Methodical instructions to topic

“ Differential equations of the first order”
GROUP 1-219ia, KH-219 ae,219iae,219,i6e,219iBe

Task 1.
Example 1. Find the general and partial solutions of the equation
1
xdy+(y - y*)dx=0, y(l) =2 M

Solution._Given equation is equation with separable variables because it has the

form
M1 ()N (y)dx+ Mo (X)N2(y)dy =0 (2)
In order to separate variables let’s divide by product X - (y — y2) the both parts of

the equation:

xdy (y—yz)dx:0

+ 3)
y-y?) Ay-y?)
Equation (3) we can simplify
dy2+%:0:>%: dy2 (4)
y-y X X y-y
Equation (4) we can integrate
dx dy
il b ©
y—-y
jd—):(:ln\x\+ln\c\ (6)
1 1 1
() i
I 2) _ 1,727 [y-1
y2 -y 1% 1 ol y_1+1‘ Ly
Y=o =4 2 2 2

Here we don’t add an arbitrary constant because we added it in (6). Substitute (6)
and (7) into (5) we have



In|Cx| = lnayﬁ - y;lzcx: y—1=Crxy= y—Cxy=1= y(1-Cx)=1=

So

Is the general solution.

In order to find partial solution satisfying initial condition y(1) :% we

substitute x=1 and y :% into general solution

_ ot 11 cooc-at
1-Cr 2 1-C

So partial solution is

y

y= 1
1+ X

Note. When we divide the given equation by expression x-(y — y2) we took into
account that x =0,y =0, y=1. If variables take these values then initial equation
returns in identity 0= 0. In this case we can’t talk about general solution.

Example 2. Find the general solutions of the equation

Xy'+4y =y* ®)
Solution. Let’s write the given equation as:
2
’ ’ -4
y'=y?-4y = y=~ . L, (8a)

Obtained equation is equation with separable variables because the right hand side

is product of two functions each of them depend on one variables
y'=T(y)-o(x),
1
f=y" -4y, o(9=".

: o d :
In order to separate variables let’s present derivative as y' = d—i Then equation

(8a) takes form



= =— 9
dx X yZ—4y X ®)

We always can check out the validation of the made operations using property of

the proportion

xdy = (yz — 4y)dx.
Equation (9) we can integrate

dy
Injx|+ In|C| = (10)
riicl=[ 57,
dy _ d(y-2) y—4
IZ -4y j(3/—2) 4 4|‘ y‘ 4y

Substitute (11) into (10). We get

In|Cx = In—‘ = Cx= :>
y-—
x=C,4 , C==
19 y 1 C
Answer:  x=Cy Y~ 4
y
Example 3. Find the general solutions of the equation
xdy — (y xcot yjdx 0 (12)
Solution. In order to determine type of the equation, let’s divide by dx:
x%—(y—xcotzjzo (13)
dx X

From given equation we can conclude that x = 0, because argument cot? isa
X

ratio Y Find dy = y'from equation (13)
X dx
y
— ti
. y — XCO " Yy Ly
y=—-—2y' = cot (14)

X X X



Equation (14) is homogeneous differential equation in Euler sense, y’ = f(i).

X

Therefore we apply the substitution

Y =2(x)
X
Or
y = z(X)x
Let’s find y' by equation (15)
y' =2'X+12

Now substitute (14a) and (16) into (14)

(14a)

(15)

(16)

(17)

Z’X+z=z-cotz = z'x=-cotz
Obtained equation is equation with separated variables. Let’s separate variables in
a7):
dz dz dx
X—=-c0tz, = ——=——,
dx cotz X

Now we can integrate the last equation.

dz dx sinzdz _dx d(cosz)  dx
[—=-]—= ] =—[—= - =—[—
cotz X COSZ X coSZ X
=Injcosz|=In[x|+In|C|= cosz=Cx = cost=Cx = Y—arccosCx =
X X

= Yy =XarccosCx.
Answer: Yy = XarccosCx.

