Positive Definite Real and Hermitian Quadratic Forms;

Example 1.

Determine whether each of the following guadratic forms g is positive definite:
(@) q(x,y,2) =%+ 2% —dxz — dyz + 72
() g(x,y,2) =x* +y* + 2z + 4dyz + 37

Diagonalize (under congruence) the symmetric matrix A comresponding to 4.

(a) Apply the operations “Replace Ry by 2R, + R;” and “Replace C; by 2C, + 5,7 and then “Replace R,
by R, + R;” and “Replace C; by C; + C5.” These yield

1 0 -2 1 0 0 1 0 0
A= 0 2 =21 ~10 2 =21 ~1(0 2 0
-2 -2 7 0 =2 3 0 0 1

The diagonal representation of g only contains positive entnies, 1,2, 1, on the diagonal. Thus, g is
positive definite.

(b) We have
1 0 1 1 0 0 1 0 0
A=10 1 2| =0 1 2|=10 1 0
1 2 3 0o 2 2 0o 0 =2

There is a negative entry —2 on the diagonal representation of g. Thus, g is not positive definite.

Example 2.

Show that g(x, v) = ax* + bxy + ¢y* is positive definite if and only if @ > 0 and the discriminant
D = b* — dac < 0.

Suppose v = (x,y) # 0. Then either x # 0 or y # 0; say, y # 0. Let t = x/y. Then
q(v) =y la(x/y)* + b(x/y) + | = y*(ar* + bt + ¢)

However, the following are equivalent:

(i) s =ar* + bt + cis positive for every value of 7.
(i) §=ar +br + c lies above the r-axis.
(ili) a > 0and D = b* — dac < 0.

Thus, g is positive definite if and only if @ > 0 and D < 0. [Remark: D < 0 is the same as det(A) > 0, where
A 1s the symmetric matrix corresponding to g.]

Example 3.

Determine whether or not each of the following quadratic forms g is positive definite:

(@) glx,y) = —4dxy+7y% () qx,y) =x° + 8xy+ 5, (©) qlx,y) = 3x" + 2y + »°
Compute the discriminant D = b? - 4ac, and then use Example 2

(a) D=16—-28 = —12. Because a =1 = 0 and D < 0,q 1s positive definite.
(b) D =064 —20=44. Because D > 0, g 1s not positive definite.
(c) D=4—-12= —8. Because a = 3 >0 and D < 0, g 1s positive definite.



Example 4. Determine whether the following matrices are Hermitian:

2 243i 4-5i 3 2—i 441 4 -3 5
(a) 2 — 3i 5 6+2i|, (b 2—1i 6 i |, (c) -3 2 1
445 6-2i -7 441 [ 7 3 1 -6

A complex matrix A = [ay] is Hermitian if A* = A—that is, if a; = a;.
(a) Yes, because it is equal to its conjugate transpose.

(b) No, even though it is symmetric.

(c) Yes. In fact, a real matnx 1s Hermitian 1f and only if it i1s symmetric.

Example 5.

| 1+ 2i
let H= | 1—1i 4 2 — 3i |, a Hermitian matrix.
=2i 243 7

Find a nonsingular matrix P such that D = P'HP is diagonal. Also, find the signature of H.

Use the modified Algorithm 12.1 that applies the same row operations but the corresponding conjugate
column operations. Thus, first form the block matrix M = [H,I]:

1 1 +i 2i 1 0 0
M= |1-i 4 2-3 0 1 0
—-2i 243i 7 0 0 1

Apply the row operations “Replace R, by (—1 + )R, + R,” and “Replace Ry by 2iR| + R;” and then the
corresponding conjugate column operations “Replace C, by (=1 —1i)C; + C,” and “Replace C; by
—2iC, + C5” to obtain

I 1+ 2i 1 0 0 1 0 0 1 0 0
0o 2 -5 —-1+i 1 0 and then 0 2 -5 —-1+4i 1 0
0 5 3 2 01 0 5% 3 20 1

Next apply the row operation “Replace Ry by —5iR, +2R,” and the corresponding conjugate column
operation “Replace C; by 5iC; + 2C3"” to obtain

1 0 0 1 0 0 1 0 0 1 0 0
0 2 -5 —-1+i 10 and then 02 0 —=1+i 10
o 0 -19 5+9 -5 2 0 0 —38 549 51 2

Now H has been diagonalized, and the transpose of the right half of M is P. Thus, set

1 —1+i 5+09; ) 1 0 0
P=10 1 —Si |, andthen D=P'HP=|0 2 0
0 0 2 0 0 -38

Note D has p =2 positive elements and n =1 negative elements. Thus, the signature of H is
siglH)=2—-1=1.

