
Self-checking work no. 3 (Part I) 
 

1. Apply the Gram-Schmidt orthogonalization process to find an orthogonal basis for the 

three-dimensional subspace R3 spanned by the given vectors e1, e2, e3, if the inner product 

of vectors 𝑥⃗ = {x1;x2;x3} and 𝑦⃗ = {y1;y2;y3} following the rule 〈𝑥⃗, 𝑦⃗〉 = ∑ 𝑥𝑘𝑦𝑘
𝑛
𝑘=1 :  

Variant 1 Variant 2 Variant 3 

𝒆1 = {1, −1,0}, 

𝒆2 = {0,1, 10}, 

𝒆3 = {1,1,10} 

𝒆1 = {3,1,0}, 

𝒆2 = {0,1, −1}, 

𝒆3 = {1,2,1} 

𝒆1 = {1, −2,2}, 

𝒆2 = {−1,0, − 1}, 

𝒆3 = {5, −3,7} 

 

 

2. Consider a vector space of functions given in C[a,b] with the inner product defined by 

〈𝑓(𝑡), 𝑔(𝑡)〉 = ∫ 𝑓(𝑡)𝑔(𝑡)𝑑𝑡
𝑏

𝑎
. Apply the Gram-Schmidt orthogonalization process to the 

set of function, S  C[a,b] to find an orthogonal set S0? 

Variant 1 Variant 2 Variant 3 

Scos 𝑡sin 𝑡

a = 0, b = /2 

S√1 − 𝑡2𝑡√1 − 𝑡2

𝑡2√1 − 𝑡2

a = 0, b = 

Set, et  

a = 1, b =  

 

 

3. Consider vectors e1 and e2 in given vector space Rn. Check whether the vectors are 

orthogonal, if so find nonzero vectors that are orthogonal to the given vectors e1 and e2, 

and form together an orthogonal basis? 

Variant 1 Variant 2 Variant 3 

R4𝒆1 = {1, −1,1, −1}, 

𝒆2 = {2,0, 3,5} 

R4𝒆1 = {2, −1,1,0}, 

𝒆2 = {2, −2, −6,1} 

R4𝒆1 = {3,0,1, −1}, 

𝒆2 = {0,1, 1,1} 

 

 

4. Let a subspace L is given by a span of vectors a1, a2 and a3. Find a basis for the subspace 

formed by the orthogonal complement L? 

Variant 1 Variant 2 Variant 3 

𝒂1 = {2,1, −1,0}, 

𝒂2 = {−1,0, 2,0}, 

𝒂3 = {4,3,1,0} 

𝒂1 = {1, −1,1, −1}, 

𝒂2 = {2,0,3, −1}, 

𝒂3 = {4,2,7, −1} 

𝒂1 = {0,1,2, −1}, 

𝒂2 = {1, −2,3, 0}, 

𝒂3 = {3,4,13, −2} 



 

5. Let a subspace L R4 be given by a system of linear algebraic homogeneous equations. 

Find a basis for the subspace formed by the orthogonal complement L? 

Variant 1 Variant 2 Variant 3 

{

𝜉1 − 𝜉2 + 𝜉3 − 𝜉4 = 0
2𝜉1 + 𝜉2 = 0

11𝜉1 + 𝜉2 + 𝜉3 − 𝜉4 = 0
 {

𝜉2 + 𝜉3 + 𝜉4 = 0
2𝜉1 − 3𝜉2 + 2𝜉4 = 0
2𝜉1 − 5𝜉2 − 2𝜉3 = 0

 {

2𝜉1 − 𝜉3 + 𝜉4 = 0
𝜉1−2𝜉2 + +𝜉3+3𝜉4 = 0

3𝜉1 + 2𝜉2 − 3𝜉3 − 𝜉4 = 0
 

 

6. Suppose L is a subspace of R4, which is given by a span of vectors x1, x2, x3. Find the 

projection of a vector z  L onto the subspace L ( proj(z, L) ) and its orthogonal component 

z? 

Variant 1 Variant 2 Variant 3 

z = (4,1,3,4)  z = (7,3,7,9) z = (5,2,2,) 

𝑥⃗1 = (1,1,1,1) 

𝑥⃗2 = (1,2,2, −1) 

𝑥⃗3 = (1,0,0,3) 

𝑥⃗1 = (1,1,1,1) 

𝑥⃗2 = (0, −1,1,2) 

𝑥⃗3 = (2, −1, −1,0) 

𝑥⃗1 = (2,1,1, −1) 

𝑥⃗2 = (1,1,3,0) 

𝑥⃗3 = (1,2,8,1) 

 

7. Suppose L is a subspace of R4, which is given by a system of linear algebraic homogeneous 

equations. Find the projection of a vector z  L onto the subspace L ( proj(z, L) ) and its 

orthogonal component z? 

Variant 1 Variant 2 Variant 3 

z = (0,0,0,1)  z = (1,1,) z = (1,0,2,1) 

{

𝜉1 − 𝜉2 + 𝜉3 − 𝜉4 = 0
2𝜉1 + 𝜉2 = 0

11𝜉1 + 𝜉2 + 𝜉3 − 𝜉4 = 0
 {

2𝜉1 − 𝜉3 + 𝜉4 = 0
𝜉1−2𝜉2 + +𝜉3+3𝜉4 = 0

3𝜉1 + 2𝜉2 − 3𝜉3 − 𝜉4 = 0
 {

5𝜉1 − 𝜉3 + 𝜉4 = 0
2𝜉2 − 2𝜉2 − 𝜉4 = 0

5𝜉1 + 6𝜉2 − 7𝜉3 − 2𝜉4 = 0
 

 

8. Find the best possible approximation to continuous functions z1(t) and z2(t) over [0, 1] by 

a polynomial of the first order (a linear function) specified in the subspace W of C[0, 1] with 

the inner product 〈𝑓(𝑡), 𝑔(𝑡)〉 = ∫ 𝑓(𝑡)𝑔(𝑡)𝑑𝑡
1

0
. Plot the graphs of z1(t) and z2(t) and their 

best approximations over [0, 1]. 

Variant 1 Variant 2 Variant 3 

(a) 𝑧1(𝑡) = ln(1 + 𝑡)  

(b) 𝑧2(𝑡) = √1 − 𝑡2 

(a) 𝑧1(𝑡) = √1 + 𝑡2  

(b) 𝑧2(𝑡) = sin
𝜋𝑡

2
 

(a) 𝑧1(𝑡) = 𝑒𝑡  

(b) 𝑧2(𝑡) =
𝑡

2−𝑡
 

 



9. Find the best possible approximation to a continuous function z(t) over [-1, 1] by a 

polynomial of no more than third order specified in the subspace W of C[-1, 1] with the inner 

product 〈𝑓(𝑡), 𝑔(𝑡)〉 = ∫ 𝑓(𝑡)𝑔(𝑡)𝑑𝑡
1

−1
. Plot the graphs of z(t) and its best approximation 

over [-1, 1]. 

Variant 1 Variant 2 Variant 3 

𝑧(𝑡) = 𝑡 sin 𝑡 𝑧(𝑡) = ln(1 + 𝑡2) 𝑧(𝑡) = tan−1 𝑡  

 


