Dual Spaces and Dual Bases

Example 1 Find the basis {¢1;¢2; ¢3} that is dual to the following basis of R®*:
fv, =(1,-1,3), u=(0,1,-1), vy=(0,3,-2)}

The linear functionals may be expressed in the fom
¢y (x.¥.7) = @yx + @y + asz, Pslx,y.7) =byx+ by + byz Py(x,¥.7) =cx + ¥y + o3z

By definition of the dual basis, q.':l['l:,‘.- =) for 1 £ j, but |iJ‘|:1:l,.:' =1fori=j.
We find ¢ by setting ¢y(vy) = L ghy(vg) =0 goyiws) = 0. This yields

¢][| I.J':'—ﬂl] s ] ]ﬂl_!, =1, I].'J][“I I':'—ﬂlz E.l_!,—“. ¢][“ 3 2':'— ]ﬂg Eﬂl_!,—“

Solving the system of equations yields @y = 1, a3 = 0, a3 = 0. Thus, ¢ixr.yv.7) ==x
We find ¢, by setting @y(v) =0, dylv) =1, dy(ny) =0 Ths yields

a1, ~1,3) = by — by + 3by =0, $5(0,1,=1) = b, = by =1, (0,3, =2) = 3b, = 2b, =0

Solving the system of equations yields by = 7, by = <2, gy = <3, Thus, ¢y(x,v,z) = Txr= 2y = 3¢
We find by by setting gyiv,) =0, dyim) =0, dyin) =1 Ths yields

gs(l,=1.3)=c; =3+ 35 =0 (0.1, =1) =¢, =5 =0, P300,3, =2)=3c, =203 =1

Solving the system of equations yields ¢y = =2, 03 = 1, 03 = L. Thus, ¢yix.y,z) = -2x+ y+ 2.

Example 2 Let V ={a + bt : a, b € R}, the vector space of real polynomials of degree
< 1. Find the basis {v1; v2} of V that is dual to the basis {#1; ¢#2} of V* defined by

ui:,l;fl;r‘.-}—J:f[r‘.-dr and d:_,[f[r‘.-‘.-_Eﬂr‘.-d
Let vy, = a+ bt and v = ¢ + db. By definition of the dual basis,
gy (m) =1, Py} =0 and Palm) =0, gl =1
Thus,
dyiv)= [ lat b)dt=a+lb=1 } o d:,[1-3‘.-—_[i'[c+d".-dr_c+%d_ﬂ}
balm) = [Jla+ br)dt =2a +2b=0 halm) = [ lc+df)dr =2c+2d =1

d=1 Thus, {v,=2 <2 vy, ==3+1}is

g

Solving each system yields a =2, b=-2and c =
the basis of V that is dual to {d,. |'+'J3}.

Adjoints
Example 1 Find the adjoint of F:R® > R? defined by
Flz.y.z) =3 x4+ 4 =5z, Zx=8p+Tz, Sx="+1z)

First find the matrix A that represents F in the usual basis of B*—that is, the matrix A whose rows are
the coefficients of x, v, z—and then form the tmnspose A" of A This vields

4 5 3
A= 6 7 and then Al=1 4
¥

1 5
The adjoint F* is mepresented by the transpose of A: hence,

L g s

e B = ¥ ]
- S Ly
| I

F¥ryz)=[(3x+2y+ 5, dx=8 =9z, =S5x+Tv+:z)



Example 2 Find the adjoint of G:C3 - C3 defined by

Glr,y,z)=[2x+ (1 =i}y, (34 2)x —4iz, 2ix 4 (4= 3i)y - %]

First find the matrix B that represents G in the usual basis of C”, and then form the conjugate transpose
B*= ol B This vizlds

2 =i 0 2 3=2i 2
B= |34+ X 0 4 aril then BE = | 141 0 4+ 3
2i 4 = 3 3 ] 4f 3
Then G¥(x,v.z) = [2x + (3 = 2y — 2z, (1 +d)x+ (4 4+ 3)z, 4iv - 32

Orthogonal Matrices

(a) The transpose of an orthogonal matrix is orthogonal.
(b) The inverse of an orthogonal matrix is orthogonal.

