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7. Definite integral and its applications 

 
7.1  Definition, properties, geometrical meaning of a definite 

integral. 
Methods of their calculus 

 
Let the continuous function ( )xfy =  be determined in the 

interval [a,b]. Let’s divide the interval [a,b] into n subintervals by n 
points bxxxxxa nii =<<<<<<= −  110 . 

On each subinterval [ ]ii xx ,1−  we choose some point iξ  and 

compound the sum ( ) i

n

i
in xfS ∆ξ=∑

=1
 which is called an integral sum of 

the function ( )xfy =  in the interval [a,b]. 
If there exists some final limit of the integral sum nS  while 
{ } 0max

1
→∆=λ

≤≤
i

ni
x , not depending on the way of splitting the interval 

[a,b] into elementary segments and choice of the points iξ , this limit is 
called a definite integral of the function ( )xf  in the interval [a,b] and 
is designated as 

( ) ( )∑∫
=→λ

∆ξ=
n

i
ii

b

a
xfdxxf

10
lim  

In this case the function ( )xf  is called integrated in the interval 
[a,b].  

 
The geometrical 

meaning of a definite integral: 
if ( ) 0≥xf  ],[ bax∈∀ , then 

( )∫
b

a
dxxf  is numerically equal 

to area of the curvilinear 

∫=
b

a
dxxfS )(  

a b 

y 

x 

)(xfy =  

Fig. 7.1 
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trapezoid with the base [a,b], restricted by the straight lines ax = , 
bx =  and the curve ( )xfy =  (fig.7.1). 

The properties of a definite integral. 

1. ( ) ( ) .dxxfdxxf
a

b

b

a
∫∫ −=  

2. ∫ =
a

a

dx)x(f 0  

3. Linearity of an integral. If the functions ( )xf  и ( )xg  are 
integrated in [ ]ba, , then 

а) ( ) ( ) ( )., constCdxxfCdxxCf
b

a

b

a
== ∫∫   

b) ( ) ( )( ) ( ) ( ) .∫∫∫ ±=±
b

a

b

a

b

a
dxxgdxxfdxxgxf  

4. Additivity of an integral. If the function ( )xf  is integrated in 
[ ]ca,  and [ ]bc, , where ( )bac ,∈ , then it’s integrated in [a,b] and 

∫ ∫ ∫+=
b

a

c

a

b

c
dxxfdxxfdxxf .)()()(  

5. If ba <  and ( ) 0≥xf , then ( ) 0≥∫
b

a
dxxf , and equality to zero is 

possible only if ( ) 0≡xf , ( )bax ,∈∀ . 

6. If ba <  and ( ) ( )xgxf ≥ , then ( ) ( )∫ ∫≥
b

a

b

a
dxxgdxxf . 

7. If the function ( )xf  is integrated in [a,b], then ( )xf  is also 
integrated in [a,b] and the following inequality is valid: 

( ) ( )∫∫ ≤
b

a

b

a
dxxfdxxf . 

8. The theorem of an estimation of a definite integral. If 
( ) Mxfm ≤≤ , ( ) ( )xfMxfm

baba ],[],[
sup,inf ==  then  

( ) ( ) ( )abMdxxfabm
b

a
−≤≤− ∫ . 
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9. The theorem of an average meaning of an integral. If the function 
( )xf  is continuous [ ]bax ,∈∀ , then 

( )ba,∈ξ∃ , that ( ) ( )( )abfdxxf
b

a
−ξ=∫ . 

Geometrical meaning of the theorem: 
let ( ) 0≥xf  ],[ bax∈∀ , then there 
exists at least one point ( )ba,∈ξ , that 
area of the curvilinear trapezoid, 
restricted above by the continuous 
curve ( )xfy =  is equal to area of the 

rectangle with similar base and altitude, equal to ( )ξf  (fig.7.2). 
10. If the functions ( )xf  and ( )xϕ  are continuous in [a,b], and 

( )xϕ  doesn’t change its sign in this interval, then 

( ) ( ) ( ) ( ) badxxfdxxxf
b

a

b

a
<ξ<ϕξ=ϕ ∫∫  

(generalized theorem of the average meaning of an integral). 
11. If the continuous function ( )xf , [ ]llx ,−∈  is even, then 

( ) ( )∫∫ =
−

ll

l
dxxfdxxf

0
2 . 

If the function ( )xf  - odd, then ( ) 0=∫
−

l

l
dxxf . 

 

The formula of Newton-Leibnitz ( ) ( ) ( ) ( )aFbF
a
b

xFdxxf
b

a
−==∫  

establishes relation between definite and indefinite integrals and 
allows calculus of definite integrals as the difference of values at high 
and low limits of integrating. 

Examples. 

1. Estimate the integral ∫
π

π

3

4

dx
x

xsin . 

         y

               a        ξ                  b    x
Fig. 7.2
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Solution. The integrand ( )
x

xsinxf =  decrеases in the interval 





 ππ

34
, , i.e. its derivative 

( ) ( ) 0
34 22

<
−

=



 ππ

∈<=
−

=′
x

xcostgxx,x,tgxx
x

xsinxcosxxf . 

