Orthogonal Sets

Example 1

Find & so that u= (1,2,k,3) and v = (3, k,7, —5) in R* are orthogonal.
First find

fey = (1,253} (3,67, -5)=34+2k+Tk-15=%9 - 12
Then set (u, v) = 9% — 12 = 0 w0 obtan & =%.
Example 2
Let W be the subspace of R® spanned by w=(1,2,3, —-1,2) and v=(2,4,7,2,—1). Find a
basis of the orthogonal complement W' of W,
We seek all vectors w = (x. v 2.5 1) such that

wou)= x+2y4+3z= s+2U=0

wol=2x+dy+Tz4+25= t=0
Eliminating x from the second equation, we find the equivalent svstem

x4+ 4 3z=54+2t=0
t+d4s=5r=0

The free variables are v, 5, and . Therefore,

(1) Sety= <1, s=10, ¢t =0 1o obtwin the solutim w, = (2, =1,0.0,0).
(2) Sety=0s5s=1, t=0 tofind the solution w, = (13,0, =4, 1,0).
(3) Sety=05=0,r=1 tooblain the solution ws = (=17,0,5,0,1).
The set {w,,wy, wy} is a basis of W,
Example 3

Let w=(1,2,3,1) be a vector in R*. Find an orthogonal basis for w'.

Find a nonzero solution of x + 2y + 3z 4+ ¢ =0, say v, = (0,0, 1, =3). Now find a nonzro solution of
the svslem

x4+2y4+ 3z 40 =0, z=3t=0
say vy = (0, =5,3, 1). Last, find a nonzero solution of the system
x+2+3z40=0, =S5y+%+e=0, z =3t

Il
=

say vy = (—14,2,3, 1), Thus, v, vy, vy form an orthogonal basis for w.
Example 4
Let S consist of the following vectors in R*:

= (1,1,0,-1), w4, = (1,2,1,3), wy = (1,1, -9,2), uy = (16, —13,1,3)
(a) Show that § is orthogonal and a basis of R*.

(b) Find the coordinates of an arbitrary vector v= (a.b.c,d) in R* relative to the basis S.
(a) Compule

byroa=14+240=3=0 gy =14+140=2=0,

by oy =16=1340=3=0
iy tig=14+2-94+6=10, Hyctly =16-264+14+9=0,

by iy =16-=13-94+6=0
Thus, §is orthogonal, and § is linearly independent. Accordingly, § is a basis for R* because any four
linearly independent vectors form a basis of R*.



(b) Because § is orthogonal, we need only find the Fourier coefficients of v with respect to the basis vectors,
a8 in Theorem 7.7. Thus,

v, 0y _-:.|+.b—d RN Y _a+.b—"5'c+2.-:.|’

YT luaw) 3 T gy 87
b = iy} a+2bh+c+3d _ vy} 16a— 136+ c +3d
- {uz,uz) 15 ' (g, mg) 435

are the coordinates of v with respect to the basis §.

Projections, Gram-Schmidt Algorithm, Applications

Example 1
Find the Fourier coefficient ¢ and the projection of v = (1, =2,3, —4) along w = (1,2,1,2) in R,
Compute {v,w)=1-4+3 <8 = <8and ||w| = 1+4 +1+4 = 10. Then

e=-f=-% ad pojuw)=cw=(-}-}-%-9
Example 2
Consider the subspace U/ of R* spanned by the vectors:

m=(1,1,1,1}, o =11,1,2,4]), iy = (1,2, -4, -3)

Find (a) an orthogonal basis of U; (b) an orthonormal basis of V.
(a) Use the Gmm—Schmidt algonthm. Begin by setting w, = = (1,1, 1. 1). Next ind

| T, W ) B
oy = {”w;w’ljw, =(1,1,2,4) - 2(1,1,1,1) = (-1,-1,0,2)
Set wy = (—1,—1.0,2). Then find

Ty, Wy ) { Ty, W) (=4} (=9)
o E L A3 L (1,2, -4, =3) = —(1,1,1,1) = 2—(=1,—-1,0,2
" {WJ'WJ-I“] W Wa) =l } 4 ll ) 6 ( )

