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2.10. The Method of Variation of an 

Arbitrary Constants 

 

Suppose that the right part of the inhomogeneous differential equation  

      xfyxqyxpy     (1) 

 

is not function of the special type. Let the general solution of the 

homogeneous differential equations  

    0 yxqyxpy    (1) 

be known 

2211 ycycy  .     (2) 

We will seek for the general solution of the equation (1) in the form 

(2), considering 1c  and 2c  as some functions of x, that is 

    2211 yxcyxcy  .    (3) 

Differentiate (3): 

        22221111 yxcyxcyxcyxcy  . 

Now choose the needed functions 1c  and 2c  so that the following 

equation holds 

    02211  yxcyxc .  (4) 

Then the first derivative y  will take the form 

    2211 yxcyxcy  .  (5) 

Differentiating this expression we find y   

        22221111 yxcyxcyxcyxcy  . 

Substituting y , y , y   into the equation (1) we get 

           111111 yxqxcyxcxpyxc  

                xfyxcyxcyxqxcyxcxpyxc  2211222222 . 



The expressions in the first two brackets vanish, since 1y  and 2y  are 

solutions of the corresponding homogeneous equation (2). Hence the 

last equation takes the form 

     xfyxcyxc 
2211 . 

Thus, the solutions (1) will be general one of the inhomogeneous 

equation provided the functions 1c  and 2c  satisfy the system of 

equations 

   

     







.

,0

2211

2211

xfyxcyxc

yxcyxc
   (6) 

The determinant of this system is the wronskian for the linearly 

independent solutions 1y  and 2y  of  the equation (2). Hence it is not 

equal to zero. Solving system we will find  xc1
  and  xc2

  as definite 

functions of x 

   xxc 11  ,    xxc 22  . 

Integrating we obtain 

    111 cdxxxc   ,     222 cdxxxc   . 

Where 1c  and 2c  are constants of integration. 

 Substituting the expressions obtained for 1c  and 2c  into (3) we 

find an integral which depends on the two arbitrary constants 1c  and 

2c ; that is, we have found the general solution of the equation (1). 

Example. Find the general solution of the equation  

xyy tan . 

Solution. The corresponding homogeneous equation has the form 

0 yy . 

Let us construct the general solution of the homogeneous equation 

i 012
 



xcxcy sincos 21  . 

Thus, xy cos1  , xy sin2   are linearly independent particular 

solutions. We will seek for the general solution of INHLDE in the 

following form: 

    xxcxxcy sincos 21  . 

Let us write the system (6) for finding functions  xc1  and  xc2  

   
   








.tancossin

,0sincos

21

21

xxxcxxc

xxcxxc
 

Now we will solve the obtained system 

;1    
x

x

xx

x
xc

cos

sin

costan

sin0 2

1


 . 

  x
xx

x
xc sin

tansin

0cos
2 


 . 

  1

22

1 sin
42

tanln
cos

cos1

cos

sin
cx

x
dx

x

x
dx

x

x
xc 







 



   

  22 cos cxxc  . 

Then the general solution is 

  















 
 xxcxx

x
cy sincoscossin

42
tanln 21  








 


42
tanlncossincos 21

x
xxcxc . 

Example. Find the general solution of the following equation  

)0(
1

2



 x

xx

y
y .    (7) 

Solution. 

1. Let us find the general solution of the homogeneous differential equation:

 0



x

y
y ,     (8) 

This equation we can present as  



1lnlnln
1

cxy
xy

y





, 

from here 
x

c
xy 1)(   and 21 ln)( cxcxy   is the general solution of 

the homogeneous differential equation. The functions  xyxy 21 ),(  have the 

following form 

  1,ln)( 21  xyxxy  

2. The general solution of the homogeneous equation (8) we find as follows  

)(ln)()( 21 xcxxcxy  ,    (9) 

where )(1 xc  and )(2 xc  are unknown functions required to be defined. 

3. To define these functions we have to solve the following system of equations: 

   

     







.

,0

2211

2211

xfyxcyxc

yxcyxc
 

In the given case this system takes the following form: 












,
1

0
1

)(

,01)(ln)(

21

21

xx
xc

xcxxc

 

from here we obtain 
x

xc
1

)(1  , x
x

xc ln
1

)(2  . Integrating, we obtain: 

,ln)( 11 cxxc   

  .
2

lnln
)( 2

2

2 c
x

dx
x

x
xc  

4. Putting the obtained )(1 xc  and )(2 xc  in the ratio (9), we obtain the general 

solution of the initial equation  (8): 

  













 2

2

1
2

ln
lnln)( c

x
xcxxy  

 Or 

 xcxcxy 2
21 ln

2

1
ln)(  , where 1 2lnc x c  is the general solution of the 

homogeneous equation (8), xxy 2* ln
2

1
)(   is the particular solution of the 

inhomogeneous equation (7). 

Note. The method of the arbitrary constants variation can be applied to 

LIDE of higher orders  2n . 

 



Self-Service Examples 

Task Answers 

Find the general solution of the equations: 

11.1. 0cot2  xyy .  xCxCy sincos2 21  

2
tanlncos

x
x . 

11.2.
x

e
yyy

x3

96  . 
xxexexeCeCy xxxx ln333

2
3

1 
.
 

11.3. xx eeyy 22 1 .    xxxx eeeeCCy 2
21 1

2

1
 

  321
3

1
arcsin xx ee  .

 
Task Answers 

11.4.
1

2
2 


x

e
yyy

x

.  xxxxCCey x arctan1ln 2
21  .    

11.5.
x

yy
2cos

1
4  . 

 xxxCxCy cosln2cos2sin2cos 21  

xxx 2sintg
2

1








 . 

11.6.
1


x

x

e

e
yy . 


 

2

1
ln

2

1
21

x
xxx e

eeCeCy  

  1ln
2

1
  xxx eee . 

 

 

 


