
Bilinear and Quadratic Forms in Matrix Notation; Principal Axes 

Theorem 
 

Example 1.  

 

Example 2.  

 

 

Example 3. Express the quadratic form 2x2 + 6xy − 5y2 and 

in the matrix notation xTAx, where A is 

symmetric. 

Solution: 



The diagonal entries of A are the coefficients of the squared terms, and the off-diagonal 

entries are half the coefficients of the cross product terms, so 

 

Example 4. 

 

Example 5. 

 



 

Example 6. . Apply Algorithm 1 to find a nonsingular matrix 

P such that D = PTAP is diagonal, and find sign(A), the signature of A. 

Solution: 

 

Note D has positive p = 2 and negative n = 1 diagonal elements. Thus, the signature of 

A is sign(A) = p - n = 2 - 1 = 1. 

 

Example 7. Find an orthogonal change of variable that eliminates the cross product 

terms in the quadratic form Q = x1
2 – x3

2 − 4x1x2 + 4x2x3, and express Q in terms of the 

new variables. 

Solution: 

The quadratic form can be expressed in matrix notation as 



 

 
in which there are no cross product terms. 

 

Example 8.  

 



 
 