— (L 3
= (3.5, =3, 1)
Clear fractions to obtain wy = (1,3, =6, 2). Then wy . wy, wy form an orthogonal basis of 7
(b) Normalize the orthogonal basis consisting of w,,we o wy. Becanse |w]|2 =4 |w2|2 =f, and
[y © = 50, the following vectors form an orthonomal basis of U
1 1 1
n]=?[I.I.I.I}. nz=T[—l.—l.ﬂ.2}. wy=——(1,3 -6.2)
2 & 542

Example 3
Consider the vector space (1) with inner product {f, g} = _[,Ilfl[rjgl[r}dr. Apply the Gram-—
Schmidt algorithm to the set {1.1.1°} to obtain an orthogonal set { f.f. 6} with integer

coefficients.
First set fiy = 1. Then And

it 1) z 1
I kL A TR N R
I {l.lj' I I| t 3
Clear fractions to obtan f; = 2¢— 1. Then find
. {#.1) (2, 2—1) L1 _ |
z_ % _ B -2 1 Bl - L
oy Mmoo i %(-’ )=F-t+zg



Clear fractions to obtain f; = 6 — 6¢ + 1. Thus, {1, 2r =1, & — 6+ 1} is the required orthogonal set.

Example 4
Suppose v = (1,3,5,7). Find the projection of v onto W or, in other words, find w & W that
minimizes || — w||. where W is the subspace of R* spanned by

(@) w; =(1,1,1,1) and e, = (1, -3,4, -2},

(b) v, =(1,1,1,1) and ®, = (1,2,3,2).

(a) Because wy and wy are orthogonal, we need only compute the Fourier coefficients:
I 1oy ) _I+3+5+T_I_'E_4
Y, 1141410 4

- (s _I—"5|+2[I'— I4_i_ 1
) 1+9+16+4 30 15
Then w = proj{v, W) = comy +oy =4(1, 1L 1L 1) - L(1.-3.4,-2) = (F.£.2.%).

(b} Because v, and v, are not arthogonal, first apply the Gmm—Schmidt algorithm to find an orthogonal basis
for W. Set wy, = v, = (1,1, 1.1). Then find

s Wy ) B
=y = (1,232 =—(1,1,1,1)}) = (=1,0,1,0)
e, 1) ( ! (
Set wy = (1.0, 1,0). Now compute
. v, wy ) _I+3+5+T_I_l|5_4
Y lwywy) 1414141 4
_ Amwy) 14045 +“_i_2
T Twpws) 140140 2
Then w=proj(v. W) =cywy +cowe =4 L1, 1.1) + 2{=01,0,1,0) = (2,4,6.4).

Orthogonal Matrices

Example 1

Find an orthogonal matrix P whose first row is u; = (1,3.3).
First find a nonzero vector w, = (x. v, 7} that is orthogonal 10w, —that is, for which
X 2y Xk
l}={n].wz,|=5+3—}+3=ﬂ or z4+2y4+2z=0
One such solution is wy = (0, 1, =1). Normalize w, to obtain the second row of P:
us = (0,1/v2, =1//2)
Mext find a nomzero vector ws = (x.v,z) that is orthogonal 10 both &, and wy—that is, for which
X Iy X
l]={n,.u:_,,,|=§+3—}+%=ﬂ or x+2y+2z=0

or y=z=0

\ ¥ Z
0=l w=—"=-—=0
s V2 W2
Setz = =1 and find the solution wy = (4, =1, —1}. Normalize wy and obtain the third row of P; that is,

uy = (4/ V18, =1/v18, =1/v18).

Lad] =

2 2
Thus. P= 0 Il."_:‘..-'"E —IFV'.E_
W2 12T -1/32

We emphasize that the above matrix P is not unigue.



Example 2

1 1

Let A= |1 i
7 3

(b) A is an orthogonal matrix; (c) the columns of A are orthogonal.

(2) Yes, because (1.1,=1)-(1.3.4)=14+3=4=0 (1L1=1}:(7.=52)=T7=5=2=0 and
(1,3.4)-(7,=5.2)=T7T=154+8=0

(b} Mo, becanse the mws of A are not unit vectors, for example, (11, 1V =14141=3

(c) MNo; for example, (1,1.7)- (1,3, =5) =143 =35= =31 £0

Example 3
Let B be the matrix obtained by normalizing each row of A in the previous example.

(a) Find B.
(b) Is B an orthogonal matrix?
(c) Are the columns of B orthogonal?

