SAHATTA 7.
IHTEI'PYBAHHA TPUT'OHOMETPUYHUX ®YHKIIN

[Ipu  iHTerpyBaHHi  TPUTOHOMETPUYHUX  (YHKIIH  BaXJIMBO  BMITH  BHKOPHUCTOBYBATH
TpUTOHOMETpHYHI (hopMyiH, B 6araTboX BUMAJAKAX IIBOTO BHUSBISETHCS BXKE JOCTATHBO JJISI BUXOIY
HiJIHTErpaJIbHOTO BHpa3dy Ha TAaOMMYHUN piBeHb. B IHIMX, CKIaIHIMIKX, BHUIAKaX HEOOXiIHO
3aCTOCOBYBAaTH METOJM IHTEerpyBaHHs. Bmamo mimiOpaHa 3amiHa abo MiACTaHOBKA JIO3BOJISAE 3BECTH
iHTerpay A0 mpocTimoro (ApoOOBO-paIlioOHaTBFHOTO BUpa3y), a B Pe3yNibTari 1 10 TaOIUYHOTO.
Po3rnstHeMo Jiesiki BUIM IHTETPaIiB, IUIS IKMX € MpaBuJia iX 3HaXOKCHHSI.

12.1.1. InTerpanu BHIY jsin'" x-cos" xdx, (m,n € Z+)

Po3pi3HaIOTh ABa BUIAAKU: 1) IpuUHAMHI OAMH 3 IOKAa3HUKIB m YU H
HeIlapHe Y1ciIo; 2) oOuBa MOKA3HUKI m 1 p TIApHI YICIA.
VY nmepmomy Bumanky iHTerpan 12.1.1. 3HaXOQUTBCSA 3a JIOIIOMOTOIO0 METOJa

ITJICTAHOBKM, SKIO BUIIMIECIINTH BIJl HETIAPHOT'O CTEIIEHS OJUH MHOXKHUK 1 BUPA3UTU

3a JI0IoMOrorw (Gopmynn sin® x + cos*

x =1 mapHUil CTeMmiHb, SKUU 3aHIIUBCS,
gepe3 apyry ¢yHkmipo. Cuaif maM sSTaTH: SKIO K — JOJIaTHE HendpHe YUCJo, TO

POOTIATE IMIJICTAHOBKY cos X =, a AKIINO m , TO SINX =1 .

IIpuxaanx 12.1. 35aiitn I sin® x - cos® xdx .

n=2
) 3
Po3é’azanns. Ism x-cos” xdx =

:Jlsin2 x-cos* x - cos xdx =
m=3

Cfe2 (i 2 ) _|sinx =t _2_2_2_4_ﬁ_
—Ism x(l sin x) cos xdx = —jt (1 t )(It—It dt It dt—3

cos xdx = dt

-3 =5,
sin X Sin X

;
I
——4C=
5 3 5

Y nmpyromMy BHIIQAKY IS 3HAXOJKEHHsA 1HTerpany 12.1.1. BUKOPHCTOBYIOTH

FiE .

.2 1-cos2a 2 1+ cos2a
(dbopMynu 3HIDKEHHA CTENEHd Sin~ Q& = oy F cos“a = — g

Mpuxnanx 12.2. 3HaiiT jsin2 3xdx.

Po3sé’azanns. Isinz 3xdx = — dx = 1] dx — ljcos 6xdx =
n=0 2 2 2

m :2‘_Il—cos6x

1 11
=—x——-—sinbx+C.
2 26

12.1.2. InTerpanan BUIy Itg"xdx; jctg"xdx , Ie 1 — IiJie J0JaTHE YHCII0

CxopuctaeMoch GopMyIaMu tgzx =

—1.

2
> -1, ctg"x =—
cos” x sin” x



A0 3po0IMO 3aMiHY 3MIHHOI, a caMe:

Igx=t= x =arcitgt, cigx =t = x = arccigt,
dt dt
1+t¢ 1+¢

Hpuxnax 12.3. 3HaiiTu Ithxdx.

1gx
> —dx—

Po3é’sazannsa. Itg3xdx = Itgzx -tgxdx = I(
cos” x

- l)tgxdx =I
cos” x

1

C'OS2 X

- J' tgxdx =

2
dx= d(tgx){ :Itgxd(tgx)—jtgxdv = thx+ Inlcos x} +C.