Example 4. Find the general solutions of the equation
y = e2x _ exy
Solution. Given equation is linear one. Indeed let’s write it as:
y'+e’y=e*
The standard form of the linear equation is
y'+P(x)y =Q(x).

In the given case  P(x)=e*, Q(x)=e*

In order to solve the linear equation you can apply the following substitution:

(18)

(19)



y =u(x)-v(x) (20)
Functions u(x) and v(x) must be determined by such way that function (20)
satisfies initial equation. Therefore find derivative of (20) and substitute into (19).

y'=u"-v+Vv'-u (21)
Take into account (20) and (21) then equation (19) may be written as:

2 2X

u-v+v-u+eX.u-v=eX :>v(u’+eX -u)+v’-u =X:
We choose function u(x) in such way that the expression in parentheses will be
equal to zero.

u'+e*-u=0 (22)
then
-u=¢ (23)

Combining equations (22) and (23) we get the following system of equations:

u'+e*-u=0
{I 2X (24)
u=e

The first equation of the system (24) is equation with separable variables. Solve it

' X — d_u — —ex

u+e*-u=0 = u =-e*-u, —e*.dx, = u=e
u

Function u(x) substitute into second equation of system (24):

X X X X X
Vf_e—e :GZX:V’:ezx-ee :eZX+e :>V:J‘e2x+e dXZIEX'ee -eXdX:
e* =1 , z=u dz=du .2 ,
= :Jz-e dz=| , ,=z-€ —Je dz=e"(z-1)+C=

_e® (ex —1)+ C
So,
v=e® (ex —1)+C ,
From (20) it follows

y= e (eex (ex —1)+ Cj, = y= Ce® +e*-1.



Answer: y= Ce® +eX—1.
Example 5. Find the general solutions of the equation

(2eY —x)y'=1 (25)
Solution. There is comfortable to consider x as function and y as argument in the

given equation. Then initial equation may be written as

(Zey—x)d—lle, = %:Zey—x,
dy dy
or
X' +x=2eY, (26)

Obtained equation (26) is linear with respect to x = x(y). It means that we can use

the substitution
x=u(y)-v(y), (27)
X'=u"-v+Vv'-u. (28)
Let’s substitute (27), and (28) into equation (26). We get
X=u(y)-v(y),u-v+Vv-u.+u-v=2e¥, = v +u)+v-u=2e".

Let’s write the system to find the function u(y), and -v(y)

u+u=0,
(28a)
V'-u=2eY
From the first equation of the system (28a) we receive
du du y
—=-U, > —=-dy, = Ilhu=-y, = u=e™’.
dy u

Find solution of the second equation of the system (28a), taking into account the

expression for u(x):
ve Y =2¢Y, = v =22, = v=2[ePdy=e? +C.
So
X=U-V, = x=e‘y(e2y+C)=Ce‘y+ey.

Answer: X=Ce Y +eY.



Example 6. Find the general solutions of the equation

2y'-sinX+ ycosx = y‘Q’sin2 X

(29)

Solution. Equation (29) is Bernoulli’s equation, since the right hand side contains

y3. Solution Bernoulli’s equation is carried out in the same manner as linear
differential equation. Let’s present the sought solution as

y =u(x)-v(x)

(30)

Function u(x) and v(x) we can find after substitution into equation (29) and some

transformations:

2 -v+V'-u)-sinx+u-v-cosx =u>-v3-sin? x

v(2u’-sinx+u-cosx)+2v -usinx =u®-v3sin? x

Choose the functions u(x) and v(x) in the same way as in linear equation

r o , 1 cosx
2u'-sinXx+u-cosx=0 U=——u——-
o 3 3 g0 = 2 sinx
2V -usinxXx=u--v”-sin“ X V' = u? V3 -sinx
d—u——lu—cosx:d—u——l—cosxdx:In\u\——lln\sinx\:u— L
dx 2 sinx u 2 sinx 2 Jsinx
2v’=_i-v3-sinx:y:ldxzjyzjidlex:—i—lc.
SIN X V3 V3 2 2 2V2 2
x+C—i = V= 1
v2' Jx+C’
Answer:

Y= Jsilnx(JlerC)'

Example 7. Find the general solutions of the equation

(2x3 — xyz)- dx + (2y3 — xzy)- dy=0

(31)



Solution. Initial equation is homogeneous differential equation. It’s easy to show.

