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2.10. The Method of Variation of an
Arbitrary Constants

Suppose that the right part of the inhomogeneous differential equation
y"+p()y’ +a(x)y = f(x) (1)

Is not function of the special type. Let the general solution of the
homogeneous differential equations

y"+ p(x)y’ +a(x)y =0 (1)
be known

§/=C1y1+02y2. (2)
We will seek for the general solution of the equation (1) in the form
(2), considering c, and c, as some functions of x, that is

y = ¢ (X)y; +¢,(X)y,. 3)
Differentiate (3):
y'=ci(X)y; + ¢, (X)y; +c5(x)y, +C,(X)ys.
Now choose the needed functions c, and c, so that the following
equation holds

c;(x)y; +C5(x)y, =0. (4)
Then the first derivative y' will take the form
y'=cy(x)y; +Co(X)ys. (5)

Differentiating this expression we find y”
y" = ci(x)y; +C(x)y7 +C5(x)y; +C,(X)ys.
Substituting y, y', y” into the equation (1) we get
(e, (x)y7 + p(x)ey (X)y; +c,(x)a(x)y, )+
+(Co(x)y3 + p(x)ea (X)y2 + €5 (x)a(x)y2) + i (x)y1 + 5 (x)ys = F(x).



The expressions in the first two brackets vanish, since y, and vy, are

solutions of the corresponding homogeneous equation (2). Hence the
last equation takes the form

¢ (x)y; +ca(x)y; = f(x).
Thus, the solutions (1) will be general one of the inhomogeneous

equation provided the functions ¢, and c, satisfy the system of
equations
c;(x)y; +¢5(x)y, =0,
(W s o (v (6)
ci(x)yz +ca(x)ys = f(x)
The determinant of this system is the wronskian for the linearly
independent solutions y, and y, of the equation (2). Hence it is not
equal to zero. Solving system we will find ¢/ (x) and c,(x) as definite

functions of x

61 (x) =y (x), ¢5(x)=p,(x).
Integrating we obtain
¢ (x)= I(Pl(x)dx +3, Cy(x)= [, (x)dx +c,.
Where ¢, and c, are constants of integration.

Substituting the expressions obtained for ¢, and c, into (3) we
find an integral which depends on the two arbitrary constants ¢, and
C,; that is, we have found the general solution of the equation (1).
Example. Find the general solution of the equation

y' +y"=tanx.
Solution. The corresponding homogeneous equation has the form
y'+y=0.
Let us construct the general solution of the homogeneous equation

M +1=0=Xh =i



y =, COSX+C, SinX.
Thus, y, =cosx, Y,=sinx are linearly independent particular

solutions. We will seek for the general solution of INHLDE in the
following form:

y = ¢ (Xx)cosx +¢c,(x)sin x.
Let us write the system (6) for finding functions c,(x) and ¢,(x)
{c{(x)cos X+ Cy(X)sin x =0,
—c;(x)sin x +c5(x)cos x = tan x.

Now we will solve the obtained system

0 sinx| —sin?x
A=1 c(x)= = .
tanx cosx|  COSX
COS X 0 _
c(x)=| . =sin x.
—sinx tanx

£ 2 2
In° X 1- X X :
cl(x):—jS dx:—j&dx:—lntan(—+ﬁ)+smx+C1
COS X COS X 2 4

c,(X)=—Ccosx+c,.
Then the general solution is

y = (Cl —In tan(iﬂj
2 4

=, COSX+C, Sin X—cosxIn

+sin xjcosx+ (c, —cosx)sin x =

X T
tan| —+—|.
(2 4)

Example. Find the general solution of the following equation

y”+izi(x¢0). (7)
X x2
Solution.
1. Let us find the general solution of the homogeneous differential equation:
Y+ =0, ®)
X

This equation we can present as



y,:—1:> Iny’|=—In/x +Incy,
y X
, C . :
from here y'(x) =— and y(x)=c; In|x +c; is the general solution of
X
the homogeneous differential equation. The functions Y, (X), Y, (X) have the
following form
Yy (X) = In\x\, Y,(x)=1
2. The general solution of the homogeneous equation (8) we find as follows
y0) =c1 () Inx + ¢z (%), (9)
where ¢q(x) and co (x) are unknown functions required to be defined.
3. To define these functions we have to solve the following system of equations:

{Ci(x)h +¢3(x)y, =0,

ci(x)y; +c5(x)ys = f(x),

In the given case this system takes the following form:
ci(X)Inx+c5H(x)-1=0,

1 1
g (X)=+0=—,
107 2
., 1 1 . :
from here we obtain c¢{(x) ==, ¢5(x) =—=Inx. Integrating, we obtain:
X X
¢ (X) =Injx|+cy,
In x |n2\X\
Cr(X)=—|—dx=-— +C».
2 () =~ < 2

4. Putting the obtained c;(x) and c,(x) in the ratio (9), we obtain the general
solution of the initial equation (8):

2
y(X) = (In\x\ + cl)ln\x\ + [— Inz\x\ + CZ]

Or

1 . .
y(x)=cyIn|x+c, +Eln2\x\, where c,In|x|+c, is the general solution of the

* 1
homogeneous equation (8), Y (X) :Elnz\x\ is the particular solution of the

inhomogeneous equation (7).
Note. The method of the arbitrary constants variation can be applied to
LIDE of higher orders (n > 2).



Self-Service Examples

Task Answers
Find the general solution of the equations:
11.1.y"+y +cot’x=0. | y=2+C,cosx+C,sinx+
+cosxIn tang :

3x

11.2. y”—6y’+9y:e—.
X

y =Ce¥ +C,xe™ — xe* + xe¥ In|x|

11.3.y" -y’ =e?V1-e™

y=C,+C,e* +%ex(exm+
+arcsin ex)—;m.

Task Answers
11.4.y" -2y +y= 2X T y:eX(C1+C2x—InM+xarctan x).
X" +
11.5.y" +4y=—— y = C, cos2x+C, sin 2x —cos2x In|cos x| +
COS” X 1 _
+(X—§tng5|n2x.
' 1 e’ -1
11.6.y"-y= , —Ce*+Ce ¥+ 2eXIn B
y -y o1 y=C, ) ,

—%e‘x(eX — In(eX —1)).




