝑓 − 𝜆𝐼)𝑥 = 0 we have 

 

2𝑥1 +2𝑥2 +2𝑥3 = 0
2𝑥1 +2𝑥2 +2𝑥3 = 0
2𝑥1 +2𝑥2 +2𝑥3 = 0

 

 

Solving it by the Gauss method 

(
2 2 2
2 2 2
2 2 2

)~(
1 1 1
0 0 0
0 0 0

), i.e. 𝑥(𝜆2, 𝜆3) = 𝐶2 (
−1
1
0

) + 𝐶3 (
−1
0
1

);  

we compute appropriate eigenvectors such that  

g2 = (-1, 1, 0) and g3 = (-1, 0, 1), respectively. 

 

The system of vectors {g1, g2, g3} is not orthogonal as (g2, g3)  0 . To find the 

orthogonal basis, we perform the Gram Schidt orthogonalization process: 

 f2 = g2; and f3 = g3 +  f2, where  

 𝛼 = −
〈𝑔2,𝑔3〉

〈𝑓2,𝑓2〉
= −

1

2
. Then, f3 = {-1/2, -1/2, 1}; 

 

To find the orthonormal basis, we divide each the eigenvector vector by its length: 

 𝑒1 =
𝑔1

‖𝑔1‖
= {

1

√3
,

1

√3
,

1

√3
}, 𝑒2 =

𝑓2

‖𝑓2‖
= {−

1

√2
,

1

√2
, 0}, and  

 𝑒3 =
𝑓3

‖𝑓3‖
= {−

1

√6
, −

1

√6
,

2

√6
}. 

 

Therefore, the orthogonal transition matrix P composed from the normalized 

eigenvectors of A is  

 𝑃 =

[
 
 
 
 

1

√3
−

1

√2
−

1

√6
1

√3

1

√2
−

1

√6
1

√3
0

2

√6 ]
 
 
 
 

; 

Hence, the matrix A of the operator becomes diagonal in the basis {e1, e2, e3} as follows:  

𝐴𝑒 = 𝑃𝑇𝐴𝑓𝑃 =

[
 
 
 
 

1

√3

1

√3

1

√3

−
1

√2

1

√2
0

−
1

√6
−

1

√6

2

√6]
 
 
 
 

[
1 2 2
2 1 2
2 2 1

]

[
 
 
 
 

1

√3
−

1

√2
−

1

√6
1

√3

1

√2
−

1

√6
1

√3
0

2

√6 ]
 
 
 
 

=[
5 0 0
0 −1 0
0 0 −1

]. 

 

Orthogonal operators 
 

Example 1. Let a linear operator U defines a reflection of a vector in the XOY plane 

with respect to the x-axis. Check whether this operator is orthogonal?  

 



Solution:  

 For any vector in XOY defined by a general form: 𝑎⃗ 𝑎⃗ = ax𝑖 + ay𝑗, the operator U 

yields  

  U𝑎⃗ = ax𝑖  ay𝑗 
 

Find the matrix representation of the operator, that is, 

  U𝑖 = 𝑖 ⃗⃗ and U𝑗 = −𝑗 
Hence, the operator matrix is 

  𝐴 = [
1 0
0 −1

] 

The matrix A is orthogonal since  

  𝐴𝑇𝐴 = [
1 0
0 −1

] [
1 0
0 −1

] = [
1 0
0 1

] 

Thus, the operator U is orthogonal because its matrix is orthogonal. 

 

Example 2. Let a linear operator U defines a counterclockwise rotation through an angle 

θ = /4 around the x-axis in the space R3. Check whether this operator is orthogonal? 

