Bilinear and Quadratic Forms in Matrix Notation; Principal Axes
Theorem

Example 1.
Let u = (x;,x5,x3) and v = (v, ¥», y3). Express f in matrix notation, where

Slu,v) = 3x,y; — 2,93 + Sx0y; + Txoy, — B3 + 4x3y, — 6x3);

Let A = [arj], where a; is the coefficient of x;y;. Then
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Example 2.
Let f be the bilinear form on R* defined by

f[(xl!xl)! (Jf'lsﬁ"z)] = 2xyy; — 35y, + 40,

(a) Find the matrix A of f in the basis {u, = (1,0), u, = (1,1)}.
(b) Find the matrix B of f in the basis {v; = (2,1), w» = (1,-1)}.

(c) Find the change-of-basis matrix P from the basis {u;} to the basis {v,}, and verify that
B = P'AP.

(a) SetA = [ay], where a; = f(u;, u;). This yields

ap =f[(1,0), (1,0))=2-0-0=2, ay =f[(1,1), (1,0)]=2—-0+0=2
ap =£[(1,0), (1,1)]=2-3-0=—1, an =fl(1,1), (L1)]=2-3+4=3
2 —1]. e .
Thus, A = [2 3] is the matrix of f in the basis {u;,u,}.
(b) Set B = [b;|, where b; = f(v;,v;). This yields
b”:f[(z’])’ (2’]:]]:8_6+4:65 bl] :f[“s_])! (23])]:4_3_4:—3
by =f[(2,1), (1.-1)]=4+6—-4=6, by = f[(1,=1), (1,=1)]=24+34+4=9
Thus, B = 66"h atrix of f in the basis {v,, v
us, b = 3 9 1s the matrix of f in the dhlfs{i.-],i.-z}.
(c) Wnting v, and v, in terms of the u; yields v, = u; +u, and v = 2u; — u,. Then
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Example 3. Express the quadratic form 2X2 + 6xy — 5y? and

2 2 2 _ . . . .
X4 7xy =33 +4x, 0, — 205 + 85,05 iy the matrix notation XTAx, where A is

symmetric.
Solution:



The diagonal entries of A are the coefficients of the squared terms, and the off-diagonal
entries are half the coefficients of the cross product terms, so
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Example 4.
Find the symmetric matrix that corresponds to each of the following quadratic forms:
(@) g(x,y,2) = 3x" + 4y — y* + 8xz — 6yz + 27,
) ¢'(x,y.2) =3x + x2—2yz, (©) ¢"(x,y,2) =22 —5y* -7

The symmetric matrix A = [ar-),-] that represents g(x;,...,x,) has the diagonal entry a; equal to the
coefficient of the square term x7 and the nondiagonal entries a; and a; each equal to half of the coefficient of
the cross-product term x;x;. Thus,

3 2 4 0 3 2 0 0
(a) A=12 -1 =3|[.b) AA=|0 0 —1}|.(c) A"={0 =5 0
4 -3 1 I -1 0 0 0 -7

Ll

The third matrix A” is diagonal, because the quadratic form ¢’ is diagonal; that is, g" has no cross-product
terms.

Example 5.

Find the quadratic form g(X) that corresponds to each of the following symmetric matrices:

4 —5 7 2 4 -1 5

(a) A= 5_3,(b) B=1|-5 -6 8|.(c) C= 4 -7 -6 8
-3 8 T 8 —o -1 -6 3 9
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The quadratic form g(X) that comresponds to a symmetric matrix M is defined by ¢(X) = X"MX,
where X = [x;] is the column vector of unknowns.

(a) Compute as follows:

- 5 -3[=x X
g(x,y) = X"AX = [x,] = [Sx—3y, —3x+8)
-3  8]ly y
= 5x" — 3xy — 3xy+ 8y = 5x* — bxy + 8’
As expected, the coefficient 5 of the square term x” and the coefficient 8 of the square term y® are
the diagonal elements of A, and the coefficient —6 of the cross-product term xy is the sum of
the nondiagonal elements —3 and —3 of A (or twice the nondiagonal element —3, because A is
symmetric).