Hpuxnan 12.4. 3HaiiTn HTErpan I ctg4xdx i

4 4
4 dt:—jit—_lmdtz

£* il t?+1

Poszé’azanna. Ictg“xdx = ’ctgx = tl = —j'

t* +1 #%:4:4 t* +1 t*+1

=—j°(tz_lxtzﬂ)“dt:—j'(tz_:xtz+1)dt—_[ 2dt =—j(t2—1)dt—j dt

+ctgx — arctg(ctgx) +C.

3 3
=—[tdt+[dt-| dt =L Lt aretat+Cc=-8F
+ 3 3

2 41

12.1.3. InTerpaau BuaIy j'sin mx - cos nxdx I cos mx - cos nxdx ,

I sinmx - sin nxdx

I1 1HTerpami CIpoOITyIOTHCS 3aCTOCYBAaHHAM (OPMYI IIEPETBOPEHHA JOOYTKY

TPUTOHOMETPHYHUX (QYHKINH B CyMy:

SINMX - COS NX = %[sin(m + n)x + sin(m - n)x];
COS MX - COS NX = %[cos(m + n)x + cos(m - n)x] ;

SINmMX - SINNX = % [cos(m - n)x - cos(m + n)x].



IIpuxnanx 12.5. 3HaliTn 1HTErpal Isin 3x - cos2xdx .
B . 1 . . 11
Po3zé’azanna. I sin3x-cos2xdx = EI (sm 5x+ sin x)dx = =3 Ecos Sx-—
—cosx+C.
12.1.4. IaTerpajiu BHAY jR(sin X; cox)dx
JIns iHTerpamiB TakKoro BHAY, € R(sin X,coSs x) — parmioHanbHa (GYHKIIS,
YacTO 3aCTOCOBYIOTH YHIBEPCAIFHY TPUTOHOMETPUYHY II1JICTAHOBKY:
* . 2t 1-¢% 2dt
tg—=1t, Ssinx= 2; cos X = 2; dx=—2, (—7r<x<7t).
2 1+¢ 1+¢ 1+1¢
5 dx
IIpuxnang 12.6. 3HaiiTH 1HTETpal j' - 2
4cosx+3sinx+5
2dt
2
Po3zé’sa3anus. I i - = tgi =t :j' 1+¢ =
4cosx+3sinx+5 2 1= 2t
4. > . > +5
1+1¢ 1+1¢
t+3=z Z 7
= 2 2 222.‘. 2 = =2f x 2 :2.‘.‘1—2:2' i =
4—4t* +6t+5+5¢ t*+6t+9 (¢+3)* |dt=dz 4 -1
2
—+C.

2 2
=——+C=———+C=—
tg£+3
2

t+3
cos x

sinx 1

4
3ayBaskenHs 12.1. Bzaramni, yHiBepcanbHa IIJICTAHOBKA y 0araTboX BHUIIaJKaX

OPUBOAUTE OO CKIQMHUX OOYNCIIEHh, OO0 IpU il 3acTOCYBaHHI

- . . - 2
BUPa)XaIOTHCs Yepe3 ¢ y BUIIA/I1 palllOHAIBHUX JPOO0IB, IO MICTITH £ .
Y pmesknxX YacTHHHHUX BHIIAQJKaxX IHTerpann Buay 12.1.4. mMoxHa 3HA49HO