Therefore, minimum of the function 
π

=





 π=

2
33

3
fm , and maximum 

π
=






 π=

22
4

fM . Using the theorem of an estimation of an integral, 

we obtain the following: 







 π

−
π

π
≤≤






 π

−
π

π ∫
π

π 43
22

432
33 3

4

dx
x

xsin , 

i.e. 

240
6
2

8
3220

3

4

,dx
x

xsin, ≈≤≤≈ ∫
π

π

. 

2. Estimate the absolute value of the integral 

∫ +

19

10
81

dx
x
xsin . 

Solution. I.e. 1≤xsin , then at 10>x  the inequality 8
8

10
1

−≤
+ x

xsin  

is true. Using the property 7 we obtain the following: 

( ) 78
19

10
8

19

10
8

10101019
11

−− <−<
+

<
+ ∫∫ dx

x
xsindx

x
xsin . 

3. Estimate the following integral on above 

∫ +
=

1

0
21

dx
x
xsinI . 

Solution. According to the generalized theorem of the average 
meaning of an integral we obtain the following: 

( )10
411

1
0

1

0
2

1

0
2

<ξ<ξ
π

=⋅ξ=
+

ξ=
+ ∫∫ sinarctgxsin

x
dxsindx

x
xsin . 
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As in the interval [0, 1] the function xsin  increases, then 
1sinsin <ξ . Thus we obtain estimation of the given integral on above: 

6401
41

1

0
2

,sindx
x
xsin

≈
π

<
+∫

. 

We can obtain more exact estimation while using the same 
theorem as the following: 

( ) 4601111
1

1
1

1
1

1
02

1

0
2

1

0
2

,coscosxdxsindx
x
xsin

≈−<−
ξ+

=
ξ+

=
+ ∫∫  

4. ( ) ( ) ==−=− ∫∫∫

π

π
−

π

π
−

π

π
−

2

2

21
2

2

2
2

2

3 1 dxxcosxsindxxcosxcosdxxcosxcos  

Let’s use the parity of an integrand  

( ) ( ) ( ) === ∫∫

ππ
2

0

21
2

0

21 22 xcosdxcosdxxcosxsin  

( ) ( ) ( )
3
4

23
22

2

0

232

0

21 =−==

ππ

∫
xcosxcosdxcos . 

5. Calculate the integral, if 0≠α , 
( )

( )∫∫
−− α+α−

α−
=

+α−
=

1

1
22

1

1
2 12 sincosx

cosxd
cosxx

dxI . 

 Solution. 

=







α
α+

+
α
α−

α
=

α
α−

α
=

− sin
cosxarctg

sin
cosarctg

sinsin
cosxarctg

sin
I 111 1

1
 

=


















αα

α

+
αα

α

α
=

22
2

2
2

22
2

2
21

22

sincos

cos
arctg

sincos

sin
arctg

sin
 

α
π

=





 α

−
π

+
α

α
=






















 α

−
π

+





 α

α sinsin
tgarctgtgarctg

sin 2222
1

222
1 . 
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Method of change of variable in a definite integral. 
Let the function ( )xf  be continuous in the interval [ ]ba, , and the 

function ( )tx ϕ=  is monotone and has the continuous derivative in the 
interval [α,β], where ( ) a=αϕ  and ( ) b=βϕ , then the following formula 
concerning the change (substitution) of variable in a definite integral 
is valid: 

( ) ( )( ) ( )∫∫
β

α

ϕ′ϕ= dtttfdxxf
b

a
. 

While changing the integrating variable the values of the 
function ( )tϕ  shouldn’t fall outside the limits of the interval [a,b] 
while t being changing in [α,β]. If the function ( )tϕ  is monotone in the 
interval  [α,β], the mentioned condition is executed. 

Examples. 

1. ∫ −=
a

dxxaI
0

22  

Solution. Let tsinax = . Let’s define the new integrating limits 
for variable t. Let 0=x , i.e. x is equal to low limit of integrating in the 
initial integral. Then in state of t can be accepted any solution of the 
equation 0=ta sin , for example 0=t . While calculating high limit for 
variable t in state of x we put high limit of integrating equal to a and 
solve the equation tsinaa = , from here we obtain 1=tsin , 

znnt ∈π+
π

= ,2
2

, i.e. the equation has an infinite set of the solutions. 

Thus, taking the solution 
2
π

=t  (at 0=n ) while changing t from 0 to 
2
π  

we obtain the variable x will change monotone from 0 to a. Thus 

.asinatsintadttcosa

tdtcosatdtcosatsinaa

t,ax

t,x
tdtcosadx
,tsinax

I

42220
2

2
2

22
21

2

00

2222

0

2

2

0

22
2

0

222

π
=






 π

+
π

=
π







 +=

+
=

==−=

π==

==
=
=

=

∫

∫∫

π

ππ
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2. ∫
−

−=
2

0

21
ln

x dxeI . 