Reduction of a Quadratic Form to the Canonical Form

1. Lagrange’s Reduction. The reduction of a quadratic form to the canonical form
can be carried out by a procedure known as Lagrange’s Reduction, which consists



essentially of repeated completing of the square.
Example 1.
q = x% — 4x,x, + 2x2 + 8x,x3 — 7x3;
g=x"+2x," =Tx;" —4x x, +8xx, = {x  —4x (x, = 2x,)} +2x,° = Tx;°
={x  —4x,(x, = 2x ) +4(x, - 2x,)*} + 2x,° = Tx,” = H(x, - 2x,)°
=(x, = 2x, +4x,)" = 2(x," = 8x,x,) - 23x," =(x, - 2x, +4x,)" - 2(x,” - 8x,x, +16x,7) +9x,°
=(x, —2x, +4x,)° = 2(x, —4x.)" + 9.?_,:

Inspection of this last expression for g shows those substitutions that will reduce g to
the canonical form.
Let new variable be taken as follows:

Vi =x —2x; +4x;
1y = xy —4xy
V3= X3
Substituting y1, y2 and ys into the last expression for q gives
q=y" -2y +9y5°

which is of the canonical form where q is expressed in terms of the new variables yi,
y2 and y3

Example 2.
q =9x2 + x1x, + 6x1%3 + X2 + x2 — 4xyx3 + 2X,X4 — 8X3X4;
q = 9x2 + x1x, + 6x1x3 + x5 + x5 — 4xyx3 + 2x,X, — 8x3x,
Collect all the terms containing x.
= (%2 + xyx, — 4x,%3 + 2x,%,) + 9xZ + xZ + 6x,%3 — 8x3%,
Complete the square of the expression in parentheses

(X2 + x1X, — 4X,X5 + 2X,X,) = (xz + %xl — 2x3 + x4)2 — %xlz — 4x2 — x2
+2x1%3 + 4X3X4 — X1X4.

Then

q= (x2 - %xl — 2x3 + x4)2 + %xlz — 4x3 + 8x1X3 — 4X3X4 — X1 X4

Repeat this procedure for xs for the expression out the parenthses

2
35 o 2 _ 1 51 - 2
S X 4x5 + 8x1x3 — 4x3x4 — xX1X4 = —4 (x3 —xq + 5x4) tox +x; — 5x1%4

Analogously for x; for the expression out the parenthses

2
51 5 13
:xlz + x% — 5x;x, = (x4 — Exl) +7xl2



Combine all the results obtained by compliting of the square

2 13 -

2 5 \2
q=(x2 +%x1—2x3+x4) —4(x3—x1+%x4) +(x4—5x1) + X

Let new variable be taken as follows:
(y1 = x, +§x1 — 2x3 + x4

1
Y2 = X3 — X1 +5x4

5
V3 = Xy _5x1

\ Y4 = Xq

Substituting y1, Y2, y3 and ya into the last expression for g gives us a canonical form:

13
q=y"—4y." +y:* + i

The relation between the new and old variables associated with the change of variable
matrix P from a new basis to the old one as follows:

( X1 = Vs 0 0 O 1
7 7
Xy =Y1+2Y2 = 2Y3 =3 a 1 2 -2 -
1 1 = P = 1 1
< X3 =Y2 =3Y3 7, Va 0 1 -3 T3
5 5
\ X4o =Y3 T2V o0 1 -
Checking in accordance with the forlula:
B = PTAP,
where A is a matrix associated with the initial quadratic form g, that is,
o L 3 o]
2
1
A== 1 -2 1
2
3 =2 0 -4
0 1 -4 1
0100--9130-'00017'[1000]
2 1 9 1 2 -2 —=
0 1 0 . 2 2| [0 -4 0 0]
0 -2 —= 1([2 1 2 1] If=lo0 0 1 o]
4
. 7 15113 -2 0 -4 c 0 0 0 —
- 2 4 2410 1 -4 1 _0 0 1 >
=D
1 0 0
0

0] Is a matrix assocaited with the quadratic form g reduced to

13
0 0 ~

o

[

N
o R oo



the canonical form with respect to y1, y2, yzand ya .
Example 3.
q = X1X5 — 2X1X3 + 4Xx5X3;