CIIPOCTUTH.
. IHTEI'PYBAHHA BUPA3IB, II1O

IIPAKTHUYHE 3AHATTS J--
MICTSTH TPUTOHOMETPIYHI (I)YHKIIIT
dx
4sinx +3cosx+4

Hpuknax 15.1. O64ucIuTH 1HTETpaI: j



t—tgi sinx = 24
2 1+¢2
d 1-¢2
Posé’azanna. | — = =|x = 2arctgt; cosx= =
4sinx+3cosx+4 1+1¢2
2dt
dx = 2
1+1¢
2dt
= 1+1° =3 i . ——
— 3¢ 2 2
4 212+31 £ 4 8t+3—-3t" +4+4¢ t“ +8t+7
1+t 1+t
_2j :21- dt2 zgnt+4—3+czllnt+1 _
(2+2. 4t+16) 1647 ' (t+4)*-9 6 t+4+3 3 147
tg£+1
=§ln i +C.
tg—+7
g2
. dx
Hpuxnang 15.2. O6uncnuru lHTeI‘paJ'III —,
9+8cosx+3sinx
t—-tgi sinx = “
2 1+1¢2
2
Po.33’;13annﬂ.f i — =|x = 2arctgt; cosx= 11 =
9+8cosx+3sinx e
2dt
dx= 5
1+¢
2dt dt 1 t+1
= =2 ———=——=arctg——+C=
/ Ao 8l-#2) It2+6t+17 I(t+3)2+8 V2 V8
1+¢7)| 9+ i
1+¢ 1+
tg£+1
=——arctg z +C .
2% s
. dx
Hpuxaan 15.3. O6uncnuTH IHTETpa: I—
3+4cosx
t=tg>
2
2
Po3e’;l3aHHﬂ.jL=x:2arctgt; cosx:1 : =
3+4cosx 1+22
A 2dt2
1+¢




tg%+«/7—

_j- 2dt _ZI dt 1 —Lln +C
7 7 b'd
(1+t2) B i(l_t) \/7 f V7 th_ 7
142"
cos’ xdx
Hpuknan 15.4. O64ncnuTH IHTETpa: j—
sin” x
sinx =t ( 2]?
Po3zé’azanns. IM: dt = cos xdx =I 1_: dt =
sin” x 5 "
cos" x=1—-sin" x
2 4 6
:J‘l ol +53t C i d: %’+3j tdt——%+iz+3ln|t|——t +C=
t t t 4t 2t
. 2
=— - + 32 +3In’sinx—sm x+C.

4sin* x  2sin* x

Hpuxnax 15.5. O6unucnuTy iHTErpam: IS\/ sinx - cos> xdx.

sinx=t

dt = cos xdx

Po3é’azanns. _"5\/ sin x - cos> xdx = 3 2 =
cos” xdx =cos” x - cos xdx =

= (1 — sin® x)cosx(lx = (1 - tz)dt

sin® xdx

2

Ipuknan 15.6. O0uncIUTH IHTETPAT: j ;
cos” x

s @ 2 .
sin” xdx sin* x sin xdx I (1 — cos? x) sin xdx

2 2

Po3zé’sazanns. I s
cos” x cos” x cos” x

cosx=t _ “.1—2t2+t4
dt = sin xdx 2

=j (1 —2cos* x + cos* x)sin xdx _

(,'OS2 X

dt =

3 3

o 1 t 1
:—j(t2—2+t2)rlt:—+2t——+C= T iy o)
t 3 Ccos X 3




: in xd.
Hpuxnan 15.7. O04ucInT 1IHTETpam: ILX):
3+2cos” x

dt 1 1
=

3422 B A2

sin xdx cosx=t

Po3zé’sa3anna.

3+2c0s2 x_ dt = — sin xdx

1 «/Ecosx
xarcte—+ C =——arcte——+ C.
s NN

Hpuknan 15.8. O64ucInTH 1IHTETpa:
dx
2cos® x+4sinxcosx+5
dx B

Po3zé’sazannsa. I > =
2cos" x+4sinxcosx+5

1

fgx=1t cosx=
V1+1¢2
dt

=|x =arctgt = -
s f—— =
dt t 1+1¢ 2 + +5

dx = sin x = L™ L4a*
2
1+t V1+ ¢

s it 1 dt Y dt 1
4 7 2 -
st?at+7 502 4. 75 ( 2) 31 5 431 31/,

Stgx + 2

1
+C=—arctg| —— |+ C.
\/31 g( v31 )

Hpuknan 15.9. O6uncnuTu 1HTETpa:

dx

3sin’ x + 6 sin x cos x —15cos* x

dx _

Po3sé’azanns. I > ==
3Isin” x+ 6sinxcosx —15cos” x

1

2
cos” x
= ) dx =

- 3(tg2x+ 2tgx -5

tgx =1,
= dt

1
dx = d(1gx) = dt —Sjtz +Df—8

COS2 X

1 dt |tgx+1 \/—‘
3(t+1)2—6 6\/_ ‘tgx+1+\/_‘




. d.
Hpukaax 15.10. O64ucInTH 1HTETPa: I x

- 32 6 -~
sin” cos’ x
: t
tgx =t sinx =
p V1 + 2
Po3zé’azanns. I%: x = arctgt =
sin“ cos’ x
dx = dt cos X = 1
1+ V1 + ¢
dt 1+¢2 14+3¢2 + 3t +¢5
:j :j( )jdtzj- dt =
2y it 1 t? t?
(1+t

‘1412 '(1+t2)3
3 tS

:_"(t‘2 +3+ 3¢ +t4)dt:—1+3t+3L+—+C:—L+3tgx+tg3x+
t 3 5 1gx
tgsx tgsx
+C=—ctgx+3tgx+tg3x+T+C.

