
Positive Definite Real and Hermitian Quadratic Forms;  
 

Example 1.  

 

Example 2.  

 

 

Example 3.  

 

Compute the discriminant D = b2 - 4ac, and then use Example 2 

 



Example 4. Determine whether the following matrices are Hermitian: 

 

Example 5. 

 

 

Reduction of a Quadratic Form to the Canonical Form 

1. Lagrange’s Reduction. The reduction of a quadratic form to the canonical form 

can be carried out by a procedure known as Lagrange’s Reduction, which consists 



essentially of repeated completing of the square.  

Example 1. 

𝑞 = 𝑥1
2 − 4𝑥1𝑥2 + 2𝑥2

2 + 8𝑥1𝑥3 − 7𝑥3
2; 

  

Inspection of this last expression for q shows those substitutions that will reduce q to 

the canonical form. 

Let new variable be taken as follows: 

 

Substituting y1, y2 and y3 into the last expression for q gives 

 

which is of the canonical form where q is expressed in terms of the new variables y1, 

y2 and y3  

 

Example 2. 

𝑞 = 9𝑥1
2 + 𝑥1𝑥2 + 6𝑥1𝑥3 + 𝑥2

2 + 𝑥4
2 − 4𝑥2𝑥3 + 2𝑥2𝑥4 − 8𝑥3𝑥4; 

𝑞 = 9𝑥1
2 + 𝑥1𝑥2 + 6𝑥1𝑥3 + 𝑥2

2 + 𝑥4
2 − 4𝑥2𝑥3 + 2𝑥2𝑥4 − 8𝑥3𝑥4  

Collect all the terms containing x2 

= (𝑥2
2 + 𝑥1𝑥2 − 4𝑥2𝑥3 + 2𝑥2𝑥4) + 9𝑥1

2 + 𝑥4
2 + 6𝑥1𝑥3 − 8𝑥3𝑥4  

Complete the square of the expression in parentheses 

(𝑥2
2 + 𝑥1𝑥2 − 4𝑥2𝑥3 + 2𝑥2𝑥4) = (𝑥2 +

1

2
𝑥1 − 2𝑥3 + 𝑥4)

2
−
1

4
𝑥1
2 − 4𝑥3

2 − 𝑥4
2  

+2𝑥1𝑥3 + 4𝑥3𝑥4 − 𝑥1𝑥4.  

Then 

𝑞 = (𝑥2 +
1

2
𝑥1 − 2𝑥3 + 𝑥4)

2
+
35

4
𝑥1
2 − 4𝑥3

2 + 8𝑥1𝑥3 − 4𝑥3𝑥4 − 𝑥1𝑥4  

Repeat this procedure for x3 for the expression out the parenthses  

35

4
𝑥1
2 − 4𝑥3

2 + 8𝑥1𝑥3 − 4𝑥3𝑥4 − 𝑥1𝑥4 = −4 (𝑥3 − 𝑥1 +
1

2
𝑥4)

2
+
51

4
𝑥1
2 + 𝑥2

2 − 5𝑥1𝑥4  

Analogously for x1 for the expression out the parenthses 

51

4
𝑥1
2 + 𝑥2

2 − 5𝑥1𝑥4 = (𝑥4 −
5

2
𝑥1)

2
+
13

2
𝑥1
2  



Combine all the results obtained by compliting of the square 

𝑞 = (𝑥2 +
1

2
𝑥1 − 2𝑥3 + 𝑥4)

2
− 4(𝑥3 − 𝑥1 +

1

2
𝑥4)

2
+ (𝑥4 −

5

2
𝑥1)

2
+
13

2
𝑥1
2  

Let new variable be taken as follows: 

{
 
 

 
 𝑦1 = 𝑥2 +

1

2
𝑥1 − 2𝑥3 + 𝑥4

𝑦2 = 𝑥3 − 𝑥1 +
1

2
𝑥4

𝑦3 = 𝑥4 −
5

2
𝑥1

𝑦4 = 𝑥1

  

Substituting y1, y2, y3 and y4 into the last expression for q gives us a canonical form: 

𝑞 = 𝑦1
2 − 4𝑦2

2 + 𝑦3
2 +

13

2
𝑦4
2  

The relation between the new and old variables associated with the change of variable 

matrix P from a new basis to the old one as follows: 

{
 
 

 
 

𝑥1 = 𝑦4

𝑥2 = 𝑦1 + 2𝑦2 − 2𝑦3 −
7

2
𝑦4

𝑥3 = 𝑦2 −
1

2
𝑦3 −

1

4
𝑦4

𝑥4 = 𝑦3 +
5

2
𝑦4

⟹ 𝑃 =

[
 
 
 
 
 
0 0 0 1

1 2 −2 −
7

2

0 1 −
1

2
−
1

4

0 0 1
5

2 ]
 