Since the quadratic form does not contain any squared term, we perform a substitution
such as
X1 =Y1tY2
X2 =YV1— W2
X3 =Y3

Then, the quadratic form with respect to the new variables takes a from:

q=Q1+y2)1—¥2) —2(y1 +¥2)y3 + 4(y1 — ¥2)¥3

=Y — ¥3 + 2y1¥3 — 6Y23
Start the procedure of compliting of the squares:

q=yi+2y1y3 +y3 —y3 —y5 —6yy3 = (y1 + ¥3)* — (y2 + 3y3)* + 8y3
Let new variable be taken as follows:
zy =yt Y3 Y1 =21 — Z3
{Zz =y, +3yzo0r {YZ =z, — 323
Z3 = Y3 Y3 = 23
Substituting y1, Y2, and ys into the last expression for g gives us a canonical form:

q =z?—z5 + 8z3

To form a change of variable matrix, we have to state a relation between the new and
old variables, that is,

X1=Zl+22_423
x2=Zl—Zz+2Z3

x3=Z3
Therefore,
1 1 -4
=11 -1 2
0o 0 1
0 - -1
With the known marix A=1] 1 4 , [corresponding to the initial quadratic form,
2
_ -1 2 0
we can make a checking as follows:
o 1 _q]
1 1 01 |Y 7 Y o1 -4 1 0 o
B=PTAP=|1 -1 0|1 |-{1 -1 2|=]0 -1 o|=D
4 2 Uz 2/l o 1] lo o s
l—1 2 0J



2. The Principal Axes Theorem
Example 4.
q = 17x2 — 4x,x, — 4x,x3 + 14x2 + 14x35 — 8x,x3;

1. First, write the matrix A associated with the quadratic form q:

17 -2 -2
A=|-2 14 —4]
-2 -4 14
2. Form the characteristic equation of A:
17—-4 —2 —2
det(A—AD=| =2 14—-12 —4 |=0
-2 —4 14 -2
17 -4 —2 —2 17 -1 —2 —2
—2 14 -1 —4 = =2 14 -4 —4
—2 -4 14—l 0 —-18+1 18-21

17 -2 -2 -2 17 -2 —4 -2

=18-A1)| -2 14—-21 -4 =({18-1)| -2 10-1 —4
0 1 1. 0 0 1

e 17 =2 =4 | o ez _

=as-n|"_ 10_/1|_(18 D2 =271 +162) = 0

Therefore, the eigenvalues of Aare 1, =9, 4, = 1; = 18.
3. Find the eigenvectors corresponding to the calculated eigenvalues

Substituting 4; = 9 into the equation (4 — AI) - x = 0, we result in the homogneous
sytem of linear algebraic equations:

8x1 _2x2 _2x3 = O
—le +5x2 —4X3 = 0
—2x; —4x, +5x3=0

Solving the system by Gauss elimination methods, we get the eigenvector as follows:

D B

—2 —4 5

1
X = C1 <2>
2

Thus, the vector e1 = (1, 2, 2) is an eginevector associated with A,.

That is

Repeat this procedure for the values 4, = 1; = 18. We get that

-2 —2
x=C1<1)+Cz<O)
0 1



It follows that the other eginevectors associated with A, .and A5 are e = (-2, 1, 0) and
es = (-2, 0, 1), respectively.

4. Check the orthogonality of the vectors ey, e2 and es. It is obvious {e,, e3) = O that
vectors ez and ez are not orthogonal.

Apply the Gramm-Schmidt orthogonalization procedure to the vectors e, and es:

_ (62,63) —
<€2,32)

fo = e, =(-2,1,0), f3 = e3 + af,, where a =

fi=(=%,-3,1)

Normalizing the vectors e, f. and fs, the system of orthonormal vectors is obtained as
follows:

4 .
—-, L.e.
5

_ & _ (122 _ L2 _(_2 L L _(_2 _ 4 5
gl_nelll_(z’s'z)’gz 151 ( ﬁ’ﬁ’o)’g3 1] ( 375 3\/5'3\/5)
5. Form the change of basis matrix P:

-1 2 2
3 5 3v5
2 1 4
P=|- — —-——
3 5 3v/5
2 5
3 3+/5 |

which is used to state a relation between the new and old variables as the following:

1 2 2
X1 =317 527353

2 1 4
X=Pyorqx; =-y1+ zY2=35%¥3
2 5
X2 =3V T3 EY3

Using this substitution we have a canonical form of q with respect to the variables y1, y.
and y3

