Gram-Schmidt orthogonalization process; orthogonal complement; the
best possible approximation

1. Apply the Gram-Schmidt orthogonalization process to find an orthogonal basis for the
three-dimensional subspace R® spanned by the given vectors &={1,-2, 2}, &={-1, 0,
—1}, &s={5, -3, —7}, if the inner product of vectors x = {x:;x2;xs} and y = {y1;y2;ys}
following the rule (X, y) = > }_; Xx Vi

Begin by setting
f1 =e1= {1, —2, 2},

Next find
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Then analogously find
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fs=es+ fif1 + Bf, , where By = — 2= — : —
3 II -7
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That is
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Then the vectors fy, f,, f; form an orthogonal basis.
Normalize the orthogonal basis vectors, the following vectors form orthonormal
basis of the space:
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2. Consider a vector space of functions given in Cpap; With the inner product defined by
(f(t),g(t) = f:f(t)g(t)dt. Apply the Gram-Schmidt orthogonalization process to the
set of function {1, t, t?} over [0, 1] to find an orthogonal set {fo, f1, f2}?

First set fi; = 1. Then find

P | o

Clear fractons to oblwn f; = 2f = 1. Then find
, (A1) {#, 2t—1) .o = : 1
r —(1) =< _ —(A=1)=r ==(1})=F(U=1)=r =-t+<
)" W2 =1, 20 =1)" 1" < Iﬁ
Clear fractions to obtain f; = 6 = 6¢ + 1. Thus, {1, 2r =1, & = 6r 4 1} is the required orthogonal set.

3. Consider vectors e; and e; in given vector space R*. Check whether the vectors are
orthogonal, if so find nonzero vectors that are orthogonal to the given vectors e; and e,
and form together an orthogonal basis?

We are looking for additional two vectors to form a basis in R* and which are orthogonal
to the given vectors e; and e,. First,
find the coordinates of arbitrary vector in R ;= E;. E1. E3. Eg

Using the orthogonality conditions, we form a system of linear algebraic homogeneous

equations:
I _ .
:l._é!'-al::D'- _ |EI+E]+EJ+EE::G> _ ||1 1 1 2] _
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0 1 2 -5 o1 2 =5 |Ea=—2E;+5E,.

The solution of the system can be presented in the form:
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That is the fundamental solution is the following two vectors:

. | ! F.—=(1 =2 - _
1.—-2.1.0J [=7.5.0.1] Suppose ¢;=(1,—2.1,0] , then, the other basis vector e,

orthogonal to the previous vectors e, e, e; can be obtained by the Gram-Schmidt
orthogonalization process:

= b = _ ll=7.5.0.10.8) _ —7-10_17
7.5.0. 1jxa, E3’Where = |j_é?.3-_§3| - 6 6
l.e.
17 | [ 25 2 17 .|
g.=|-7.5.0.1]+=[1, -2, 1, 0}=|-=2, —=_ & 1}
* 6 | 6 36

Finally, the orthogonal basis in R* is the following vectors:

21:;1 1.1, 2], E;Z'_l._ 2,3, -3 Complemented by

g,={1.—-2.1. 0|, 2,=/—25,-4.17.6)

4, Let a  subspace L IS given by a span of  vectors

—_

4,=(1,0.2. 1), d=[2.1, 2.3, ag,=l0.1.-2.1, _ .
1 S -2l 4T . Find a basis for the subspace

formed by the orthogonal complement L.

First, we check whether the vectors a;, a; and as are linear independent. The matrix
composed from the given vectors has a form:

10 2 1 10 2 1| | > 1)
A~2 1 2 3|m-2n ”‘ﬂ 1 —2 -| |
o 1 -2 1 0 1 —2 1| it

Since the rank of the matrix is 2, only two vectors of the given three ones are linear
independent. Let the vectors a; and as be the basis of the subspace L.

Next, to find the vectors that forms an orthogonal complement L* of the subspace L,
we seek all vectors x = {&;, &,, &, &,} such that satisfy the conditions:

iy

|%.d,)=E+2E;+E,=0,
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Solving the system, we find the basis vectors of L*, i.e.
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Finally, theset '~ ' = 21,01, 5,=-1.-1.0.1] is a basis of L.

5. Let a subspace Le R* be given by a system of linear algebraic homogeneous equations.

Ei+2E,+E,=0
| 2E,—Ex+E;5=0,
TE,—Ey+35;+E,=0

Find a basis for the subspace formed by the orthogonal complement L*.

Compose the matrix consisting of the coefficients at the unknowns of the system:

1 2 0 1 1 2 0 1 -
A=[2 -1 10 ~[2 -1 1 o0 ~ |
\7 =1 3 1/r—r; 6 =3 3 0/r;—3r, -
The rank of the matrix is 2, i.e. the dimension of L is dim L = 2 (4 unknowns minus the
rank). According to the theorem dim L+ = dimension of R* - dim L = 2.
Next, to find the vectors that forms an orthogonal complement L* of the subspace L,
we seek all vectors x = {&;, &,, &5, &4} such that satisfy the conditions:
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G =[1.2.0.1, 3,=[2.-1. 1. 0]

That is the vectors form a basis of the orthogonal

complement L.

