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Task 1. 

Example 1. Find the general and partial solutions of the equation 
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Solution.  Given equation is equation with separable variables because it has the 

form 
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In order to separate variables let’s divide by product )( 2yyx   the both parts of 

the equation: 
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Equation (3) we can simplify 

22
0

yy

dy

x

dx

x

dx

yy

dy





                                       (4) 

Equation (4) we can integrate 
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Here we don’t add an arbitrary constant because we added it in (6). Substitute (6) 

and (7) into (5) we have  
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 is the general solution. 

In order to find partial solution satisfying initial condition 
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Note. When we divide the given equation by expression )( 2yyx   we took into 

account  that .1,0,0  yyx If variables take these values then initial equation 

returns in identity .00  In this case we can’t talk about general solution. 

Example 2. Find the general solutions of the equation 

24 yyyx                                                        (8) 

Solution.   Let’s write the given equation as: 
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Obtained equation is equation with separable variables because the right hand side 

is product of two functions each of them depend on one variables 
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In order to separate variables let’s present derivative as .
dx

dy
y   Then equation 

(8a)  takes form 
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We always can check out the validation of the made operations using property of 

the proportion  
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Equation (9) we can integrate 





yy

dy
Cx

4
lnln

2
                                       (10) 

 
  y

y

y

yd

yy

dy 4
ln

4

1

42

2

42










                                (11) 

Substitute (11) into (10). We get  
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Example 3. Find the general solutions of the equation 
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Solution.  In order to determine type of the equation, let’s divide by dx: 
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Equation (14) is homogeneous differential equation in Euler sense, 
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Let’s find y  by equation (15) 
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Now substitute (14a) and (16) into (14) 
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Obtained equation is equation with separated variables. Let’s separate variables in 
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Now we can integrate the last equation. 
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Answer:    .arccosCxxy   

Example 4. Find the general solutions of the equation 

yeey xx  2                                                       (18) 

Solution.  Given equation is linear one. Indeed let’s write it as: 

xx eyey 2                                                       (19) 

The standard form of the linear equation is 

   xQyxPy  . 

In the given case         xx exQexP 2,   

In order to solve the linear equation you can apply the following substitution: 
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Functions )(xu  and )(xv must be determined by such way that function (20) 

satisfies initial equation. Therefore find derivative of (20) and substitute into (19). 
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Take into account (20) and (21) then equation (19) may be written as: 
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We choose function )(xu in such way that the expression in parentheses will be 

equal to zero. 
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Combining equations (22) and (23) we get the following system of equations: 
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The first equation of the system (24) is equation with separable variables. Solve it 

xexxx eudxe
u

du
ueuueu  ,,,0  

Function )(xu  substitute into second equation of system (24): 
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Example 5. Find the general solutions of the equation 
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Solution. There is comfortable to consider x  as function and y as argument in the 

given equation. Then initial equation may be written as  
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Obtained equation (26) is linear with respect to ).(yxx  It means that we can use 

the substitution  
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Let’s substitute (27), and  (28) into equation (26). We get  
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From the first equation of the system (28a) we receive 
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Find solution of the second equation of the system (28a), taking into account the 

expression for u(x): 

.2,2,2 222 Cedyeveveev yyyyy  
  

So 

   ., 2 yyyy eCeCeexvux  
 

Answer:      .yy eCex    

 



Example 6.  Find the general solutions of the equation 
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Solution. Equation (29) is Bernoulli’s equation, since the right hand side contains 

.3y  Solution Bernoulli’s equation is carried out in the same manner as linear 

differential equation.  Let’s present the sought solution as 

)()( xvxuy                                                   (30) 

Function )(xu  and )(xv  we can find after substitution into equation (29) and some 

transformations: 
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Choose the functions u(x) and v(x) in the same way as in linear  equation 
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Example 7.  Find the general solutions of the equation 
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Solution. Initial equation is homogeneous differential equation. It’s easy to show. 

