
Dual Spaces and Dual Bases 
 

Example 1 Find the basis {1;2; 3} that is dual to the following basis of R3: 

 
 

Example 2 Let V = {a + bt : a, b  R}, the vector space of real polynomials of degree 

 1. Find the basis {v1; v2} of V that is dual to the basis {1; 2} of V* defined by 

 
 

Adjoints 
 

Example 1 Find the adjoint of F:R3  R3 defined by 

 



 

Example 2 Find the adjoint of G:C3  C3 defined by 

 
 

Orthogonal Matrices 

 

 
 

Example 1 Check whether the 33 matrix A is orthogonal: 

 
The matrix is orthogonal since 

  
 

Example 2 Check whether Rotation and Reflection matrices are orthogonal.  

 

Recall that the standard matrix for the counterclockwise rotation of R2 through an angle 

θ is 

 

 
 

Example 3 Check whether the 33 matrix A is orthogonal and find its determiant. 
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Thus, the matrix is orthogonal as a result its row (and column) vectors form orthonormal 

sets in R2 with the Euclidean inner product. The determinant of the matrix is 1.  

 

Example 4 A rectangular xy-coordinate system is given, and a new x’y’-coordinate 

system is obtained by rotating the xy-system counterclockwise about the origin through 

an angle θ. When this is done, each point Q in the plane has two sets of coordinates — 

coordinates (x, y) relative to the xy-system and coordinates (x’, y’) relative to the x’y’-

system as shown in Fig. Check whether the transition matrix from (x, y) to (x’, y’) is 

orthogonal. 

 
By introducing unit vectors u1 and u2 along the positive x- and y-axes and unit vectors 

u1’ and u2’ along the positive x’- and y’-axes, we can regard this rotation as a change 

from an old basis B = {u1, u2} to a new basis B’ = {u1’, u2’} (Fig. A).  

 
Fig. A    Fig. B    Fig. C 

Thus, the new coordinates (x’, y’) and the old coordinates (x, y) of a point Q will be 

related by 

 
where P is the transition from B to B. To find P we must determine the coordinate 

matrices of the new basis vectors {u1’, u2’} relative to the old basis {u1, u2}. As indicated 

in Fig. B, the components of u1’ in the old basis are cos θ and sin θ, so 

 
Similarly, from Fig. C we see that the components of u2’ in the old basis are cos(θ + 

π/2) = −sin θ and sin(θ + π/2) = cos θ, so 



 
Thus the transition matrix from {u1’, u2’} to {u1, u2}  is 

 
Since {u1’, u2’} and {u1, u2}  are orthonormal bases, the matrix P is an orthogonal 

matrix, i.e.  

 
Therefore, 

 
or equivalently, 

 
These are sometimes called the rotation equations for R2. 

 

Example 5 (Rotation of axes in 2-space). Find the new coordinates of the point Q in a 

rotated rectangular coordinate system at anangle of θ = π/4? 

 

Use the rotation equations for R2 to find the new coordinates of the point Q(2, 1) in the 

case of coordinate axes of a rectangular coordinate system are rotated through an angle 

of θ = π/4. That is, since 

 
the equation becomes 

 
Thus, if the old coordinates of a point Q are (x, y) = (2,−1), then 

 

so the new coordinates of Q are (x’, y’) = (
1

√2
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Example 6 Application to rotation of axes in 3-space. Suppose that a rectangular xyz-

coordinate system is rotated around its z-axis counterclockwise (looking down the 

positive z-axis) through an angle θ (Figure). If we introduce unit vectors u1, u2, and u3 

along the positive x-, y-, and z-axes and unit vectors u1’, u2’, and u3’ along the positive 

x’-, y’-, and z’-axes, we can regard the rotation as a change from the old basis B = { u1, 

u2, u3} to the new basis B’ = { u1’, u2’, u3’}.  

In light of the Example 5, it should be evident that 



   
 

Moreover, since u3’ extends 1 unit up the positive z’-axis, 

 
It follows that the transition matrix from B’  to B is 

  
and the transition matrix from B to B’ is 

 
Thus, the new coordinates (x’, y’, z’) of a point Q can be computed from its old 

coordinates (x, y, z) by 

 
 

 
 

Example 7 Find an orthogonal matrix P that diagonalizes 

 
The characteristic equation of A is 



  
Thus, the distinct eigenvalues of A are λ1 = λ2 = 2 and λ3 = 8.  