Solution. The function xe21−  is continuous and monotone in 
the interval [-ln2,0]. Considering xet 21−= , we find the integrating 
limits for variable t. At 0=x  we have 0=t ; at 2lnx −=  we find 

2
311 422 =−=−= −− lnln eet . It’s obvious the function inverse for t 

equal to ( )
2

1 2tlnx −
=  will be continuous and differentiable in the 

interval 
2
30 << t . Then 

=

−
=

−
=

=−=−
=−= ∫

−

1

221
1

22

2222

0

2

t
tdt

e
tdtdx

,tdtdxe,te
dxeI

x

xxln
x

( )
=

+

−
+=








+
−

+=
−

+−
=

−
= ∫∫

1
2
3

1
2
3

2
1

2
3

1
1

2
1

1
11

1

23

0

23

0
2

223

0
2

2
ln

t
tlntdt

t
t

t
dttI  

( ) ( )32
2
332

2
1

2
3 2

−+=−+= lnln . 

3. While calculating the integral ∫
π

+
=

2

0
2 xcos

dxI , using the 

substitution 
2
xtgt = , we find low limit of integrating equal to 

00 == tgt , high limit equal to 0=π= tgt . Then  

( )
∫ ∫ =

+
=












+

−
++

=
0

0

0

0
2

2

2
2

0
3

2

1
121

2
t

dt

t
tt

dtI , 

that is impossible, i.e. the integrand 0
2

1
>

+ xcos
. The reason of this is 

that the function 
2
xtg  in the point ∈π=x [ ]π20,  has a break and 

therefore doesn’t have the continuous derivative. The substitution 
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2
xtgt =  is inapplicable in the interval [ ]π20, . The following integral 

can be calculated as follows. 

∫∫∫∫
πππ

π−

π

=



















+

=
+

=
−

=
π→π
π−→
=π−

=
+

0

2

2
0 2

2

0

1

2

1
2

2
21

2
2

2
0

2

tsin

tsin

dt
tsin

dt
tcos

dt
tx

xcos
dx  

3
2

23
4

3
2

3
4

22
1

2
3

22

0
0 2

π
=

π
=−=

+
−=

π
π

∫
tctg

arctg
tctg

tdctg
. 

The formula of integrating in parts ∫ ∫−=
b

a

b

a
vdu

a
b

uvudv . 

Examples. 

1. ∫ +
=

3

0
1

dx
x

xarcsinI . 

Solution. Considering 
x

xarcsinu
+

=
1

, then 

( )
=

+

+









+
−

=
22 1

1

1
1

1
x

dx
x

x

x
x

du  

( )
vxdxdv

xx
dx

==
+

= ,,
12

. 

( )
( ) ( )

( )
−

π
=

+
−=

+
−

+
= ∫∫ 3

3
12

33
12

1
1

3

0
2

23

0

3

0 x

xdxarcsin
xx

xdx
x

xarcsinxI  

( )
( )

( ) ( )
( )

=+−π=+−π=
+

+
+

+
− ∫∫ 33

11

1 3
0

3
0

3

0
2

3

0
2

2
arctgxarctgx

x

xdxd
x

x  

3
3
4

−π= . 

2. Calculate the integral ∫
π

=
2

0

xdxsinI n
n . 
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Solution. Considering xsinu n 1−= , then  
( ) xdxcosxsinndu n 21 −−= , xdxsindv = , xv cos−= . We obtain the 

following 

( ) ( ) ( ) −−=−−+−= ∫∫
π

−
π

−π 2

0

2
2

0

222

0
111 xdxsinndxxsinxsinnxsinxcosI nnn

n  

( ) ( ) ( ) nnn InInIn 111 2 −−−=−− − . 

Therefore 2
1

−
−

= nn I
n

nI . The obtained recurrence allows getting the 

value of the integral for any integer n. 
( )( )

( )
( )
( ) 22

12
2222

133212
02

π−
=

−
⋅−−

=
!!

!!
...
...

k
kI

kk
kkI k , where 

2

2

0
0

π
== ∫

π

dxI . 

At 12 += kn  we find 
( )

( )( )
( )

( ) !!
!!

...
...

12
2

133212
2222

112 +
=

⋅−−
−

=+ k
kI

kk
kkI k , where 1

2

0
1 == ∫

π

xdxsinI . 

Besides this, ∫∫
ππ

=
2

0

2

0

xdxsinxdxcos nn  (it’s obvious from 

geometrical reasons and can be checked out by the substitution 
xt −

π
=

2
). Thus, 

∫∫
ππ

=
2

0

2

0
xdxxdx nn sincos =

( )

( )









−
−

−
π−

oddnif
n

n

evennif
n

n

,
!!

!!

,
!!

!!

1
2

1

. 

For example, 

32
5

2246
135

26
52

0

6
6

π
=

π
⋅⋅
⋅⋅

=
π

== ∫
π

!!
!!sin xdxI . 
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7.2 Geometric applications of the definite integral, 

computing volumes, and arc length 
 
If a curvilinear trapezoid is restricted by the curve ( )xfy = , 

straight lines ax = , ,bx =  (a<b) 0=y  and ( ) 0≥xf , then its area 

( )∫=
b

a
dxxfS . 