But this equation is also equation in total differentials (Exact differential equation).

oQ

Indeed if you calculate partial derivatives g—s and v you could see that they are

equal each to other. In our case

P(x,y)=2x2 —xy? (function beforedx)

Q(x,y)= 2y3 — x2y (function before dy)

o = —2XY, Q_ —2XY; P = @.
oy OX oy OX
It’s condition to be exact differential for function
P(x, y)dx+Q(x, y)dy =du (31a)

Now we can apply the approach proposed in lecture. Take into account that
P(x,y) = 8—”, Q(x,y) = a_u, first we can find u(x, y) as
OX oy

24 2,,2

) = Dby, = uxy) =126 —xy () = 2 X

+o(y).
(31b)

Note that when we calculate the last integral variable y we regard as constant. Now

we can find %u and equate itto Q(x,y). So

1 1
u(x, y) =5x4 —Exzy2 + o(y).

ou 2 '
— =—Xy+o'(y)
oy

: , 1
Xy (Y)=2y" =Xy, = P(N=2y" = e(y)=j2y*dy=7y"

(31c)
Then by (31c) the function u(x,y) defined by equation (31b) takes the form:

1 4 1 22 1 4
ugXx, =—X ——X +—-V .
(x,Y) 5 i y 2y

Solution of the equation (31, 31a) is



u(x,y)=C.
So we have

1a 1 22 1 4
—X ==X +=-y " =C,
2 2 y 2y

or
x*—x2y? 4yt =C; (C;=20)

Answer: x* —x?y? +y*=C,

Example 8. Find the general and singular solutions of the equation

! !2
y=Xxy +y (32)
Solution. The given equation is Clairnaut’s equation. In order to find the general

solution it is enough to change y’ by constant “C” (see lecture). So

y =XC +C? (32a)
Is general solution.
Singular solution can be found of the following system:

. 2
fyoxcre

The second equation of the system has been obtained after differential equation of
the general solution with respect to “C”. Let’s solve the second equation of the
system (32b) to eliminate constant “C” of the system and obtain the singular

solution:

X< . :
y= T is singular solution.

Answer: General solution is y=xC + c?,

2
Singular solution is y = _XT



Example 9. Find the general solutions of the equation

2y’ +(y'2 - 6x)y" =0 (33)
Solution. The given equation has the second order because it contains the second

derivative. Obviously that y” = f(y’,x). It means that we can reduce the order of

the equation using the following substitution:
y'=2(x), = y'=7'(x) (34)
Let’s substitute (34) into (33). We get
21

22+(22—6x)z’=0, = z’=—22_6x,

or
dz 2z

&_ 72 —6x

(35)
Equation (35) may be solved if variable x we’ll consider as function and z as

argument. Therefore find %from equation (35):

dx 72 —6x . dx .x z

— == = —=3=-—-—,

dz 22 dz z 2 (36)

x-3%=_2
z 2

Obtained equation (36) is linear one. So we can use the substitution

X(z) =u(z)-v(z) (37)
X'(2)=u"-v+Vv'-u (38)

Substitute relation (37) and (38) into (36).

1 z u z
u-v+v-u-3u-v-==—-—, =>v. U -3=|+V.-u=—=
z 2 z 2

z (38a)

Solve the first equation of the system (38a) and find the function u



du_su’ du_gdz g% =3, =
dz z u i u y

Now we can solve the second equation of the system (38a)

Viz?l=——V=-"-=2v=—- | —=—+C,.