By the Gauss method we can find the eigenvectors as solutions of appropriate 

homogeneous systems of linear algebraic equations: 
−2𝑥1 −2𝑥2 −2𝑥3 = 0
−2𝑥1 −2𝑥2 −2𝑥3 = 0
−2𝑥1 −2𝑥2 −2𝑥3 = 0

 

Then, 

 
form a basis for the eigenspace corresponding to λ = 2. Applying the Gram–Schmidt 

process to {u1, u2} yields the following orthonormal eigenvectors: 

f1 = u1, f2 = u2 - 
〈𝑓1,𝑢2〉

〈𝑓1,𝑓1〉
𝑓1, and v1 = f1/|| f1||  and v2 = f2/|| f2||, that is, 

 
The eigenspace corresponding to λ = 8 has the corresponding system: 

4𝑥1 −2𝑥2 −2𝑥3 = 0
−2𝑥1 4𝑥2 −2𝑥3 = 0
−2𝑥1 −2𝑥2 4𝑥3 = 0

 

Normalazing the solution of the system we have: 

 
Finally, using v1, v2, and v3 as column vectors, we obtain 

 
which orthogonally diagonalizes A. As a check, we confirm that 

 
 

If A is a symmetric matrix that is orthogonally diagonalized by 

  



 

 
 

Example 8 A geometric interpretation of a spectral decomposition.  

 
Normalizing these basis vectors yields 

  

 

 
where, as noted above, the 2 × 2 matrices on the right side of the expression are the 

standard matrices for the orthogonal projections onto the eigenspaces corresponding to 

the eigenvalues λ1 = −3 and λ2 = 2, respectively. 

Now let us see what this spectral decomposition tells us about the image of the 

vector x = (1, 1) under multiplication by A. Writing x in column form, it follows that 



  
or the expression above, it could be presented as 

  

  
These two results provide two differentways of viewing the image of the vector (1, 1) 

under multiplication by A: first one tells us directly that the image of this vector is (3, 0), 

whereas the second one tells us that this image can also be obtained by projecting (1, 1) 

onto the eigenspaces corresponding to λ1 = −3 and λ2 = 2 to obtain the vectors (−1/5, 2/5) 

and (6/5, 3/5), then scaling by the eigenvalues to obtain (3/5, −6/5) and (12/5, 6/5), 

and then adding these vectors (see Figure). 

 
 

Hermitian, Unitary, and Normal Matrices 

 

Example 1 Find the conjugate transpose A∗ of the matrix 

 
Complying with the definition, we have 

 
If k is a complex scalar, and if A and B are complex matrices whose sizes are such that 

the stated operations can be performed, then: 

  
Example 2 Recognize whether the matrix A is Hermitian 



 
It is obviously that  

  𝐴∗ = 𝐴̅𝑇 = [
1 𝑖 1 + 𝑖
−𝑖 −5 2 − 𝑖

1 − 𝑖 2 − 𝑖 3
] = 𝐴. 

So, in accordance with the definition the matrix A is Hermitian. 

 

If A is an n × n matrix with complex entries, then the following are equivalent 

 
 

Example 3 Recognize whether the matrix A is unitary 
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It is obviously that  
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Then, we can find 
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So, in accordance with the definition the matrix A is unitary. 

 

Example 4 Recognize whether the matrix A is unitary  

 

 
are orthonormal. The relevant computations are 



 

 
Finally, one can be confirmed that . 

 

Remark: Thus, the unitary matrices are complex generalizations of the real orthogonal 

matrices and the Hermitian matrices are complex generalizations of the real symmetric 

matrices. 

 

Example 5 Find eigenvalues and eigenvectors of a Hermitian matrix 

 
Confirm that the matrix is Hermitian 

   𝐴∗ = 𝐴̅𝑇 = [
2 1 + 𝑖

1 − 𝑖 3
] = 𝐴. 

Then, the matrix has real eigenvalues and that eigenvectors from different eigenspaces 

are orthogonal. 

 The characteristic polynomial of A is 

  
so the eigenvalues of A are λ1 = 1 and λ2 = 4, which are real. Bases for the eigenspaces 

of A can be obtained by solving the linear system: 

 .  

So, the general solutions of these systems are 

 



 
and hence all scalar multiples of them are also orthogonal. 

 

 
 

Example 6 Find a transition matrix P that unitarily diagonalizes the Hermitian matrix 

 
We showed in Example 5 that the eigenvalues of A are λ = 1 and λ = 4 and that bases 

for the corresponding eigenspaces are 

 
Since each eigenspace has only one basis vector, the Gram–Schmidt process is simply 

a matter of normalizing these basis vectors. That is,  

 
Although it is a little tedious, you may want to check this result by showing that 

 
 

A square real matrix A is said to be skew-symmetric if AT = −A, and a square complex 

matrix A is said to be skew-Hermitian if A∗ = −A. 

 

It could be shown that a skew-symmetric matrix must have zeros on the main diagonal, 

and a skew-Hermitian matrix must have zeros or pure imaginary numbers on the main 

diagonal. Here are two examples: 



 
 

Matrices with this property A∗A = A A∗A are said to be normal. Normal matrices include 

the Hermitian, skew-Hermitian, and unitary matrices in the complex case and the 

symmetric, skew-symmetric, and orthogonal matrices in the real case.  

 

  