(¢) A product of orthogonal matrices is orthogonal.

(d) If A is orthogonal, then det(A) = 1 or det(A) = —1.

Example 1 Check whether the 3x3 matrix A is orthogonal:

3 2 6
7077
6 3 2
A=|—3 3 3
2 6 _3
7 T 7
The matrix is orthogonal since
3 [ 2 3 2 B -
7 717 77 7 1 00
Ty 2 3 6 6 3 2 _
Ad=17 37 F||—7 37 F|=|0 10
6 2 _3 2 6 _3 0 0 1
7 7 7 7 7 7 L

Example 2 Check whether Rotation and Reflection matrices are orthogonal.

Recall that the standard matrix for the counterclockwise rotation of R? through an angle

0 1is
cost/ —sinf
A=
{ sinf  cos 9]

This matrix 1s orthogonal for all choices of # since
AT — cost sinf7] [cosf —sinb _[r o
| —sinf cos@||sinf cosf| [0 1

Example 3 Check whether the 3x3 matrix A is orthogonal and find its determiant.



- 1
\-'“"E \.’f?
a=| 7 J
- \fﬁ \.’6
1 1 1 1 1 1
vz V2|l v2 vz 1 0. vz vzl 1,1
ara= ¢ P =]y Jfaer=| % F|=5+5=1
V2 W2 V2 o2 V2 o2

Thus, the matrix is orthogonal as a result its row (and column) vectors form orthonormal
sets in R? with the Euclidean inner product. The determinant of the matrix is 1.

Example 4 A rectangular xy-coordinate system is given, and a new X’y ’-coordinate
system is obtained by rotating the xy-system counterclockwise about the origin through
an angle 6. When this is done, each point Q in the plane has two sets of coordinates
coordinates (X, y) relative to the xy-system and coordinates (x’, y’) relative to the x’y -
system as shown in Fig. Check whether the transition matrix from (x, y) to (x’, y’) is
orthogonal.

b Ay

Y.

By introducing unit vectors ux and u; along the positive x- and y-axes and unit vectors
us” and uy’ along the positive x’- and y’-axes, we can regard this rotation as a change
from an old basis B = {us, u-} to a new basis B’ = {u1’, u2’} (Fig. A).
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Fig. A Fig. B Fig. C
Thus, the new coordinates (x’, y’) and the old coordinates (x, y) of a point Q will be

related by
T [
[\} =7 L]

where P is the transition from B to B. To find P we must determine the coordinate
matrices of the new basis vectors {u:’, u>’} relative to the old basis {us, u>}. As indicated
in Fig. B, the components of us’ in the old basis are cos 6 and sin 60, so

] cost
1] =
118 sin

Similarly, from Fig. C we see that the components of uz’ in the old basis are cos(0 +
n/2) = —sin 0 and sin(0 + ©/2) = cos 6, SO



], = —sind
Rle =1 050

Thus the transition matrix from {u:’, u2’} to {us, uz2} is
cost! —sinf
P=
[sinH 0059]
Since {us’, U2’} and {ui, u} are orthonormal bases, the matrix P is an orthogonal

matrix, 1.e.

086 sinf]
p-l_ pT _ Ccos
[— sint/ cosd |

x’ [ cosé sind x|
V| | —sinf cosf||y]

r

x'= xcosf + ysinf

Therefore,

or equivalently,

r

v = —xsinf + ycost

These are sometimes called the rotation equations for R?,

Example 5 (Rotation of axes in 2-space). Find the new coordinates of the point Q in a
rotated rectangular coordinate system at anangle of 6 = /4?