I =

]. Determine whether or not: (a) the rows of A are orthogonal;

(a) We have
fiL1, =) =1+14+1=3 Ni1,3,4)1° =149 +16=26

N7, =52 =49 +25+ 4=178

13 13 1/v3
Thus. B = I,"-.,"'E 3,"-.,"'% 4..f--"'2_{"r
TWTE =5/ 2/+T8

(b} Yes, because the mows of B are still onhogonal and are now unit vectors.
(c) Yes, because the rows of B form an orthonommal st of vedors. Then, by Theorem 7.11, the columns of B
musl automatically fomm an orthonommal set.

Inner Products And Positive Definite Matrices

Example 1
Which of the following symmetric matrices are positive definite?

3 4 [ 8 -3 [z 3 s
(a) A L‘ 5]-“:} B l?' ,1]_[-:} C l] 3]_[.1} D L" q]

Use Theorem 7.14 that a 2 = 2 real symmetnic matrix is positi ve definite if and only if its diagonal entries
are positive and ifl its determinant is positive.
(a) Mo, because |A| = 15 = 16 = ~1 is negative.
b) Yes
(c) No, because the diagonal entry -3 is negative.
(d) Yes

Example 2
Find the values of k that make each of the following matrices positive definite:

2 -4 4 k . [k s
(a) .a—l p J;]'[h]' H—h q]-[c} s l-" 2]



(a) First, & must be positive. Also, [A] = 2k = 16 must be positive: that is, 2k < 16 > 0. Hence, & > 8.
(b) We need |[B| = 36 — k° positive; that is, 36 — & = 0. Hence, £ < 36 or =6 < k < 6.
(c) C can never be positive definite, because C has a negative diagomal entry <2,

Example 3

Find the matrix A that represents the usual inner product on R* relative to each of the following
bases of R™: (a) {v; =(1,3), &, =(2,5}): (b) {w, =(1,2), wy, = (4, -2)}.

(a) Compute {v,v)=149=10, {r;,,n) =24+ 15=17, (B, ) =4+ 25 = 29. Thus,
10 17}
A= [I? 29]
(b) Compute (wywy) =14+4=5 (wy.w)=4-4=0, (wp.wy) =16 +4 =2 Thus A= [3 23]

(Because the basis vectors ame orthogonal, the matrix A is diagonal.)

Example 4
Consider the vector space P,(1) with imner product { f.g) = _E]f{f;lg{f;l di.
(a) Find { f, g}, where f(i) =1 +2 and g{1) =" — 3i + 4.
(b) Find the matrix A of the inner product with respect to the basis {1.1,1°} of V.
(c) Verify Theorem 7.16 by showing that { f, g} = [ f]"A[g] with respect to the basis {1.1, #}.
1 1 4 L 1
)= =| (F-# Y (A | _%
() {f-gJ—J ][r+2}[F—m+4}dr_I ](F—r -2 +8)d = (4 5 r+ Er)_ =3
{b) Here we use the fact that iff r + 5 =,

{r'_r’:|=r PL - r :] ={2,."[n+|} if m s even,
1

SR if n is odd.
Then {1,1)=2, {1, =0, {1, =2 (£} =1 {13 =0, {#,#) =L Thus,
2 0 2
A=10 2 0
03

(€) We have [f]" = (2,1.0) and [g]" = (4, =3. 1) relative to the given basis. Then
4 4
-3\ =(@3.9| 3| =$=(f.0)

£ Alg] = (2.1,0)

wilbd 2 I Il
e D
[ [T e Y [T6°

Complex Inner Product Spaces

Example 1

Suppose {u, v} = 3 + 2i in a complex mner product space V. Find

(@) {(2—4iju, vj:(b) {u, (4+3)v); (c) ({3 —6iu, (5-2i)v).

