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SYSTEMS OF DIFFERENTIAL EQUATIONS of the

second order with constant coefficients.
3.1. General Concept and Definition

While solving various problems we should find functions
vy = Yi(X) ¥, = ¥, (X), ..., ¥, = ¥,(X) that satisfy system of differential
equations. An independent variable x, unknown functions
Y1, Y2, Y, a@nd their derivatives are included in this system.

Definition. A system of differential equations of the first order
is called normal if there are derivatives of the first order on the left
parts but the right parts do not contain derivatives. Normal system
may be presented in the form
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where X is independent variable, y,, y,,..., y, are unknown functions.

Definition. The system of differential equations is called linear if
unknown functions and their derivatives are included linearly at each
equation of this system.

Normal system of linear equations looks as follows:
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In particular case Systems of Linear Homogenous Differential
Equations with Constant Coefficients has the following type:
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One of simple methods to solve a normal system is method of
elimination.

In this case normal system (3.1) , (3.2) or (3.3) of n equations
of the first order of general view can be reduced to the only equation
of the n-th order.

Let’s illustrate this method on example of the linear system of the
differential equations of the second order.

Examplel. Find the general solution of the following system:

v =4y, -3y, +SinX

i (1)
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dx Yi—Yo

Solution.



Let’s differentiate the first equation of system (1) with respect to X:

2
d—?=4yi—3y§ + COS X (2)
dx

Instead of the y5 we can substitute into equation (2) its value obtained from

second equation of system (1).
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% =4y; —3(2y; — Yo — 2C0OSX)+ COS X, =
X
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In order to reduce solution of system (1) to differential equation of the second

order. Let’s find the function y, from the first equation of system (1) and

substitute into expression (3):
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02 =4y] -6y, +4y; — y] +Sinx+7cosx, =
X
Y1 —3Y'+2y; =sinX+7COSX. (5)

We obtained inhomogeneous differential equation of the second order relatively

to function y;(x) with right part of special type. Let’s solve this equation:

Y1=y_1+YI

In order to find y_l - general solution of the corresponding homogeneous

differential equation



y; —3y'+ 2y, =0,
We should form characteristic equation
P -31+2=0= =LA =2 = y =Ce*X+Cre®*

Let’s construct the partial solution of equation (5):

yf = Asinx+ Bcosx, = (6)
yf = Acosx—Bsinx, = (7)
yf =—Asin x—Bcosx (8)

Substitute (6),(7),(8) into equation (5) and find constant A and B:

— Asinx —Bcosx—3(Acosx — Bsinx)+ 2(Asin x + Bcosx) =sinx + 7cosx, =
sinx(3B + A)+cosx(B —3A)=sinx+7cosx, =

3B+A=1 9B+3A=3 A=1-3B B=1
= = =
B-3A=7 B-3A=7 10B =10 A=-2

So the function yf is defined as
yf =—2Sin X + COSX,
and
yy = Cie¥ +C,e%*X — 2sin X+ COSX (9)

Let’s find y, using expression (4):



Yo = %(4(C1ex +Cre®X —2sinx + cosx)— (CleX +2C,e?* —2cosx —sin x)+ sin x) =

Y2 Z%(C1(4ex —ex)+ C2(462X —2ex)+ (-8+1+1)sinx+(4+2) cosx):

%(Bclex +2Ce%* —Bsinx + GCOSX)

So we have the following answer:

y; =Cie* +Cre?* — 2sinX + cos X

Y, = Clex +§C2ezx —2SIN X + 2COSX.

Example 2.

Find solution of system of differential equations

Y1 =—2y, +3X; (10)
yo =2y +4;
with initial solution
y1(0) =2; (11)
y»(0) =3.

Solution.

Let’s differentiate the second equation of system (10)
" /
y, =2y
Now substitute y/ from the first equation of system (10) into obtained equation
Vo =2(—2y, +3%), = Yy, +4y, =6X, (12)

We obtained inhomogeneous differential equation of the second order relatively

to function y,(x) with right part of special type. Let’s solve this equation:



Y2:y_2+y;

In order to find y_2 - general solution of the corresponding homogeneous

differential equation
y; +4y, =0,
Characteristic equation will be
P 44=0, = Jy,=+2i, = y,=Cc0s2x+Cysin2x. (13)

Let’s construct the partial solution of equation (12):

Yo = AX+B, = (14)
Yo =A = (15)
y, =0 (16)

Substitute (14),(15),(16) into equation (12) and find constant A and B:

4A=6; |a_3.
4AX + 4B =6X, = = 2’
B=0 |B-0
So the function y, is defined as
: 3
y, =Cqc082x+C> sm2x+Ex (17)

Let’s find y; using second equation of the system (10) and differentiate (17):



y1=%y§ —2:%(—2C13in2x+2C2 0052x+gj—2=

=—-C;sin2x+C, cost+%—2 =—-C;sin2x+C, cost—E

So we have the general solution of system (10):

y; =—-C4sin2x+C, cost—%

yo =Cq1€082x +C;sin 2x+gx.

Let’s find constants C;,C, using initial solution (11):
5 13
0)=C,-—>=2__|Cp="7;
{h( )=C» 2 :{ 277
y2(0)=Cy =3, C,=3.
The solution of system (1) with initial solution (11) is:

yp =—-3sin 2x+?c052x—§;

Yo =3C0S2X +?sin 2X +gx.