4+

sin® x

IIpuxnanx 15.11. OG4ucINTH 1HTETPA: I = dx .
cos’' x

. t
fgx =t Sin x =

sin® x

Po3é’azanns. I dx =|x = arctgt

dt

1+1 V1 + ¢

V1+¢2
1

dx =

3
. 1g” xd.
HIpuxnag 15.12. O64nucINTH 1HTETPa: I e x_
1+ tgx
dt
tgixdx |tex=t dx=— tdt
Pozé’azanns. I = 1+¢2%|= I

1+ 1gx a

=
x=aretgt (1+ti1+t i



t> ) . R .
;| — HCHPaBWIBHMIT pallioHATBHIIT npi6. o6 iforo mpo
(1+0)1+¢2)
IHTETpyBaTH Tpeda CIIOYaTKy BUIAUTUTH IIUTY YaCTHHY, a IOTIM PO3KIacTH OTPIMAaHHIA
MPaBIUTEHII PAIIOHANBHUIT P10 HA MPOCTIII parloHadsH1 Apoou (rexmisal 1).
(1+tXl+t2):t3 +12 +t+1;
t3 £ +t2 4141

3+t +t+1

-t —t-1.
B 5 - t? +t+1

@+ o)1+ ?) +o)i+s2)

2 4 Bt+C_A@+e )+Bt(l+t)+C(1+t)
(1+t)(1+t2)_1+t+1+t - (1+t)(1+t)

= A+ ¢2)+ Bt + 1)+ (1 +1);

t=-1 1=24 = A=Y
t2? |1=4+B = B= %

tOB+C:>C—/

ﬂdxzj 1— % _1t+1

2

3 dt =
1+1g°x 1+ 214¢

TaxuM giHOM, I

tdt dt 1 1 1
_Idt—/jl+t——fl+t _—I1+t —t—Eln’1+t’—Zln‘l+tzl—garctgt+

+C:tgx—51n|1+tgx‘—zln‘l+tgzx‘—%x+C.

Ipuxnan 15.13. OGuucINTH IHTETPa: jsin“ 3xdx.

2
1+ cos llxj

’ < 4 . 2 2 1-cos6x)’
Po3e ;13ann}1.j'sm 3xdx=j(s1n 3x) dxzj(—) dx =

1 1
=Z“'(1—2cos6x+cos2 6x)dx=2j(1—2cos6x+
1,.(3 1 1(3 2 1 3
=—I ——=2c056x+—cos12x |dx=—| —x——sin6bx +—sin12x |+ C=—x—
4°\ 2 2 4\ 2 6 24 8

—isin6x+isin12x+C.
12 96



Hpuxnax 15.14. O64ucIuTH 1HTETPA: Isinz x cos® xdx .

5 1
Po3zé’azanns. j sin* x cos® xdx = I

—cos2x(1+ cos2x 5
2 2

= %I(l — cos 2x)(1 + cos 2x)(1 + cos Zx)dx = %I (1 — cos? 2x)(1 + cos 3x)dx =

1 1 1 1.1- 4
:—j'sin2 2x(1+cas2x)dx:—jsin22x+—‘|‘sin2 2x cos2xdx =— ﬂdx+

8 8 8 8 2

sin2x =t 1 1 1 143 1 1
+ +—|tdt=—|x——sindx |+ ——+C=—x——sindx+

dt =2cos2xdx 16 16 4 16 3 16 64

. 3

Sin 2x+C.

48

[Ticns omaHyBaHHS HABEJEHOTO MaTepially CAMOCTIMHO BUKOHATH 3aBJaHHs, 1[0
3HaXOAAThCs B KiHII cTopinku Ne 3 ¢paiina IntegralClasses.