6. Suppose L is a subspace of R* which is given by a span of vectors %;,={1, 1, 1, 1},
X%={1, 2, 2, -1}, %3={1, 0, 0, 3}. Find the projection of a vector 7={4, -1, 3,4} e L



onto the subspace L ( proj(z, L) ) and its orthogonal component z*.

To find the basis of the subspace L, consider the matrix composed from the given vectors:

111 1) 1 1 1 1 ,- \

|

X=1 2 2 -1|p-n~f0 1 1 -2 ~lo 1 1 _3
1 0 0 3lp—p, 10 -1 -1  2fprr, | K

It is obvious that the rank is 2, i.e. we have two independent vectors, for instance, x; and x;
forming the basis of L. Consequently, the projection of a vector Z onto the subspace L is

calculated as
proj(z, L) = C1X1* @2 %2 \where the coefficients can be found from the solution of
the following system of linear algebraic equations:
{‘111“1 + aa, = by
Q1201 + A0, = b,

where
a7 = (x1,%1) =4, a1 =(x1,x1) =4, az; =(x3,x) =10, by =(z,x1) = 4,
bZ = (er2> = _8’

I.e.
[4oy+40y=4, _ |og+0p=1,
|40, +100,=—8.  |2a,+50,=—4,
Then,
Finally,

proj(z, L) =3x1—-2x=3{1,1,1,1}-2 {1,2,2, -1} ={1,—1,-1, 5}, and
zt=z-proj(z,L) = {4,-1,-3,4} - {1,-1,-1,5} = {3,0, -2, —1}.

7. Suppose L is a subspace of R* which is given by a system of linear algebraic
homogeneous equations:

2E,+E,+E;+3E,=0,
|35, +2E,+2E;+E,=0,

E]+E I:i::!+2 Es—gtc:q_:l:l

Find the projection of a vector z € L onto the subspace L ( proj(z, L) ) and its orthogonal
component z+.



Consider the matrix of the system of equations and transform it to column reduced
form:

3| ) 3

1 11
A=3 2 2 1|r1—1r1”‘—1 0 0 —S|rf(-1)~
12 2 —9/r,—2r, |-2 0 0 —10
[2 11 3)p-2r 011 -7 :
2 —7]
~l 100 s ~[t o0 s|~|3 0, 7]
-2 0 0 -10/r42-, 0 0 0 o ! -

As a result, the rank is 2, i.e. we have two independent equations, which can be used from

the reduced form as follows:
E,=—5E,.

lE1:_C +?E;,

The fundamental solution of the system takes the form:
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It leads to the basis vectors:
%=/0.—1. 1.0 ¥=/-5.7.0.1]

Consequently, the projection of a vector 7 onto the subspace L is calculated as
proj(z, L) = G X1* 2 Xa- \where the coefficients can be found from the solution of
the following system of linear algebraic equations:
{a11“1 + aa; = by
a1,y + aza; = b,

where

a1y = (X1, %) = 2, aqp = (X, %1) = =7, Az =(x3,%2) =75, by =(z,%) =3,
bz == (Z,x2> - 61,
I.e.

311-_—'?111:3._
— 70, +750,=—61

Then,



a; =—-2,a,=-1

Finally,
proj(z,L) =—2x; —x, = {5, -5, -2, -1}, and
zt=z-proj(z,L)={2,1, 1, 3}.

8. Find the best possible approximation to continuous functions z(t) = +/t over [0, 1] by a
polynomial of the first order (a linear function) specified in the subspace W of Cyg, 17 with

the inner product (f(t),g(t)) = folf(t)g(t)dt. Plot the graphs of z(t) and its best
approximations over [0, 1].

It follows from the conditions of the task that linear functions ' []= 0+t form

a vector space L. It means that the basis of the space L (the usual basis of P(t) ) is given
by the set of functions: {x;=1, x,=t}

To make the best approximation of z(t) by the function y(t), we have to minimize the
error || z(t) — y(t) ||, which could be achieved by using y(t) as a projection of y(t) onto L, i.e.
proj(z, L) = ou + apt, where the coefficients can be found from the solution of the system

of linear algebraic equations:
{a11“1 + aa, = by
A1201 + aza; = b,

where
1 1
a’ll = (xlrxl) = fO 1 ' 1dt = 1; a12 = (X1;xZ> = fO 1 ) tdt = 1/2,
(yy = (X3, %) = [ t - tdt =1/3,
by = (z,x,) = [, V- 1dt =2/3,
b, =(z,%,) =[]Vt - tdt =2/5,

1 1 2

o

Then, solving the system leads to
a, = 4/15, a, = 4/5



4 4
y(t) =E+Et

This linear function is the best least square approximation of the function z(t) = /t over
[0, 1] or gives a minimum of the integral:
! 4 4 \?
min Jy (V-5 —3¢) at

The plot of both the functions is presented below:
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