 

Solution:  

 For any vector in XYZ defined by a general form: 𝑎⃗ = ax𝑖 + ay𝑗 + ay𝑘⃗⃗, the operator 

U yields  

  U𝑎⃗ = (axay’, az’), where  

  𝑎𝑦
′ = 𝑎𝑦 cos 𝜃 + 𝑎𝑧 sin 𝜃, and 𝑎𝑧

′ = −𝑎𝑦 sin 𝜃 + 𝑎𝑧 cos 𝜃 

Substituting θ = /4 in the formulas we obtain, 

  U𝑎⃗ = ax𝑖 + (𝑎𝑦 + 𝑎𝑧)
1

√2
 𝑗 ⃗⃗⃗  + (-𝑎𝑦 + 𝑎𝑧)

1

√2
 𝑘 ⃗⃗⃗ ⃗ 

Find the matrix representation of the operator, that is, 

  U𝑖 = 𝑖 ⃗⃗ , U𝑗 = 
1

√2
𝑗 −

1

√2
𝑘⃗⃗ and U𝑘⃗⃗ = 

1

√2
𝑗 +

1

√2
𝑘⃗⃗.  

Hence, the operator matrix is 

  𝐴 = [

1 0 0

0
1

√2

1

√2

0 −
1

√2

1

√2

] 

The matrix A is orthogonal since  

  𝐴𝑇𝐴 = [

1 0 0

0
1

√2
−

1

√2

0
1

√2

1

√2

] [

1 0 0

0
1

√2

1

√2

0 −
1

√2

1

√2

] = [
1 0 0
0 1 0
0 0 1

] 

Thus, the operator U is orthogonal because its matrix is orthogonal. 

 

Example 3. Let a linear operator U: R2  R2 maps the vectors a1 = (1,1) and a2 = (1,) 

to the vectors b1 = (1,1) and b2 = (1,1), respectively. Check whether this operator is 

orthogonal? 

Solution:  

 The the matrix of the operator U in the usual basis we can find from the solution 



of the matrix expression: 

 𝐴𝑎 = 𝑏, where 𝑎 = [
1 1

−1 1
] and 𝑏 = [

−1 1
−1 −1

] 

Thus, the operator matrix is 

 𝐴 = 𝑏𝑎−1 = [
−1 1
−1 −1

]
1

2
[
1 −1
1 1

] = [
0 1

−1 0
] 

The matrix A is orthogonal since  

  𝐴𝑇𝐴 = [
0 −1
1 0

] [
0 1

−1 0
] = [

1 0
0 1

] 

Thus, the operator U is orthogonal because its matrix is orthogonal. 

 

Example 4. Let a linear operator U in R3 defines projections of vectors onto the stright 

line 
𝑥

5
=

𝑦

−2
=

𝑧

3
. Check whether this operator is orthogonal? 

Solution:  

 For any vector in XYZ defined by a general form: 𝑎⃗ = ax𝑖 + ay𝑗 + ay𝑘⃗⃗, the operator 

U yields  

 𝑈𝑎⃗ = 𝑝𝑟𝑜𝑗(𝑎⃗, 𝑙) =
(𝑎⃗⃗,𝑙)

|𝑙|
2 𝑙, where 𝑙 = (5, −2,3) defines the direction of the given 

stright line. Therefore, 

 𝑈𝑎⃗ =  
(𝑎⃗⃗,𝑙)

|𝑙|
2 = (

5

38
𝑎𝑥 −

2

38
𝑎𝑦 +

3

38
𝑎𝑧) 𝑙. 

Find the matrix representation of the operator, that is, 

 𝑈𝑖 =
5

38
𝑙 = {

25

38
, −

10

38
,
15

38
}, 𝑈𝑗 = −

2

38
𝑙 = {−

10

38
,

4

38
, −

6

38
}, and  

𝑈𝑘⃗⃗ =
3

38
𝑙 = {

15

38
, −

6

38
,

9

38
}  

Hence, the operator matrix is 

  𝐴 =

[
 
 
 
 

25

38
−

10

38

15

38

−
10

38

4

38
−

6

38
15

38
−

6

38

9

38 ]
 
 
 
 

 

The matrix A is not orthogonal since  

  𝐴𝑇𝐴 =

[
 
 
 
 

25

38
−

10

38

15

38

−
10

38

4

38
−

6

38
15

38
−

6

38

9

38 ]
 
 
 
 

[
 
 
 
 

25

38
−

10

38

15

38

−
10

38

4

38
−

6

38
15

38
−

6

38

9

38 ]
 
 
 
 

≠ [
1 0 0
0 1 0
0 0 1

]. 

Thus, the operator U is not orthogonal because its matrix is not orthogonal.  

 


