Complex numbers

1. Perform the arithmetic operations:

1L (2+40-3(-1+21)
2(5-3-6+1)

-3

3. 6(2+i)(3-)
4. |-2-3i|
5. Show that if
z=a+hi
then
1 1
z ! =?— o {n—ba}

if a and b are not both 0.

2. Find the inner product (i, U) for the following pairs of vectors:
(a) :1={1—2@,3+5;,2],5=[a‘,—zr',a—zr']

(b} :1={a',3,1—a’},z"1={3,4+f,?:‘}

(c) :1={2f,5§,—3§},£n=[1,5,3}

(d) :1={I,Er,3], fr={2a’,5:‘,—3:‘]

3. Here a connection between complex numbers and 2 x 2 matrices is demonstrated. We
associate

(10 (III -1
H»fll:h(-':|I I] and ewlthkl D]'

{a) Show that

analogous to #=—1.

Identify

—h —A™
(b) Identify z; ~ 1 b and z; ~ [f d .
: b d

Show that
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as z1Z, = 2,23 even though matrices do not typically commute in multiplication.

b —bY
(c) Show that ifa+bi~ [E ], thena+bi - (ﬁ ] .
_IJ a kb a

—h
(d) Show that if z=a+ bi~ [; IJJ, then
a

"

By
.:ifr[ﬂ J=ﬁ"+fr'= z
b oa

(e} In complex numbers, Euler’s theorem states that
i ..
e =cosb+1sinf.

In the matrix analogy, this says
0 -8 cos® —sin@)
“Ploe 0 |sin0 msﬂJ'

cosB  —sinf@) _ o . _
J is the rotation matrix in two dimensions.

Recall that[_sjnﬂ- cosh

Taking derivatives gives Ef’" = jg™ = jcos0—sin® whose matrix represen-
tation is

—sinf  —cos@ ] —1"'{1.:1:-5*] —sin@Yy )
= = Iex .
cos®  —sinB| (1 0 Jksinﬂ cos0 Pl 0
Complex Inner products

1 Suppose (u, v) = 3 + 2i in a complex inner product space V. Find
(a) ((2—4)u,v); (b) (u, (44 3i)v); (c) ((3—6i)u, (5—2i)v).
(@ (2—4i)u, v)=02 —4i){u,v)=2—4)(3+2i)=14—8i

(b) (u, (4+3i)v) =4+ 3i){u,v)=4-3)(3+2))=18—i

) {((3—=06i)u, (5-=20)v)=3-060)(5—2i)u,v)=3—-6{)(5+2)(3+2i) =129 — 18i

2. Find the Fourier coefficient (component) ¢ and the projection cw of v = (3 + 4i; 2 —
3i) along w = (5 +i; 2i) in C2



Recall that ¢ = (v, w)/{w,w). Compute
(o,w) =(3+4)(5+1) +(2-3)(2) = (3+4)(5—i) + (2 —3i)(—2i)
=194+17i -6 —-4i =13+ 13i
(w,w) =25+1+4=30

=

Thus, ¢ = (13 + 137)/30 = L3+ 13, Accordingly, proj(v,w) = ew = (2 +32i, -84 L))

Sl

—

3. Find an orthogonal basis for u* in C® where u = (1;i; 1 + ).
Here u™ consists of all vectors s = (x,y,z) such that
(wu) =x—iy+(1—i)z=0
Find one solution, say w; = (0, 1 —1, i). Then find a solution of the system
x—iy+ (1 —i)z=0, (1+i)y—iz=0

Here z is a free variable. Set z =1 to obtain y = i/(1 +1i) = (1 +i)/2 and x = (3i — 3)2. Multiplying by 2
yields the solution w, = (3i — 3, 1+, 2). The vectors w, and w, form an orthogonal basis for u~.

4. Find an orthonormal basis of the subspace W of C2 spanned by
v, =(1,i,0) and v, = (1, 2, 1—1).
Apply the Gram-Schmidt algorithm. Set w; = v; = (1,7,0). Compute
(v2,w1) I
- wy=(1, 2, 1—1i)—
o) =

Multiply by 2 to clear fractions, obtaining wy = (1 +2i, 2 —i, 2— 2i). Next find ||w,|| = v/2 and then
|lwa|| = V/18. Normalizing {w;,w,}, we obtain the following orthonormal basis of W:

5
. Y(1Li,0)= (G40 1-Li, 1)

(5]

- (G5 55 0) - (S 2 2D}

5. Find the matrix P that represents the usual inner product on C? relative to the basis
{1;1;1-1}.

Compute the following six inner products:

(1,1) =1, (1,i) =1 = —1, (L1-i)=1—-i=1+1i
(i) =i =1, (i,1 =iy =i(1 —i)= —1+1, (1—i, 1 —i)=2
Then, using (1, v) = (v, u}), we obtain
1 —i 1+i
P = i 1 —1+i

l—i —1-—i 2

(As expected, P is Hermitian; that is, P =p)