If ( ) ( )xfxf ≥1 , then area restricted by these curves and the 

straight lines ax =  and bx =  is equal to ( ) ( )( )∫ −=
b

a
dxxfxfS 1 . 

If the curve is given in parametric form ( )
( ) ( )21 ttt
tyy
txx

≤≤




=
=  the 

iterative traversal is carried out counter clockwise and the area is 
calculated according the next formula: 

( ) ( ) ( ) ( )∫∫ ′=′−=
2

1

2

1

t

t

t

t
dttytxdttxtyS . 

Area of the figure, given in the polar coordinates β=ϕα=ϕ ,  and 

the curve ( )ϕρ=ρ , is calculated as follows ( )∫
β

α

ϕϕρ= dS 2
2
1 . 

The volume of the surface, formed at gyration (rotation) of the 
curvilinear trapezoid, restricted by the curve ( )xfy =  at above and the 
straight lines ax = , bx = , 0=y , round the axis ОХ can be calculated 
according to the next formula: 

∫π=
b

a
ox dxyV 2 , at gyration round ОY : ∫π=

b

a
oy xydxV 2 . 

The volume of the surface, formed at gyration (rotation) of the 
figure, restricted by the lines ( )xyy 2=  и ( ) ( )211 yyxyy ≤=  is equal to 

( ) ( )∫∫ −π=−π=
b

a
oy

b

a
ox dxyyxVdxyyV ., 12

2
1

2
2 2  

Length of an arc in Cartesian axials (a, b) is equal to: 
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( )∫ ′+=
b

a
dxyL 21   (a<b). 

If the curve is given in 

parametric form ( )
( )




=
=

;
,

tyy
txx  we 

obtain  

( ).;)()( '' β<α+= ∫
β

α

dtyxL tt
22  

In polar coordinates: 

( ) ( )( ) ( )21
22

2

1

ϕ≤ϕϕϕρ′+ϕρ= ∫
ϕ

ϕ

;dL . 

Examples. 
 1. Calculate area of the figure, restricted by the circle 

1622 =+ yx  and parabola ( )1122 −= yx . 
Solution. Let’s find the points of intersections of the given 

curves: 
( )





−=

=+

112

16
2

22

yx

yx
⇒ 121216 2 −=− yy , 012122 =−+ yy  

141 −=y  is unsuitable as 0≥y . 
32122 21

2
2 ±=⇒=⇒= ,xxy . 

The given curves form two figures. Let’s find area 1S , then 2S  
can be calculated as a difference between areas of the circle and 1S . 

( ) 












+−−= ∫∫

32

0

2
32

0

2
1 12

12
1162 dxxdxxS  

=
=−

==
−= ∫ tcosx

tdtcosdxtsinx
dxxJ

416

44
16

2

32

0

2
1  

( ) 







+

π
=






 +=+==

πππ

∫∫ 4
3

3
82

2
1821816

3

0

3

0

3

0

2 tsintdttcostdtcos . 

2. Calculate area S  of the figure, restricted by the curves 
22 xy −=  and 32 xy = . 

y 

x 4 -4 x1 x2 

S1 

S2 
0 
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Solution. Let’s solve the set of 

equations 






=

−=
32

22

xy

xy , and find the 

limits of integrating 11 −=x  and 12 =x . 

Due to the formula ( )∫ −=
b

a
dxyyS 1 , we 

get the following: 

( )
15
22

5
3

3
22

1

1

35
31

1

322 =









−−=−−=

−−
∫ xxxdxxxS . 

3. Find area of the figure, restricted by the curves, given in 
parametric form: 





=
=

tsiny
tcosx

4
6  and ( )3232 ≥= yy . 

 Solution. Let’s find the point of intersection of the ellipse and the curve 
tsin432 = ; ⇒  

.cosxttsin 3
3

6
32

3
=

π
=⇒

π
=⇒=

The figure represents a 
segment of the ellipse, given 
in parametric form. Due to 
the symmetry of the given 
figure we calculate half of the 
area 

( ) ( ) 221

2

1
2

SdttxtySSS t

t
−′=−= ∫ , 

where 2S  - area of the rectangle ОАВС. Obviously 363232 =⋅=S  
For the curvilinear trapezoid ODBC the parameter t is changing 

from 
3
π  to 

2
π . As x decreases while t is changing in the mentioned 

interval we are to change the sign of the integral on the inverse. 

 

B A 

1 

2  x х x1 - 2  

S 

D 

x 

y 

6 0 -6 С 

В 

А 
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( ) ( ) =





 −=

−
==−⋅−=

π

π

π

π

π

π

π

π
∫∫∫

2

3

2

3

2

3

2
2

3

1 2
212

2
21242464 tsintdttcosdttsindttsintsinS

 

332
4
3

6
12

3
2

2
1

32
12 +π=








+

π
=






 π

+
π

−
π

= sin . 

