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Although the Euclidean inner product is the most important inner product on Rn, there 

are various applications in which it is desirable to modify it by weighting each term 

differently. More precisely, if 

w1, w2, …, wn 

are positive real numbers, which we will call weights, and if u = (u1, u2, … , un) and 

v = (v1, v2, … , vn) are vectors in Rn, then it can be shown that the formula 

〈𝑢, 𝑣〉 = 𝑤1𝑢1𝑣1 + 𝑤2𝑢2𝑣2 + ⋯ +  𝑤𝑛𝑢𝑛𝑣𝑛 

defines an inner product on Rn that we call the weighted Euclidean inner product with 

weights w1, w2, …, wn 

 

Example  Let u = (u1, u2) and v = (v1, v2) be vectors in R2. Verify that the weighted 

Euclidean inner product 

〈𝑢, 𝑣〉 = 3𝑢1𝑣1 + 2𝑢2𝑣2 

satisfies the four inner product axioms. 

 

Example 7  

Let R2 have the weighted Euclidean inner product 〈𝑢, 𝑣〉 = 3𝑢1𝑣1 + 2𝑢2𝑣2 and 

let u = (1, 1), v = (3, 2), w = (0,−1), and k = 3. Compute the stated quantities 

 

 
Answers: 

 
 

Orthogonality, Orthonormal Complements 
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Example 9  

Check the orthogonality of matrices in M2,2: 

 
 Solution  

  
 

Example 10  

Check the orthogonality of polynomials p=x, q=x2 in P2(x) with a given inner product: 

 
 Solution 

  
 

Theorem   (Generalized Theorem of Pythagoras) If u and v are orthogonal vectors in 

a real inner product space, then 

 ‖𝑢 + 𝑣‖2 = ‖𝑢‖2 + ‖𝑣‖2 

 

In Example 10 we showed that p=x and q=x2 are orthogonal with respect to the 

inner product 

 
on P2(x). It follows from the Theorem that 

‖𝐩 + 𝐪‖2 = ‖𝐩‖2 + ‖𝐪‖2 

Thus, 
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