Use the rotation equations for R? to find the new coordinates of the point Q(2, 1) in the

case of coordinate axes of a rectangular coordinate system are rotated through an angle
of 6 =m/4. That is, since

the equation becomes

1
V2
V2
Thus, if the old coordinates ofapom Qare(x,y)=(2, 1) then
[ TT —} 2 Vﬁ
[1"} I {—1} =
’ \.5 - W

so the new coordinates of Q are (X', y’) = (ﬁ’ - %).

J'I|'_
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Example 6 Application to rotation of axes in 3-space. Suppose that a rectangular xyz-
coordinate system is rotated around its z-axis counterclockwise (looking down the
positive z-axis) through an angle 0 (Figure). If we introduce unit vectors ui, uz, and us
along the positive x-, y-, and z-axes and unit vectors uy’, uz’, and us’ along the positive
x’-, y’-, and z-axes, we can regard the rotation as a change from the old basis B = { uy,
Uz, Uz} to the new basis B’ = { u1’, uz’, us’}.

In light of the Example 5, it should be evident that



u, \ .- S cos —sinf
- __- [uj]g = | sin® and [uj]p = cosfl
g T\ 0 0

Moreover, since uz’ extends 1 unit up the positive z -axis,

H
[u'}]g =10

1

It follows that the transition matrix from B’ to B is
|'c059 —sin# U-I
P =1sinf cosf 0
0 0 1
and the transition matrix from B to B’ is
cosfl  sinf 0
P'=| —sinf cosh 0
0 0 1
Thus, the new coordinates (x’, y’, z’) of a point Q can be computed from its old
coordinates (x, y, z) by
X cosf sinf 0 X
V| =|—snf cos8 0|y
7 0 0 1|z

Orthogonally Diagonalizing an n x n Symmetric Matrix

Step 1. Find a basis for each eigenspace of A.

Step 2. Apply the Gram—Schmidt process to each of these bases to obtain an or-
thonormal basis for each eigenspace.

Step 3. Form the matrix P whose columns are the vectors constructed in Step 2. This
matrix will orthogonally diagonalize A, and the eigenvalues on the diagonal
of D = PTAP will be in the same order as their corresponding eigenvectors
in P.

Example 7 Find an orthogonal matrix P that diagonalizes
4 2 2
A=1|2 4 2
2 2 4

The characteristic equation of A is



[ I

det(Al —A)y=det| —2 A1—4 —
-2 -2 A—4
Thus, the distinct eigenvalues of Aare A1 =A> =2 and A3 = 8
By the Gauss method we can find the eigenvectors as solutions of appropriate
homogeneous systems of linear algebraic equations:
—2x; —2x, —2x3=0
—2x1 —2x, —2x3=0
—2x1 —2x, —2x3=0

=A=2*(r—8)=0

Then,
—1 —1
u = 1 and u, = 0
0 1

form a basis for the eigenspace corresponding to A = 2. Applying the Gram—Schmidt
process to {us, u2} yields the following orthonormal eigenvectors:

fo=uy fo= vo- P22 £, and vi = fu o] and ve = f] ), that i,
|
_% —
vi=| = and v, = |-
0 %

The eigenspace corresponding to A = 8§ has the corresponding system:
4x;, —2x, —2x3=0
—2x1 4x, —2x3=0
—2x1 —2x, 4x3=0
Normalazing the solution of the system we have:

Finally, using v1, v2, and vz as column vectors, we obtain

| ! !
V2 V6 V3
P = 1 _ L L
— V2 Q3 V3
!
0 2 €L
V6 V3

|

which orthogonally diagonalizes A. As a check, we confirm that
1
-
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If A is a symmetric matrix that is orthogonally diagonalized by
P=u w - u,j



and 1f A, A5, ..., A, are the eigenvalues of A corresponding to the unit eigenvectors
u, Uy, ..., u,, then we know that D = PTAP, where D is a diagonal matrix with the
eigenvalues in the diagonal positions. It follows from this that the matrix A can be

expressed as

Al 0 0 1,
. 0 A 0 ul
A=PDP" =[uy w -+ uy : -
0 0 ;'vn UI
_uf_
| ol
= [Ajap Auy - Apu]| D
u, |