Conclusion: ( ) 364363322 −π=−+π=S . 
4. Calculate area of the figure, restricted by the abscissa axis and 

arc of the cycloid 
( )
( ) ( )π≤≤





−=
−=

20
1

t
.tcosay
,tsintax . 

 Solution. 

( ) ( )

( ).asinsinatsintsinta

dttcostcosadttcostcosadttcosaS

sq.unit3
2
4222

2
3

0
2

2
22

2
3

2
2121211

222

2

0

2
2

0

22
2

0

22

π=





 π

+π−π=
π







 +−=

=





 +

+−=+−=−= ∫∫∫
πππ

 
5. Calculate area of the figure, restricted by a closed loop of the 

curve: 







−=

=
3

2

3

3

tty

tx . 

Solution. As ( )txx =  is even, and 
( )tyy =  is odd, then ( )yxx =  is even, and 

therefore the plot is symmetric concerning 
the axis ОX. 

( ) 03 2 =−= ytty , . 
At 001 =⇒= xt . 9332 =⇒±= xt , . 
By virtue of the symmetry let’s calculate the areas and then double the 
result 

( ) ( ) =







−=










−=−=−= ∫∫ 5

393312
5

12312632
3

0

5
3

3

0

42
3

0

3 ttdttttdtttS  

      у

       0                  9 х
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5
372

5
3612
=

⋅
= . 

6. Calculate area of the figure, restricted by the cardioid 
)cos( ϕ+=ρ 1a . 

 

Solution. Area in polar coordinates is 
calculated according to the formula:  

∫
β

α

ϕϕρ= .)( dS 2
2
1  

By virtue of the symmetry we obtain: 

∫

∫
π

π

=ϕϕ+ϕ+=

=ϕϕ+⋅=

0

22

0

22

21

12
2
1

d)coscos(a

d)cos(aS

 

∫
π π

π=





 ϕ

+ϕ+ϕ=ϕ





 ϕ+

+ϕ+=
0

2

0

22
2
3

4
22

2
3

2
2121 .asinsinadcoscosa  

7. Find area of the figure, restricted by the curve ϕ= 32 cosar  
lying outside the circle ar = . 

Solution. ϕ= 32 cosar  is a three-lamellar rose, i.e. 
⇒≥ϕ≥ 030 cosr  

⇒π+
π

≤ϕ≤π+
π

− kk 2
2

32
2

 
3

2
63

2
6

π
+

π
≤ϕ≤

π
+

π
−

kk  

3 lobes with axes 

3
4

3
20 321

π
=ϕ

π
=ϕ=ϕ ,  

ar 2=max  

By virtue of the symmetry calculate 
6
1  

part of the necessary area. Let’s find the 
points of intersections of the curves 
 



 π

+
π

±=ϕ⇒=ϕ⇒
=

ϕ=
3

2
92

13
32 k

ar
ar

cos
cos  
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according to the formula ∫
ϕ

ϕ

ϕρ=
2

1

2
2
1 dS  

1) let’s find 
2
1  area of one of three lobes 

.asina

dcosadcosaS









+

π
=













 ϕ
+ϕ=

=ϕ
ϕ+

=ϕϕ=

π

π π

∫ ∫

12
3

96
6

2
61234

2
1

2
9

0

2

9

0

9

0

222
1

 

2) −2S  area of the quadrant of the circle with radius a  and angle 

equal to  
9
π . 

.a
18922

222

2
π

=
⋅
π

=
ϕ

=
aRS  

I.e. 216
1 SSS −= , 

( ).332
61812

3
9

6
2222

+π=








 π
−+

π
=

aaaaS  

8. Find the length of the astroid: 
323232 ayx =+ . 

Solution. The 1st way. ( )∫ ′+=
b

a
x dxyl 21 . 

Differentiating the equation of the astroid we 
obtain the following: 

31

31
3131 0

3
2

3
2

x
yyyyx xx =′⇒=′+ −− . 

Therefore the length of the quarter of the 
astroid as follows: 

alaxadx
x
adx

x
yl

aaa
6

2
3

2
31

4
1

0

3231

0
31

31

0
32

32
=⇒===+= ∫∫ . 

The 2nd way (parametric). 

у
    а

 l/4

       а х
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( ) ( )∫ +=
2

1

22
t

t
tt dtyxl '' . 







=

=

tsinay

tcosax
3

3
, 






=

−=

tcostsina'y

tsintcosa'x

t

t
2

2

3

3
. 

( ) ( ) ( ) ( ) tsintcosa'y'x,tsintcosa'y'x tttt 39 2222222 =+=+ . 

( )
2

32
4

32
4

32
2

33
4
1 2

0

2

0

2

0

aatcosatdtsinatdtsintcosal =−−=−===

π
ππ

∫∫ . 

al 6= . 
9. Find the length of an arc of the tractrix: 








=







 +=

tsinay

ttglntcosax
2  

from point ( )aA ,0  to point ( )yxB , . 

