Inner products

Example 1
Expand:
(@) {Sw;+ Bup, 6wy — Tun),
(b) {3u+ 5v, 4u— 6v),
(c) ||2u — 30|
Use linearity in both positions and, when possible, symmetry, {u, v} = {v,u}.
Solution:
(a) Take the immer product of each term on the left with each term on the right:
(Suy + Bu,, 6wy = Toy) = (Suy, 6vy) + (Suy, =Tws ) + (Bus, 6vy) + (B, =Twy)
= 3u;, vy} = 35, w) + 4B{0y. v) = 5600, m)
[Remark: Observe the similarity between the above expansion and the expansion (Sa—8b)6c-74 ) in
omlinary algebra. |

(b) (3u+5v 4u—6v) = 12{uu) — 18{u, v) +20{v. u) = 3K n, v)
= 12u, u) + 2{m, v) = 3I0{v, v)

(€) |Pu=3v|" = {2 =3y, 2u-3r = ﬁn. u) = 6{u, v} = 6{v,u) + Nn v
= 4[Juf]* = 12{u, v) + 9||v|

Example 2

Consider vectors u = (1,2,4), v=(2,-3,5), w=(4,2,-3) in R*. Find

@) w-v, (b)) wew, € vew, (d) (w4 vh-w, @& |u), () ||
Solution

(a) Multiply comesponding components and add to get w-v =2 — 64 20 = 16.

B bww=44+4=12=-=4,

c) pw=8=6-15=-13.

(d) Fist find w+v=1(3,-1,9). Then (u+4v) - w=12-2-727 =17 Altematively, wsing [L],
ntv)-w=n-wtr w==4-13 =17

(e) First find | u : by squaring the components of v and adding:
Julf =17 4+2° 44" =144 416=21, andso  |juf] = 21
() lo)’ =4+ 9+25 = 38, and s0 ||v]] = V38,

Example 3
Verify that the following defines an inner product in R*:
(i, T} =XV =XV = Y+ 3ny, whemn: o= (X, X}, v=1[(¥.¥)
Solution

We argue via matnees. We can wrile (w, v) in matrix notation as follows:
A Tal I =1)w

{w,v) = u'Av _[.t]..rz][_l 3] [}'z]

Because A is real and symmetric, we nead only show that A is positive definite. The diagonal elements | and 3

are positive, and the determinant || A|] = 3 = 1 = 2 is positive. Thus, by Theomem 7.14, A is positive definite.
Accordingly, by Theorem 7.15, (u, v) i5 an inner product.



Example 4
Consider the vectors u = (1,5) and v = (3,4) in R®. Find

(a) {w. v} with respect to the usual inner product in R,
(b) {u. v} with respect to the inner product in B? in Problem 3.
(c) ||+f using the usual inner product in R,
(d) ||+| using the inner product in R in Problem 3.
Solution
(a) (mo)=3+20=23
b) {wv)=1-3-1-4-5.343.5.4=3_4_154+60=44.
(@ [lv]* = (v o) = {(3,4),(3.4)) =9+ 16 = 25; hence, |of| = 5.
(d | = (v, v) = {{3.4). (3,4)) = 9— 12 — 12+ 48 = 33; hence, [|of] = V33

Example 5
Consider the following polynomials in P(r) with the imner product { f. g} = Lf Jg (1) dt:
flity =142, glf) =3 =2, hit)=£ =2t =3
(a) Find (f.g) and ([ h).
(k) Find || ]| and 2]l
(c) Mommalize f and g.
Solution
{(a) Intcgraic as follows:

{f:.ﬁ‘l'=l-[r+2][31—2]dr lrlr +& -4 dr = (r +2.r1—4r)-=—1
o

0

(. h) =l-[r+2][11—2.r—3].-:.!r= (i_E-m) T
' o 4 2 o
(b (1 =Lu+2(F+2)d=2  haee, |f] =‘v'qi=?"5

-.‘,e=g.1=[r.3r—2]r.sr—2]=1: hence,  [lg]l =v1=1
o
(c) B-:cau:ac"_;""={i1.-“'_andgisa]mad}'aunitvmtca',wcham

3
f——f —=(r+2) amd g=g=3x-2

A" 57

Example 6
Find cos @ where @ is the angle between:

() w=(1.3,-54)and v = (2, =3.4,1) in R*,

(h},-i:[: E 1]311113:[4 : ﬁ] where (A, B) = tr(BTA).
Use cosfl = ,9)

[zl



Solution

{a) Cormmpute;
g, =2 —9—H 4+ 4=-23 |I!|E=|—':.i'—"_"—|fl=."|. |||E=-1-—':.;'—|fl—|=3':]
—23 —23
Thnzs, ansl =

~.‘T|~.iﬁ - ."!-".."Flﬁ

(b) Use (A.B) =w(BA) =Y, Y i, aghy, the sum of the products of cornesponding entrics.

(AB)=94+16+21 + M +25+24 =119
Use A = (4,4) = %0, ¥ i1 @, the sum of the squares of all the clements of A.
JAF = (4,4) =9 + B + TP 46+ 57 +47 =271, andso 4| =271
B = (BB =12 +2 4374 £ 152 L& —9], andso 8] = +v91
Thus, cos il = o

—
V271,91

Although the Euclidean inner product is the most important inner product on R", there
are various applications in which it is desirable to modify it by weighting each term
differently. More precisely, if

W]_, W2, ooy Wh

are positive real numbers, which we will call weights, and if u = (uy, uz, ... , un) and
vV = (v, V2, ..., Vn) are vectors in R", then it can be shown that the formula

(W, v) = wiu vy + wyou,v, + o+ WU, vy,

defines an inner product on Rn that we call the weighted Euclidean inner product with
weights wi, Wo, ..., Wn

Example Let u = (uy, u2) and v = (v, v2) be vectors in R2. Verify that the weighted

Euclidean inner product
(w,v) = 3uyv; + 2u,v,
satisfies the four inner product axioms.