(b) Because B is a three-square matrix, there are three unknowns, say x, v,z or x;,x;,x;. Then
g(x,v,z) = 4x* — 10xy — 6y + 14z + 16yz — 9z°

or glxy, x5, x3) = 41? — 10x,x; — &r% + 14x;x5 + 16x505 — “Jx%



o o = - 2 7 2 2 2 2 .
Here we use the fact that the coefficients of the square terms x7, x5, x3 (or x~, y~, z7) are the respective
diagonal elements 4, —6, —9 of B, and the coefficient of the cross-product term X;X; is the sum of the
nondiagonal elements b; and by; (or twice by;, because by = by;).
(c) Because C is a four-square matrix, there are four unknowns. Hence,

¥ 3 ¥ ¥
glxy, X9, X3, x4 ) = 2x7 — T3 + 3x3 + x3 + 8x10, — 2x%5
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LetA=|-3 7 -5
Example 6. 2 = 8] Apply Algorithm 1 to find a nonsingular matrix

P such that D = PTAP is diagonal, and find sign(A), the signature of A.
Solution:

First form the block matrix M = [A, ]

1 -3 21100
M=Al=|-3 7 =5,0 1 0
2 -5 810 0 1

Using a;; = | as a pivot, apply the row operations “Replace R, by 3R, + R,” and “Replace R; by
—2R, + Ry” to M and then apply the comesponding column operations “Replace C, by 3C, + C,” and
“Replace C; by —2C, +C3” to A to obtain

1 321 100 1 00! 100
0 -2 1,3 10 and then 0 -2 1, 310
0 1 41-2 0 1 0 1 4:1-2 0 1

Next apply the row operation “Replace Ry by R, +2R;" and then the corresponding column operation
“Replace C; by C; + 2C;7 to obtain

1 0 0 1 00 1 0 0 I 0 0
0 -2 1 310 and then 0o -2 0 3 10
o 09 -1 1 2 0 0 18 -1 1 2

Now A has been diagonalized and the transpose of P is in the right half of M. Thus, set

1 3 -1 ) 1 0 0
P=10 1 1 and then D=PAP=10 -2 0
00 2 0 0 18

Note D has positive p = 2 and negative n = 1 diagonal elements. Thus, the signature of
Aissign(A)=p-n=2-1=1.

Example 7. Find an orthogonal change of variable that eliminates the cross product
terms in the quadratic form Q = x12 — X3 — 4x1X2 + 4X2X3, and express Q in terms of the
new variables.

Solution:

The quadratic form can be expressed in matrix notation as



Q:xTAx:[xl X2 x| =2 0 211 x>
0 2 -1 X3

The characteristic equation of the matrix A 1s

A—1 2 0
2 =2 =2 -0 =Ar+D0—-3)=0
0 -2 A+l

so the eigenvalues are A = 0, —3, 3. We leave it for you to show that orthonormal bases
for the three eigenspaces are
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Thus, a substitution x = Py that eliminates the cross product terms 1s

2 1 _2
X 3 3 3 v
nl=|t -2 3]y
X3 2 2 L{LYs
3 3 3
This produces the new quadratic form
0 0 07w
QO =y (PAP)y=[y y». ][0 =3 Y2 | = —3y; +3y3
0 0 3] L

in which there are no cross product terms.

Example 8.
Consider the quadratic form g(x, y) = 3x* + 2xy — y* and the linear substitution
x =5 —3t, y=2s+1
(a) Rewrite g(x,y) in matrix notation, and find the matrix A representing g(x, y).

(b) Rewrite the linear substitution using matrix notation, and find the matrix P corresponding to
the substitution.

(c) Find g(s, ) using direct substitution.
(d) Find g(s, r) using matrix notation.
3 ]]: and g(X) = X"AX, where X = [x,y]".

(a) Hereq[x,y):[x,y]l? _:]li].'rhus,f’tz[] —1

(b) Here [i] = [; _ﬂ [:] Thus, P = [; _ﬂ; and X = [i],r: [:] and X = PY,

(c) Substitute for x and vy in g to obtain



2

(s =387 +2(s — 3)(25 + 1) — (25 +1)
(52 — 65t + 97) + 2(25% — S5t — 31%) — (45° + 45t + 1) = 35° — 325t + 2077

q(s,1) =3
3

(d) Here g(X) = X"AX and X = PY. Thus, X" = ¥"P". Therefore,

K I | N [P 1

3 —16][s - 9
= [S!I] = 35 — 3251+ 20r°
—16 201«