2 942 2122 27 1

3 1 3 1 2
X(z)=u(z)-v(z)=z2 Z+C1 , = X(z2)=Cyz +§z (39).

But z =y’ then equation (39) takes the form:

3 1,
x(y)=Cpy" + >V 2 (40)

Obtained equation we’ll solve by parameter method. Denote y’ = p, then

1
x(p) =clp3+5 p’ (41)

Let’s differentiate (41). We get
1
dx=(3C,p? + plip = o= (3,02 + phip = dy =(ac,p® + p2ip =

3. 4.p°
y:ZClp +7+C2 (42)

Finally, the solution of the initial equation may be presented in parametric form:

x:C1p3+%p2

Example 10. Find the partial solution of the equation



y"(L+1In x)+1 y' =2+Inx
L (43)
YO =5y =1
Solution. The given equation has the second order, so, y” = f(y’,x). Therefore we
can use the substitution
y'=2(x)=y"=7'(x)

So initial differential equation becomes differential equation of the first order

Z'(1+1In x)+lz =2+Inx.
X
Divide the both parts by (1+Inx)=0:

, z 2+Inx
'+ = .
X(L+Inx) 1+Inx

Obtained equation is linear one. So we can apply the standard substitution
z=u(y)-v(y)=z'=u"-v+Vv'-u

and get the following system

, u
u+———<=0
X(L+Inx) (43a)
, 2+Inx
VU= :
1+Inx

Solve the first equation of the system (38a) and find the function u

d_u:_L — Jd_u:_J'L :In‘u‘:_.[i:
u  x@+Inx)’ u X(L+Inx) XL+ Inx)
-t
1+Inx
Then
, 1 2+InX

: = :>v'=2+Inx:>v=J'(2+Inx)dx:2x+jlnxdx:
1+Inx 1+Inx

by parts| = 2x + xInx — x +Cq= X+ xInx +C;.

So



ZZU'VIX(1+InX)+C1=X+ Cl .
1+1InXx 1+1Inx

But z =y’ and from initial condition it’s known, that y'(1) =1. Due to that we can

determine the value of constant C;:

Cy
1+Inx

X+

=1=1+C;=1=C, =0.
x=1

2
So y'=x:>y:jxdx.:x?+C2.

1 X2

1
)==—=—+C =~-=C,=0.
y@) ;= 5 TC , =2

x=1

2
Answer: Partial solution is y :X?.

Example 11. Find the general solution of the equation

y!2 _ yy” — y2y!

Solution. You can see that y" = f(y, y’). So we can use the following substitution

y'=2(y)
We should remember, that y = y(x), therefore

Yx =2y Yo =Yx=2"Z
After substitution y’and y" expressed through new function z we obtain equation
relatively of z:
22 -7'7-y=y?z

Suppose that z(y)= 0, and then we can divide the both part of the obtained
equation by z:

z-7-y=y? = 7.y-z1=-y? =

, 2z
z'——=-y.
y

The last equation is linear, therefore we can apply the corresponding substitution:

z=u(y)-v(y), = z'=u"-v+Vv'-u



and get the following system

u-Y=0
y =
vVieu=-y.
du_doy
y
u=y
Viey=-y, = Vv =-1 =v=-y+C,;
z=y(Cs-y)
But z=y’ so
y'=y(Ci-y)
dy dy
=dx, = | =x+C
y(Ci-y) y(Ci-y) ’

dy 1 ry+(Ciy) 1 1
=—|————=dy=—"InC~y|+—Inly|=
j y(Ci-y) Ci? y(Ci-y) C i C Y

x+C2:iIn y ‘:>
1 |Gy
X:iln y ‘—Cz.
C1 [Cry
Answer:x:iln y ‘—Cz.
C; [Cry