9 0 0
q =By =9y? + 18y2 + 18y3,where B =|0 18 0 ]
0O 0 18
Check the last result:
1 2 2 1 1 2 2
3 3 3 3 V5 35
PTAP=|——7= = -2 14 4|z = -—=
Vs V5 2 —4 14/ |3 V5 3v5
2 4 5 2 0 5
35  3V5 3v5 3 3v5 |



9 0 O
=10 18 0 |[=B

0O 0 18

Quadratic Forms in Geometry

Example 1. Using the principal axes theorem, define the type of a conic section obtained
by reducing a given second order expression to the canonical form. Write the change of
variable matrix corresponding this transformation and make a graph of the obtained
conic section.

3x2 —2xy+3y*+2x — 4y +1=0;
1. Compose a matrix associated with the terms forming a quadratic form, i.e.
(3x2 — 2xy + 3y?):

2. Compute the eigenvalues of A:
3—-1
-1
3. Find eigenvectors corresponding the known eigenvectors:

det(A — Al = 3‘_1/1|=o, ie.12—61+8=0theni, =2, 1, = 4

for A, = 2, we have the solution of the homogeneuos system as x = C; (i) as a result
the vector g; = (1,1);

for 1, = 4, we have the solution x = C, ( 1 ) Le. g, = (—1,1).

4. The vectors are orthogonal but nor normal. By normalizing, the system of
orthonormal basis vectors is obtained as follows:

— g1
llgl

5. Form the change of basis matrix P:

_ (L1, _ e _ 1
= (phande, =% =57

€1

11
V2 2
Tl 1
V2 V2

Thus we have a transformation of the variables as follows:

1 1
X=X =5
x = Pyor V2 V2

1
Yy=5% +\/_§)’1

6. The reduction of the intial second order equation by the transformation P leads to
the expression with zero cross product terms:



1 1 2 1 1 1
) mn-gn) —2(En ) (Gat
1 1 1 1 1 1 1
) +3(Fargn) F2(Ga-gn) —4(GEaEn)+1
= 2x? +4y? —\2x;, = 3V2y, +1=0
7. Completing of square, we get

2 2

223 +4y7 VDo = W2y +1=2(x = 2) +4(y -22) 1241

:295224'4}/22—§=O,Wherex2=x1—gandy2 =y1—¥_

3% — 22y +3y? + 2x — 4y +1=3(

8. Finally,

x5 yi
V3\’ (@>_
(T) 42

This is an ellipse. The graph of the ellipse is presented below:

3 x2—2 Hy+3 5.r2+2 ®-dy+1=0

Example 2. Using the principal axes theorem, define the type of a conic section obtained
by reducing a given second order expression to the canonical form. Write the change of
variable matrix corresponding this transformation and make a graph of the obtained



conic section.

x% + 4xy + 4y? — 2x — 4y — 3 = 0;
1. Compose a matrix associated with the terms forming a quadratic form, i.e.
(3x? + 4xy + 4y?):

a=l;

2. Compute the eigenvalues of A:
1-1 |
2 4—2
3. Find eigenvectors corresponding the known eigenvectors:

det(A — Al = =0,i.e. 12— 51 =0,then A, =0, A, = 5.

for A, = 0, we have the solution of the homogeneuos system as x = C; (_21) asa
result the vector g, = (2,—1);

for A, = 5, we have the solution x = C, (;) le. g, = (1,2).

4. The vectors are orthogonal but nor normal. By normalizing, the system of
orthonormal basis vectors is obtained as follows:

— 92 _ 1 2
€1 = g = (G —grande, = ot~
5. Form the change of basis matrix P:

[2 1]
[ g
"V V5

Thus we have a transformation of the variables as follows:

2

1
X —\/_gxl +\/_§y1

x = Pyor 9
Yy=—FXxtEgh

6. The reduction of the intial second order equation by the transformation P leads to
the expression with zero cross product terms:

x? + 4xy + 4y? — 2x — 4y — 3—(\/_ \/_yl) +4(%x +%yl)(—%x1+
2 2

) a(-mntin) —2(GFn ) - 4(-HatEn) -3

=5y12—%y1—3=0

7. Completing of square, we get

1

2 4 4 1
sy —=ym—3=(n-F) —1=vF-I=0,wherey, =y, — =



8. Finally,
2
Y2 = iﬁ
This is a pair of two parallel straight lines. The graph of them is presented below:

x2+4 Ky+d y'2-2 #-dyp-3=0
25 T T