Solution. ( ) ( )∫ ′+′=
2

1

22
t

t
tt dtyxl . 

.
a
yarcsint,tatsina =

π
=⇒= 211 2

 

,
tsin

tsinaxt 





 +−=′

1  .tcosayt =′  

( ) ( )

.
tsin

tcosa
tsin

sina
tsin

a

tcos
tsin

tsinayx tt

2

22

2

2
2

2
2

2
2

2222

111

12

=








 −
=








−=

=







++−=′+′

As 
2
π

<
a
yarcsin , then 

.
y
alna

a
ylnatsinlnadt

tsin
tcosal ayarcsin

ayarcsin

=−=== π
π

∫ 2
2

 

10. Find the length of the curve 
3

3 ϕ= sinar , ϕ  is changing from 

0 to π3 . 
Solution. 

33
2 ϕϕ

= cossina'r . 

0 x 

y 

A 

B 
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=ϕ
ϕϕ

+
ϕ

= ∫
π3

0

24262
333

dcossinasinal  

= =ϕ
ϕ

∫
π3

0

2
3

dsina

2
3

3
21

2

3

0

π
=ϕ






 ϕ
−= ∫

π adcosa . 

11. Find area of the surface, formed by gyration of the close loop 
( )22 39 xxy −=  round the axis 0X. 

 Solution: 
For upper part of the curve at 
30 ≤≤ x  we obtain ( ) xxy −= 3

3
1 . 

Therefore the differential of the arc makes 
dx

x
xdl
2

1+
= . According to the formula 

∫π=
b

a
ydlS 2 , area of the surface 

( ) ( ) ( ) π=+−
π

=+−
π

=
+

−π= ∫∫ 3999
3

32
32

13
3
12

3

0

2
3

0
dxxxdx

x
xxxS  

12. Calculate area of the surface, formed by gyration of one arch 
of the cycloid round the axis 0X: 

( )




π≤≤
−=
−=

t
)tcos(ay
)tsint(ax

0
1

. 

Solution. Area of the surface, formed by gyration is equal to 

∫π=
b

a
ydlS 2  or if the curve is given in parametric form 

∫
β

α

′+′π= .)()()( dttytxtyS 222  

Then we get 

  0 ρ
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.aa

tcostcosaadttsintcosa

dttsinadttsin)tcos()tcos(aS

zz

22

2

0

2

0

322
2

2

0

32
2

0

222

3
64

3
22

3
228

23
2

2
28

22
18

2
8112

π=





 −+−π

=





 +−π=






 −

π=

=π=+−−π=

∫

∫∫

π
π

ππ

 

13. Calculate volume of the sphere with radius R and its center 
in the origin. Sphere will be formed by gyration of the semicircle 

22 xRy −=  round the axis 0X. 
Solution. 

( ) ( )

( )33

3
3

3
2

0

2222

3
4

3
2

03
22

ЊЉR

RR
RxxRdxxRdxxRV

RR

R
ox

π=

=









−π=










−π=−π=−π= ∫∫

−  

 
7.3 Physical and mechanical applications of a definite 

integral 
 

Let's consider the applications of a definite integral for solving 
some physical problems. 

Problem 1. Calculate the work, needed to launch the rocket with 
weight P from the surface of the Earth on the height H. What should 
be the work equal to if the rocket should be removed on infinite 
distance (perpetuity)? 

Solution. The value of the force F, determining the force, 
necessary to launch the rocket from the surface of the Earth, is equal 
to the value of gravitational force, influencing the rocket, i.e. 

( ) 2qx
MPkxF = , 

where M – mass of the Earth, 
q
p  - mass of the rocket, k – constant 

coefficient, x – distance between the center of the Earth and the 
rocket. The force F is directed along the radius of the Earth from its 
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center. Movement of the rocket from Ra =  (R – radius of the Earth) to 
HRb +=  is carried out in the same direction.  

Let’s divide the interval [R, R+H] into subintervals ],[ 1+ii xx  and then 
calculate an approximate value of work Ai on each subinterval. Due to 
smallness of each subinterval ix∆  we consider the value of the force F 
on each subinterval constant on this subinterval and equal to the value 
of force F at some point xi of this subinterval. Then 

( ) i
i

iii x
qx
kMPxxFA ∆=∆≈

2
. 

The work correspondent to the whole interval [R, R+H] is 
approximately equal to: 

∑∑
==

∆≈=
n

i
i

i

n

i
i x

qx
kMPAA

1
2

1
    (7.1) 

Passing to a limit in equality (7.1) while 0→λ  we obtain an 
exact value of the work A as follows: 









+
−==∆= ∫∑

+

→ HRRq
kMP

x
dx

q
kMPx

qx
kMPA

HR

R
i

i

11lim 220λ
 (7.2) 

Taking into account the fact on the surface of the Earth the 
gravitational force PF =  and Rx = , we can find the coefficient k: 

2qR
kMPP = , 

whence 

M
qRk

2
= . 

