
Gram-Schmidt orthogonalization process; orthogonal complement; the 

best possible approximation 

 

1. Apply the Gram-Schmidt orthogonalization process to find an orthogonal basis for the 

three-dimensional subspace R3 spanned by the given vectors ⃗e1={1,−2, 2}, ⃗e2={−1, 0, 

−1}, ⃗e3={5, −3, −7}, if the inner product of vectors 𝑥⃗ = {x1;x2;x3} and 𝑦⃗ = {y1;y2;y3} 

following the rule 〈𝑥⃗, 𝑦⃗〉 = ∑ 𝑥𝑘𝑦𝑘
𝑛
𝑘=1 .  

 

Begin by setting 

 f1 = e1= {1, −2, 2}; 

Next find 

f2 = e2 + 1f1, where 𝛼1 = −
〈𝑒2,𝑓1〉

〈𝑓1,𝑓1〉
 = 

 

So,  

  

Then analogously find 

f3 = e3 + 1f1 + 2f2 , where 𝛽1 = −
〈𝑒3,𝑓1〉

〈𝑓1,𝑓1〉
 = 

 

𝛽2 = −
〈𝑒3,𝑓2〉

〈𝑓2,𝑓2〉
 = 

 

That is 

  

Then the vectors f1, f2, f3 form an orthogonal basis.  

Normalize the orthogonal basis vectors, the following vectors form orthonormal 

basis of the space:  

  

 



2. Consider a vector space of functions given in C[a,b] with the inner product defined by 

〈𝑓(𝑡), 𝑔(𝑡)〉 = ∫ 𝑓(𝑡)𝑔(𝑡)𝑑𝑡
𝑏

𝑎
. Apply the Gram-Schmidt orthogonalization process to the 

set of function {1, t, t2} over [0, 1] to find an orthogonal set {f0, f1, f2}? 

 

 

 

3. Consider vectors e1 and e2 in given vector space R4. Check whether the vectors are 

orthogonal, if so find nonzero vectors that are orthogonal to the given vectors e1 and e2, 

and form together an orthogonal basis? 

 

We are looking for additional two vectors to form a basis in R4 and which are orthogonal 

to the given vectors e1 and e2. First, 

find the coordinates of arbitrary vector in R4: 
 

 

Using the orthogonality conditions, we form a system of linear algebraic homogeneous 

equations: 

 

The solution of the system can be presented in the form: 

 



That is the fundamental solution is the following two vectors:  

. Suppose , then, the other basis vector e4 

orthogonal to the previous vectors e1, e2, e3 can be obtained by the Gram-Schmidt 

orthogonalization process: 

where 
 

i.e.  

  

Finally, the orthogonal basis in R4 is the following vectors: 

  complemented by  

  

 

4. Let a subspace L is given by a span of vectors 

. Find a basis for the subspace 

formed by the orthogonal complement L. 

 

First, we check whether the vectors a1, a2 and a3 are linear independent. The matrix 

composed from the given vectors has a form: 

  

Since the rank of the matrix is 2, only two vectors of the given three ones are linear 

independent. Let the vectors a1 and a3 be the basis of the subspace L.  

Next, to find the vectors that forms an orthogonal complement L of the subspace L, 

we seek all vectors 𝑥 = {𝜉1, 𝜉2, 𝜉3, 𝜉4} such that satisfy the conditions:  

 

Solving the system, we find the basis vectors of L, i.e. 



 Then  

 
 

Finally, the set  is a basis of L.  

 

5. Let a subspace L R4 be given by a system of linear algebraic homogeneous equations.  

  

Find a basis for the subspace formed by the orthogonal complement L. 

 

Compose the matrix consisting of the coefficients at the unknowns of the system: 

  

The rank of the matrix is 2, i.e. the dimension of L is dim L = 2 (4 unknowns minus the 

rank). According to the theorem dim L = dimension of R4 - dim L = 2.  

 Next, to find the vectors that forms an orthogonal complement L of the subspace L, 

we seek all vectors 𝑥 = {𝜉1, 𝜉2, 𝜉3, 𝜉4} such that satisfy the conditions: 

  

That is the vectors  form a basis of the orthogonal 

complement L. 

 

6. Suppose L is a subspace of R4, which is given by a span of vectors ⃗x1={1, 1, 1, 1},  

⃗x2={1, 2, 2, −1}, ⃗x3={1, 0, 0, 3}. Find the projection of a vector ⃗z={4, −1, −3, 4}  L 



onto the subspace L ( proj(z, L) ) and its orthogonal component z. 