Multiplying out, we obtain the formula
A=ruu] +iuuy -+ uu’
which is called a spectral decomposition of A."
Example 8 A geometric interpretation of a spectral decomposition.
The matrix
1 2
A=l
has eigenvalues A; = —3 and A, = 2 with corresponding eigenvectors

o] =]
X = and x; =
-2 1

Normalizing these basis vectors yields

| 2
X NG X NG
u = _l = “‘f and u, = '2 = ”‘f
all | -2 el | &
so a spectral decomposition of A is
1 " L 2
<l _ T T _ SI[L 2 Sz L
V3 V3

wn|

[ T

= (—3) +(2)

| bs un|—
wh|ta Ln| s

L;.|_

where, as noted above, the 2 x 2 matrices on the right side of the expression are the
standard matrices for the orthogonal projections onto the eigenspaces corresponding to
the eigenvalues A1 = —3 and A, = 2, respectively.

Now let us see what this spectral decomposition tells us about the image of the
vector x = (1, 1) under multiplication by A. Writing x in column form, it follows that



=t 2J[]-0

or the expression above, it could be presented as

ol oL e
~o el <[] [E]-[]

These two results provide two differentways of viewing the image of the vector (1, 1)
under multiplication by A: first one tells us directly that the image of this vector is (3, 0),
whereas the second one tells us that this image can also be obtained by projecting (1, 1)
onto the eigenspaces corresponding to A1 =—3 and A2 = 2 to obtain the vectors (—1/5, 2/5)
and (6/5, 3/5), then scaling by the eigenvalues to obtain (3/5, —6/5) and (12/5, 6/5),
and then adding these vectors (see Figure).
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Hermitian, Unitary, and Normal Matrices

Example 1 Find the conjugate transpose A* of the matrix

l+i —i 0
A_[z 32 .-']

Complying with the definition, we have

1 —i 2
oM—i i 0 _
A :[ 2! 3_;;2!_ _!._j| and hence A* = AT = |: i 3+Eii|

0 —i

If k is a complex scalar, and if A and B are complex matrices whose sizes are such that
the stated operations can be performed, then:
(a) (A")*=A

() (A+B)*=A"+B"
(¢) (A—B)*=A*—B*
(d) (kA)* = kA*
(¢) (AB)* = B*A*
Example 2 Recognize whether the matrix A is Hermitian



It is obviously that
1 i 1+
—i -5 2-i
1—i 2-—1i 3
So, in accordance with the definition the matrix A is Hermitian.

A=A = = A.

If A'is an n x n matrix with complex entries, then the following are equivalent
(a) A is unitary.
(b) ||AX|| = ||x]|| for all x in C".
(¢) Ax-Ay=x-yforallxandyinC".
(d) The column vectors of A form an orthonormal set in C" with respect to the complex
Euclidean inner product.

(e) The row vectors of A form an orthonormal set in C" with respect to the complex
Euclidean inner product.

Example 3 Recognize whether the matrix A is unitary

[ 1 1
— l_
1=
s
i
V2o V2
It is obviously that
1 .1
— l_
* V2 V2
A=AT="" Y|=A
‘2 T
Then, we can find
1 =1 L ;L
* * V2 vz || V2 V2 1 0
Ad=at=1_ 1 _af|_ 1 _1 =lp 1

V2 V2 V2 V2
So, in accordance with the definition the matrix A is unitary.
Example 4 Recognize whether the matrix A is unitary
3L+ 3(1+10)
(=0 (=141