And for required work we finally get: 









+
−=

HRR
PRA 112  

At moving the rocket on indefinite distance (perpetuity) the work 
makes as follows: 

PR
HRR

PRA
HH

=







+
−=

∞→∞→

11limlim 2 . 

Problem 2. With what force does wire ring with weight M, 
radius R affect the mass point C with weight m, lying on the straight 
line passing through the center of the ring perpendicularly to its plane? 
The distance between the point C and the center of the ring makes a. 
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Solution. Let’s divide the ring into elementary segments il∆ , 
considering each of them to be a mass point with weight: 

iiiii
MR

R
Ml

R
Mlm ϕ

π
ϕ

ππ
ρ ∆=∆=∆=∆=

222
    (7.3) 

Here ρ – density function of weight, iϕ∆  - angle, correspondent 
to the part of arch il∆  (fig. 7.3.). Let’s define the force iF



 of 
interaction of the material point C 
with the small segment of the ring 

il∆ . For this let’s decompose iF


 on 
basis kji





,, . 
kFjFiFF iziyixi





++= , (7.4) 
where iziyix FFF ,,  - are projections of 

iF


 on coordinate axes. Obviously, 
the required force F



 is a resultant of 
elementary forces iF



 and is defined as follows: 

∑∑∑
===

++=
n

i
iz

n

i
iy

n

i
ix FkFjFiF

111






   (7.5) 

It should be mentioned that due to a symmetry of the given 
problem: 

0,0
11

== ∑∑
==

n

i
iy

n

i
ix FF . 

Thus the value of the required value of interaction is determined 
as a sum of projections of iF



 on the axis OZ. Let’s calculate the value 
izF  

γcosiiz FF = ,     (7.6) 
where γ – an angle between the axis OZ and the vector iF



 constant for 
all 1,2,1,0 −= ni  and is defined from the rectangle COA: 

22 aR

acos
+

=γ      (7.7) 

According to the law of interactions of two material points the 
value iF  is approximately defined as follows: 

( ) i
i

i
aR

kmM
r

mmkF ϕ
π
∆

+
=≈

2222    (7.8) 

  z

  O
iϕ∆                   y

  a   γ   A
           x           C

Fig.7.3
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The value mi and the distance 22 Rar +=  between mass points 
are taken in account here (fig. 7.3). 

Then putting (7.8) and (7.7) into (7.6) and summarizing on i we 
obtain the following: 

( )∑∑
==

∆
+

≈=
n

i
i

n

i
iz

aR

kmMaFF
1

23221 2
ϕ

π
   (7.9) 

As an exact value of force of interaction we’ll accept the limit the 
integral sum (7.1.9) is aiming to when the length of the longest 
subinterval il∆  and therefore iϕ∆  aim to zero. 

( ) ( ) ( ) 2322

2

0
232223220 22

lim
aR

kmMad
aR

kmMa

aR

kmMaF i
+

=
+

=∆
+

= ∫∑
→

π

λ
ϕ

π
ϕ

π
. 

Problem 3. Find the inertia moment relatively the rotation axis 
of the paraboloid with radius of 
the basis equal to R and height – 
H. 

Solution. The paraboloid of 
rotation represents the surface, 
formed at gyration (rotation) of a 
parabolic segment (R, H) round 
the axis OZ. Equation of parabola, 

illustrated on the fig. 7.4, makes pzx 22 = . Let’s put in the equation 
coordinates of the point A belonging to the mentioned parabola in 
order to define the parameter p. Then  

H
RppHR

2
2 2,2 == , 

and equation of parabola can be presented as z
H
Rx

2
2 = . The equation 

of the surface of rotation (gyration) we’ll get by substitution of 2x  on 
22 yx + , i.e. the equation ( )22

2 yx
R
Hz +=  is the equation of the given 

paraboloid of rotation (gyration). 
While solving the problems concerning calculation the inertia 

moment we should pay attention to the fact division on elementary 
subintervals should be carried out that all points of each selected 
segment should be approximately at similar distance from the rotation 

     z
                                 ix∆    А

       H

     0    xi  xi+1       x
Fig. 7.4.
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axis. In the given problem this can 
be achieved by division the 
paraboloid of gyration by a set of 
circumferential cylinders, which 
axes of rotation correspondent to the 
axis OZ. Then all points of the 
paraboloid of rotation, located 
between cylinders with radiuses ix  
и 1+ix  will be at almost similar 

distance from the axis of rotation due to the smallness of ix∆ . 
The weight of the selected segment is approximately calculated 

as the weight of cylinder ring with width equal to ix∆  and height hi. 

( )22
2

2
2)0,( iiii xR

R
Hx

R
HHxZHh −=−=−= . 

By virtue of the created division the selected segment can be 
considered as a mass point with weight: 

( ) ( ) iiiiiiiiiii xxR
R
Hxhxxxhxxm ∆−=∆≈−∆+≈ 22

2
22 22 ππππ  

Then the inertia moment of the segment i is approximately equal to 
the following: 

( ) iiii xxRx
R
HJ ∆−≈ 223

22π . 