 

To find the basis of the subspace L, consider the matrix composed from the given vectors: 

  

It is obvious that the rank is 2, i.e. we have two independent vectors, for instance, x1 and x2 

forming the basis of L. Consequently, the projection of a vector ⃗z onto the subspace L is 

calculated as  

 proj(z, L) = where the coefficients can be found from the solution of 

the following system of linear algebraic equations:  

 {
𝑎11𝛼1 + 𝑎12𝛼2 = 𝑏1
𝑎12𝛼1 + 𝑎22𝛼2 = 𝑏2

 

 

where 

 𝑎11 = 〈𝑥1, 𝑥1〉 = 4, 𝑎12 = 〈𝑥1, 𝑥1〉 = 4, 𝑎22 = 〈𝑥2, 𝑥2〉 = 10, 𝑏1 = 〈𝑧, 𝑥1〉 = 4, 

𝑏2 = 〈𝑧, 𝑥2〉 = −8, 

i.e. 

  
Then,  

  

Finally,  

 proj(z, L) = 3 x1 – 2 x2 = 3 {1, 1, 1, 1} – 2 {1, 2, 2, −1} = {1, −1, −1, 5}, and  

z = z  proj(z, L) = {4, −1, −3, 4}  {1, −1, −1, 5} = {3, 0, −2, −1}. 

 

7. Suppose L is a subspace of R4, which is given by a system of linear algebraic 

homogeneous equations: 

 

Find the projection of a vector z  L onto the subspace L ( proj(z, L) ) and its orthogonal 

component z. 



 

Consider the matrix of the system of equations and transform it to column reduced 

form: 

 

As a result, the rank is 2, i.e. we have two independent equations, which can be used from 

the reduced form as follows: 

  

The fundamental solution of the system takes the form: 

  

It leads to the basis vectors: 

  

Consequently, the projection of a vector ⃗z onto the subspace L is calculated as  

 proj(z, L) = where the coefficients can be found from the solution of 

the following system of linear algebraic equations:  

 {
𝑎11𝛼1 + 𝑎12𝛼2 = 𝑏1
𝑎12𝛼1 + 𝑎22𝛼2 = 𝑏2

 

 

where 

 𝑎11 = 〈𝑥1, 𝑥1〉 = 2, 𝑎12 = 〈𝑥1, 𝑥1〉 = −7, 𝑎22 = 〈𝑥2, 𝑥2〉 = 75, 𝑏1 = 〈𝑧, 𝑥1〉 = 3, 

𝑏2 = 〈𝑧, 𝑥2〉 = 61, 

i.e. 

  

Then,  



 𝛼1 = −2, 𝛼2 = −1 

Finally,  

 proj(z, L) = – 2 x1 – x2 = {5, −5,2, −1}, and  

z = z  proj(z, L) = {2, 1, 1, 3}. 

 

8. Find the best possible approximation to continuous functions 𝑧(𝑡) = √𝑡 over [0, 1] by a 

polynomial of the first order (a linear function) specified in the subspace W of C[0, 1] with 

the inner product 〈𝑓(𝑡), 𝑔(𝑡)〉 = ∫ 𝑓(𝑡)𝑔(𝑡)𝑑𝑡
1

0
. Plot the graphs of z(t) and its best 

approximations over [0, 1]. 

 

It follows from the conditions of the task that linear functions  form 

a vector space L. It means that the basis of the space L (the usual basis of P1(t) ) is given 

by the set of functions: {x1=1, x2=t} 

To make the best approximation of z(t) by the function y(t), we have to minimize the 

error || z(t)  y(t) ||, which could be achieved by using y(t) as a projection of y(t) onto L, i.e. 

proj(z, L) = 1 + 2t, where the coefficients can be found from the solution of the system 

of linear algebraic equations: 

  {
𝑎11𝛼1 + 𝑎12𝛼2 = 𝑏1
𝑎12𝛼1 + 𝑎22𝛼2 = 𝑏2

 

 

where 

 𝑎11 = 〈𝑥1, 𝑥1〉 = ∫ 1 ∙ 1𝑑𝑡 =
1

0
1, 𝑎12 = 〈𝑥1, 𝑥2〉 = ∫ 1 ∙ 𝑡𝑑𝑡 =

1

0
1/2, 

𝑎22 = 〈𝑥2, 𝑥2〉 = ∫ 𝑡 ∙ 𝑡𝑑𝑡 =
1

0
1/3,  

𝑏1 = 〈𝑧, 𝑥1〉 = ∫ √𝑡 ∙ 1𝑑𝑡 =
1

0
2/3, 

𝑏2 = 〈𝑧, 𝑥2〉 = ∫ √𝑡 ∙ 𝑡𝑑𝑡 =
1

0
2/5, 

i.e. 

  

Then, solving the system leads to  

 𝛼1 = 4/15, 𝛼2 = 4/5 



i.e. 

 𝑦(𝑡) =
4

15
+

4

5
𝑡 

This linear function is the best least square approximation of the function 𝑧(𝑡) = √𝑡 over 

[0, 1] or gives a minimum of the integral:  

 min
𝛼1,𝛼2

∫ (√𝑡 −
4

15
−

4

5
𝑡)

2
𝑑𝑡

1

0
 

The plot of both the functions is presented below: 

 

 