But this equation is also equation in total differentials (Exact differential equation). 

Indeed if you calculate partial derivatives  
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It’s condition to be exact differential for function  
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Now we can apply the approach proposed in lecture. Take into account that 
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Note that when we calculate the last integral variable y we regard as constant. Now 
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Then by (31c) the function u(x,y) defined by equation (31b) takes the form: 
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Example 8. Find the general and singular solutions of the equation 

2yyxy                                                        (32) 

Solution. The given equation is Clairnaut’s equation. In order to find the general 

solution it is enough to change y  by constant “C” (see lecture). So  
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 is general solution.  

Singular solution сan be found of the following system: 
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The second equation of the system has been obtained after differential equation of 

the general solution with respect to “C”. Let’s solve the second equation of the 

system (32b) to eliminate constant “C” of the system and obtain the singular 

solution: 
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Example 9. Find the general solutions of the equation 

  062 2  yxyy                                               (33) 

Solution. The given equation has the second order because it contains the second 

derivative. Obviously that  ., xyfy   It means that we can reduce the order of 

the equation using the following substitution: 
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Equation (35) may be solved if variable  x we’ll consider as function  and z as 
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Obtained equation (36) is linear one. So we can use the substitution  
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Substitute relation (37) and (38) into (36).  
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Solve the first equation of the system (38a) and find the function u 
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Now we can solve the second equation of the system (38a) 
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Obtained equation we’ll solve by parameter method. Denote py  , then  
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Finally, the solution of the initial equation may be presented in parametric form: 
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Example 10. Find the partial solution of the equation 
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Solution. The given equation has the second order, so,  ., xyfy   Therefore we 

can use the substitution   

)()( xzyxzy   

So initial differential equation becomes differential equation of the first order 

  .ln2
1

ln1 xz
x

xz   

Divide the both parts by 0)ln1(  x : 

 
.

ln1

ln2

ln1 x

x

xx

z
z







  

Obtained equation is linear one. So we can apply the standard substitution 
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Solve the first equation of the system (38a) and find the function u 
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Then  

 

.lnln2

ln2ln2ln2
ln1

ln2

ln1

1

11 CxxxCxxxxpartsby

xdxxdxxvxv
x

x

x
v










   

So  



 
.

ln1ln1

ln1 11

x

C
x

x

Cxx
vuz







  

But yz   and from initial condition it’s known, that 1)1( y . Due to that we can 

determine the value of constant 1C : 

.0111
ln1

11
1

1 





CC
x

C
x

x

 

So .
2

. 2

2

C
x

xdxyxy    

.0
2

1

22

1
)1( 2

1

2

2





CC
x

y

x

 

Answer: Partial solution is .
2

2x
y   

Example 11. Find the general solution of the equation 

yyyyy  22  

Solution. You can see that  ., yyfy   So we can use the following substitution  

 .yzy   

We should remember, that ),(xyy   therefore  

., zzyyzy xxyx   

After substitution yand y  expressed through new function z  we obtain equation 

relatively of  z : 

zyyzzz 22   

Suppose that   0yz , and then we can divide the both part of the obtained 

equation by z: 

.

,, 22

y
y

z
z

yzyzyyzz





 

The last equation is linear,  therefore we can apply the corresponding substitution: 

uvvuzyvyuz  ),()(  



and get the following system 














.

0

yuv

y

u
u

 

 ,
y

dy

u

du
 

yu   

1,1, Cyvvyyv   

 yCyz  1  

But yz   so 

 .1 yCyy   

    2
11

, Cx
yCy

dy
dx

yCy

dy






  

 
 
 










  yC

y

C
y

C
yC

C
dy

yCy

yCy

CyCy

dy

111
1

11

1

11

ln
1

ln
1

ln
11

 





yC

y

C
Cx

11
2 ln

1
 

.ln
1

2
11

C
yC

y

C
x 


  

Answer: .ln
1

2
11

C
yC

y

C
x 


  

 