An exact meaning of the needed value we can get by summarizing iI  
on all 1,...,2,1,0 −= ni  and then passing to a limit in obtained integral 
sum while 0max →∆ ix . 

( )
664

22
4

0

624

2
0

523
2

HRxRx
R
HdxxRx

R
HJ

RR πππ =









−=−= ∫ . 

Problem 4. Calculate kinetic energy of the disk of mass M and 
radius R, rotating with angular speed ω round the axis, passing 
through its center perpendicularly to its plane. 

                          z

y

  xi  xi+1        x

Fig 7.5
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The kinetic energy of an element of the 
disk makes: 

,
22

222
dsrmVdK ωρ

==  

where r – distance between an element of 
the disk (circumferential ring) and the 
rotation axis 
Area density of mass makes: 

,2R
M
π

=ρ  

then 

dsr
R

MdK 2
2

2

2π
ω

= ;   ;2 rdrds π=  

Kinetic energy of the disk is equal to 

.
440

22

0

4

2

2
3

2

2

∫ ===
R R

RMr
R

Mdrr
R

MK ωωω  

Problem 5. Find the static moment of the homogeneous cone 
with radius R of its basis and height H relatively its basis. 

 

From similarity of triangles we have: 

H
xH

R
y −
= , 

whence 





 −=

H
xRy 1 . 

The division is carried out the way the 
element of the volume (shaded) is located 
on the similar distance from the basis. 

We have .1
2

22 dx
H
xRdxydV 





 −== ππ  

An elementary static moment makes: 

xdx
H
xRdM

2
2 1 






 −=π , 

whence 
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.
1243

2
243

2
2

211

222
2

2
2

0
2

432
2

0 0
2

2
2

2
2

HRHHHR
H
x

H
xxR

dx
H
x

H
xxRdx

H
xxRM

H

H H

πππ

ππ

=









+−=










+−=

=









+−=






 −= ∫ ∫

 

 
Problem 6. Find the inertia moment of area of the ellipse 

tbytax sin,cos ==  relatively the axis 0Y. Let’s consider 1=ρ . 

 

As it is clear from the figure 

∫=
a

y dSxI
0

2 ,2   

where 
tdtabtdtatbydxdS 2sin2sinsin22 −=−==  

an element of the area. By virtue of 
equality of area density to 1 we have 

.dmdS =   
Therefore  

∫

∫∫

=





 −=

−
=

==−=

2

0

32

0

33

2

0

2
0

2

3222

.
48

4sin
22

4cos1

2sinsincos4

π π

π

π

π battbadttba

tdtbatdttaabI y

 

Problem 7. Find the force of water pressure on a vertical wall, 
having the form of a trapezoid, which lower basis is a, upper – b, 
height H, basis b is on the surface of the water ( )ba > . 
According to the Pascal law the liquid pressure on a horizontal plate, 
immersed in it, is equal to the weight of a liquid pile, resting on this 
plate, i.e. product of the plate area on the distance between the plate 
and free surface of the liquid and on the specific weight of the liquid. 
Let’s divide the plate into elementary layers, placed on the diving 
depth equal to x. ( aECbAD == , ). 
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FKCABC ∆∆ ~ , 
then 

( ) .;1
H
xbabc

H
x

H
xH

ba
ca

−+=−=
−

=
−
−  

The pressure of the liquid on 
elementary layer dx  makes 

( ) 





 −+= xdx

H
xbabdP  (specific weight of the water 1), 

then for calculating the pressure influencing the whole plate we should 
integrate the pressure element dP  in the limits of its changing from 0 
to H. We obtain the following: 

( ) .
6
2

323
)(

2

)(

2
3

2

0

32

0 0

2
2

Hab
H

HbaHbx
H

baxb

dxx
H
b

H
axbxxdx

H
xbabP

H

H H

+
=

−
+=









 −
+=

=









−+=






 −+= ∫ ∫

 

Problem 8. In what time will be bleeded (will become empty) 
the vertical cylindrical barrel filled up to the top with radius R, height 
(altitude) H through a round hole with radius r in the bottom of the 
barrel? 

 

According to the law of Torricelli the 
speed of a liquid outflow is equal to 

ghkv 2= , where h – height of the liquid level 
above the hole. The amount of flowing out 
liquid at the time dt  is equal to the volume 

dhR2π , where 2Rπ  is an area of the cylinder 
basis. Then the speed of a liquid outflow 
through the hole with area 2rS π= will be equal  

 

to 
dt

dhr2π , and from another side .2ghkS  Here we obtain the equality 

ghrk
dt

dhR 22
2

ππ
= , 

whence 
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.
22 2

2

2

2

h
dh

gkr
R

ghrk
dhRdt ==

π
π  

The container will be bleeded (become empty) while changing h from 
0 to H. Integrating the obtained equality we find the needed time T. 

∫ ===
H H

kr
R

g
Hh

gkr
R

h
dh

gkr
RT

0
2

2

02

2

2

2
.22

22
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