Example 7
Let R? have the weighted Euclidean inner product (u, v) = 3u,;v; + 2u,v, and
letu=(1,1),v=(3,2),w=(0,—1), and k = 3. Compute the stated quantities

(a) {m, ¥) (k) (kv w (c) (m+ v, w)
(d) || (e) diu,¥) (F) Ju— kv

Answers:
(a) 12 (b) =18  (¢) =9 (d) +/30 (&) V11 () /203

(a) 34 (b)) =39 (¢) —18 (d) +/89 () V34 (f) /610

Orthogonality, Orthonormal Complements



Example 8
Find k so that w = (1,2.k.3) and v = (3.£.7.=5) in R* ar orthogonal.

First find
() =(1,2,£3) (3,k7.-5) =3 4+2k+Tk—- 15 =9%— 12
Then sat {u, v) = % — 12 = 0 o obtain k =%
Example 9

Check the orthogonality of matrices in M2:

i i 2
= |:I J:| and V = [J _]
1 1 i 0

Solution
U, Vi=10 +02)+ {0+ 1{0) =0

Example 10
Check the orthogonality of polynomials p=x, q=x? in P2(x) with a given inner product:

1
p.q) = f pix)g(x)dx
-1

Solution

] 12 1 12 5
I . _ 2 _ /2
lpll = (p.p}'"~ = f_1.t.1d.ri| —[ﬁl.l 4:1'.1':| =3

: 1 ; 12 3
_ Vg2 2.2 _ 4 _ =
lgll = {q.q)""" = er u’:} —|:j:].1 d:] =3
1 =N .I -
{p. q) =f xx dx :f xdx =0
-1 -1

Theorem (Generalized Theorem of Pythagoras) If u and v are orthogonal vectors in

a real inner product space, then
lu+ vl = [lull® + |v|?

In Example 10 we showed that p=x and g=x? are orthogonal with respect to the
inner product

1
p.q) = f pix)g(x)dx
—1

on Pz(x). It follows from the Theorem that
p +qll*> = lIpll* + liqlI?

. 7\ RV 2 2 e
Ip+ql” = E'IIE _(1#'_5) =;+;=I—;

We can check this result by direct integration:

Thus,



1
lp+ql*={p+q.p+q =f (x +x5(x + x%) dx
1

1 1 1
2 2 16
:[ xlﬂ’1+2[ r]'dx+f x“d::—+u+—=—
-1 -1 -1 3 5 15

Example 11

Let W be the subspace of R® spanned by w=(1,2.3,-1.2) and v = (2,4 7.2 —~1). Find a
basis of the orthogonal complement W of W

Solution . i
We seck all vectors w = (x, v,z 5 1) such that

fwou) = r+2y+31— s+2 =0
w, o) =2x+4y+Tz+ 25— =0
Eliminatng x from the second equation, we find the equivalent system
x+2y+3z—s+ =10
I+4s—5r=1)
The tree vanables are v, 5, and f. Thenctore,

(1) Sety=—1,5=0,t=0 to obtain the solution w;, = (2, —1,0,0,0).
(2} Sety=0,5=1, t=0to find the solution w, = (13,0, —4,1,0).
(3) Set y=0,5=0, =1 to chtain the soltion w, = (—17,0,5,0, 1).
The set {w,,w,, w;} is a basis of W+,

Example 12
Let w = (1,23, 1) be a vector in R*, Find an orthogonal basis for w,
Solution

Find a nonzenn soluton of x +2v 4+ 3z +r =10, say 1w, = ({10, 1, —3). Now find a nonzero solution of
the system

r+M 4+ 3z 4=, i—H=10
say 1, = (01, —5,3,1). Last, find a nonzero solution of the system
x4+2y+3z41=1), —Sv+3z4+1=1, 7
say 1y = (—14,2,3,1). Thus, v, 14, 13 form an orthogonal basis for w.

Example 13
Let S consist of the following vectors in R*:

wy = (1,1,0,=1), uy = (1,2,1,3), wy = (1,1,-9,2), uy = (16,-13,1,3)
(a) Show that § is orthogonal and a basis of R*.
(b) Find the coordinates of an abitary vector v = (a, b, ¢,d) in B mlative (o the basis 5.

Solution
(4] Compute
By =14+240-3=0, woouy=14+140-2=0, Wy g =16—134+0-3=0
Myl =14+2-94+6=0, ity =16 —26+1+9=0, Wy, =16—-13-9+6=0



Thus, § is orthogonal, and § is linearly independent. Accordingly, § is a hasis for R* because any four
lincardy independent vectors form a hasis of [Tol

{b) Becanse ¥ & onthogonal, we necd only find the Founer cocfficients of v with respect o the basis vectors,
as i Theorem 7.7. Thus,

_fvauy) a4 b-—d _fvauy) a4 b—9%4 M
TN 3 ’ = (g, uy) BT

_ fvuy) a42b4c4 3 ke — fvuy)  16a —13b4c43d
ST 15 : TN 415

are the cooprdinates of v with respect to the basis 5