We will show that the row vectors
n=[30+i) 1(0+] and np=[3(1—-i) F(—1+1)]

are orthonormal. The relevant computations are



1

{
Il =/

L

la+pf=/i+1i=1

\

ezl = “

1+n\_vé+%:1
ﬁ'h:(ﬂ1+ﬂﬂ(1 Ea+0)(E=140)
=(z(1+D) (3 (l-l-:‘)] ( (1+0)(3(=1=))=21i—-2i=0
Since we now know that A 1s unitary, it follows that
;=) 3+
sA—i) I(=1-10)

Finally, one can be confirmed that AA™ = A"A =1,

A_I = A* =

Remark: Thus, the unitary matrices are complex generalizations of the real orthogonal
matrices and the Hermitian matrices are complex generalizations of the real symmetric
matrices.

Example 5 Find eigenvalues and eigenvectors of a Hermitian matrix

2 1+
1 —1 3

Confirm that the matrix is Hermitian
2 1+
A =AT = = A.
L—i 3]
Then, the matrix has real eigenvalues and that eigenvectors from different eigenspaces
are orthogonal.
The characteristic polynomial of A is
A—2 —1—i

det(fd—A):‘_]_H 3

=(A=2)A=3)—(—1—=0D(1+10)
=X —=5L+6)—2=(G—DHL—4)

so the eigenvalues of A are A1 = 1 and A = 4, which are real. Bases for the eigenspaces
of A can be obtained by solving the linear system:

Eepeme| MK

So, the general solutions of these systems are

_ {x,} [-4 —a] _ {n] [%fl+—H}
A=1: =1 and A =4 =1
X2 | X3 1

Thus, bases for these eigenspaces are

i (1 +1i)
Ar=1 vy = | and A=4: v, =
|



The vectors v, and v, are orthogonal since

Vieva=(=1=0)(F0+D)+ M) =5(-1-(1—i)+1=0
and hence all scalar multiples of them are also orthogonal.

Unitarily Diagonalizing a Hermitian Matrix

Step 1. Find a basis for each eigenspace of A.

Step 2. Apply the Gram-Schmidt process to each of these bases to obtain orthonor-
mal bases for the eigenspaces.

Step 3. Form the matrix P whose column vectors are the basis vectors obtained n
Step 2. This will be a unitary matrix (Theorem 7.5.3) and will unitarily diag-
onalize A.

Example 6 Find a transition matrix P that unitarily diagonalizes the Hermitian matrix

2 I+
=[]

We showed in Example 5 that the eigenvalues of A are A = 1 and A = 4 and that bases
for the corresponding eigenspaces are

11— L1 +1i)
A=1: \'lzl: | ]and A=4 v, = |~
1

Since each eigenspace has only one basis vector, the Gram—Schmidt process is simply
a matter of normalizing these basis vectors. That is,

1 I+i
Vi V3 V2 NG
pp=—= l and p, = = ﬁ
[[¥vll —= [[v2]] -

3 W 0

Thus, A 1s unitarily diagonalized by the matrix

—1—i 14
ﬁ I
LV 6
P=Ip pl=]| | )
NN

Although it is a little tedious, you may want to check this result by showing that
—14i 1 —1-i 1+ oo
|0 4

ap_ | V2 A3 2 1+i]| VA
PAP = l—i 2 [1_5 3 } l

A square real matrix A is said to be skew-symmetric if AT = —A, and a square complex
matrix A is said to be skew-Hermitian if A* =—A.

NG

&l
)

V6 Na

It could be shown that a skew-symmetric matrix must have zeros on the main diagonal,
and a skew-Hermitian matrix must have zeros or pure imaginary numbers on the main
diagonal. Here are two examples:



| skew-symmetric | | skew-Hermitian |
Matrices with this property A4 = 4 A<A4 are said to be normal. Normal matrices include
the Hermitian, skew-Hermitian, and unitary matrices in the complex case and the
symmetric, skew-symmetric, and orthogonal matrices in the real case.