(@) {2 -4, v)= (240w v) = (2 &)(3+2) = 14 — &

(b (w, (44 3)v) = (4 4+ Fipiw. v) = (4 =30)(3+2) =18 ~i

(e} {(3 —6ilu, (5 —20)v) = (3 — 6015 — 20w, v) = (3 — &) (5 + 20)(3 + 24) = 129 — 1§
Example 2



Find the Fourier coefficient (component) ¢ and the projection cw of v= (3 +4i, 2 — 3i) along
w=(5+1i, 2iinC2
Reall that ¢ = (v w)/{w, w). Compute
(oow) = (3+ 405+ 0+ (2 = 30(F) = (3+ 45— i) + (2 = 30)(-24)
=19 4+1Ti-6-=4=134+1%
{'I-'l-'.'ln'l-':l =M +14+4=230

Thus, ¢ = (13 + 13i)/30 = & 4 £i. Accordingly, pmjinw) = ow = (B + 3. & +&i)

Example 3

Find an orthogonal basis for " in C° where & = (1, i, 1+ i).
Here w' consists of all vectors s = (x,y,z) such that

iwou) =x=iv+ (1 =ijz=0

Find one solution, say wy = (L 1 =1, i). Then find a solution of the system

x=—iy+ (1=iz=0, (1+ijy=iz=0
Here 7 is a free varigble. Set z = 1 1o obtain y = §/(1 +i) = (1 +i)/2 and x = (¥ = 3)2. Multiplying by 2
yields the solution wy, = (31 =3, 144, 2) The vectors w, md wy form an arthogonal basis for o".
Example 4
Find an orthonormal basis of the subspace W of € spanned by

v, = (1,50} and w=(1, 2 1-=i).

Apply the Gmm—Schmidt algonthm. Set w, = v, = (1.1, 0}. Compute

'Ir."é-“"]:' — y 1 =2 . T A ‘
m - —{w].w]j“] =1, 2, 1=i)=- = (1,i.0)=(3+i, 1=3i, 1=1i)
Multiply by 2 to clear fmctions, obtaining wy, = (1 + 21, 2 =i, 2= 24). Next find |jw,|| = v2 md then
[lwy|l = +/18. Normalizing {w,, w,}, we obtain the following orthonormal basis of W:

(=G o) - (5 2 2))
Normed Vector Spaces

Example 1
Consider vectors = (1,3, —6,4) and v = (3, =5,1,-2) in k. Find

@ llull, and Jloflo. ) [lull, and vl © [lull, and o],
(d) d_iu,v), dlu v), dsin, v).

(2) The infinity norm chooses the maximum of the absolute values of the components. Hence,
[lull, =6 and o)l = 5
(b) The one-norm adds the absolute values of the components. Thus,
lufl, =1+34+6+4=14 and |ufl,=3+5+1+2=11

(c) The two-norm is equal o the sguare m of the sum of the squares of the components (e, the norm
induced by the usual imer product on R™). Thus,

fulls = VI+9+36+16 =162 and  |Jol, =vVO+25+1 +4 =39



(d) Fist find w = v = (=28 =7.6). Then
Aol v) = |u=1 =8
difmv)=|lu-|,=24+84+74+6=23
dyfu v) = [~ o], = 44 64 + 49 + 36 = 153

Example 2

Consider the function fi1) = F —4rin 10, 3.

(a) Find || f]| . (b) Plot f{1) in the plane R*. ic) Find | fl;+ ¢d) Find || £]l..

(2) We seek || f|l, = max(| f(r)|). Because f(1) is differentiable on [0, 3], | £(#)| has a maximom at a enitical
point of f{ 1) (i.e., when the dervative (1} = ), or alan endpaint of [0, 3], Because (1) = 2¢ — 4, we set
2t — 4 =0 and obtain r = 2 a8 a critical point. Compute

fi2) =48 = -4 FIly =0=0=0, Ffi3)=9<=12==3
Thus, | fll.. = | f2)] = - 4] = 4.

(b) Compule £} for various values of ¢ in [0, 3], for example,
t o 1 2 3
fin]o -3 -4 -3
Plot the points in R? and then draw a continuous curve through the points, as shown in
Figure. . ] .
(c) We seek || f|l, = _EI+|_,|"[I}| dr. As indicated in Fig. 7-3, fir) is negative in [0, 3]; hence,
| )] ==(Ff —&)=dt =+

|

3 L]
Thus, |,,|"|,=J‘[4r—r2}a‘r= ﬁz-’—)- —18-9=9
| 3 Ig

F J-' . J-' i !u Iﬁl_. ..J.l Iﬂ
(d) |f|§=Lf[r}la‘r=L[r4_E:r"'+lﬁr"'}dr=(%-gf‘.,.T’); -
ITE] i
(153
'-.I.-']'.II.'I‘."l|_|II-|-E=||”|'T
finy
|__
] | | | ]
Tk 1 2 3 s
14
-1
34
44