 
 
 
 

 

Checking in accordance with the forlula:  

𝐵 = 𝑃𝑇𝐴𝑃, 

where 𝐴 is a matrix associated with the initial quadratic form q, that is, 

𝐴 =

[
 
 
 
 
 9

1

2
3 0

1

2
1 −2 1

3 −2 0 −4
0 1 −4 1 ]

 
 
 
 
 

 

[
 
 
 
 
 
0 1 0 0
0 2 1 0

0 −2 −
1

2
1

1 −
7

2
−
1

4

5

2]
 
 
 
 
 

∙

[
 
 
 
 
 9

1

2
3 0

1

2
1 −2 1

3 −2 0 −4
0 1 −4 1 ]

 
 
 
 
 

∙

[
 
 
 
 
 
 
0 0 0 1

1 2 −2 −
7

2

0 1 −
1

2
−
1

4

0 0 1
5

2 ]
 
 
 
 
 
 

=

[
 
 
 
 
1 0 0 0
0 −4 0 0
0 0 1 0

0 0 0
13

2 ]
 
 
 
 

= 𝐷 

Here, 𝐴 =

[
 
 
 
1 0 0 0
0 −4 0 0
0 0 1 0

0 0 0
13

2 ]
 
 
 

 is a matrix assocaited with the quadratic form q reduced to 



the canonical form with respect to y1, y2, y3 and y4 . 

Example 3. 

𝑞 = 𝑥1𝑥2 − 2𝑥1𝑥3 + 4𝑥2𝑥3; 

Since the quadratic form does not contain any squared term, we perform a substitution 

such as  

{

𝑥1 = 𝑦1 + 𝑦2
𝑥2 = 𝑦1 − 𝑦2
𝑥3 = 𝑦3

 

Then, the quadratic form with respect to the new variables takes a from: 

𝑞 = (𝑦1 + 𝑦2)(𝑦1 − 𝑦2) − 2(𝑦1 + 𝑦2)𝑦3 + 4(𝑦1 − 𝑦2)𝑦3  

= 𝑦1
2 − 𝑦2

2 + 2𝑦1𝑦3 − 6𝑦2𝑦3  

Start the procedure of compliting of the squares: 

𝑞 = 𝑦1
2 + 2𝑦1𝑦3 + 𝑦3

2 − 𝑦2
2 − 𝑦3

2 − 6𝑦2𝑦3 = (𝑦1 + 𝑦3)
2 − (𝑦2 + 3𝑦3)

2 + 8𝑦3
2 

Let new variable be taken as follows: 

{

𝑧1 = 𝑦1 + 𝑦3
𝑧2 = 𝑦2 + 3𝑦3
𝑧3 = 𝑦3

 or {

𝑦1 = 𝑧1 − 𝑧3
𝑦2 = 𝑧2 − 3𝑧3
𝑦3 = 𝑧3

 

Substituting y1, y2, and y3 into the last expression for q gives us a canonical form: 

𝑞 = 𝑧1
2 − 𝑧2

2 + 8𝑧3
2  

To form a change of variable matrix, we have to state a relation between the new and 

old variables, that is,  

{
𝑥1 = 𝑧1 + 𝑧2 − 4𝑧3
𝑥2 = 𝑧1 − 𝑧2 + 2𝑧3

𝑥3 = 𝑧3

  

Therefore, 

𝑃 = [
1 1 −4
1 −1 2
0 0 1

] 

With the known marix A = [

0
1

2
−1

1

2
0 2

−1 2 0

]corresponding to the initial quadratic form, 

we can make a checking as follows: 

𝐵 = 𝑃𝑇𝐴𝑃 =  [
1 1 0
1 −1 0
−4 2 1

] ∙

[
 
 
 
 0

1

2
−1

1

2
0 2

−1 2 0 ]
 
 
 
 

∙ [
1 1 −4
1 −1 2
0 0 1

] = [
1 0 0
0 −1 0
0 0 8

] = 𝐷 

 



2. The Principal Axes Theorem 

Example 4. 

𝑞 = 17𝑥1
2 − 4𝑥1𝑥2 − 4𝑥1𝑥3 + 14𝑥2

2 + 14𝑥3
2 − 8𝑥2𝑥3; 

1. First, write the matrix A associated with the quadratic form q: 

A = [
17 −2 −2
−2 14 −4
−2 −4 14

] 

2. Form the characteristic equation of A: 

𝑑𝑒𝑡(𝐴 − 𝜆𝐼) = |
17 − 𝜆 −2 −2
−2 14 − 𝜆 −4
−2 −4 14 − 𝜆

| = 0 

|
17 − 𝜆 −2 −2
−2 14 − 𝜆 −4
−2 −4 14 − 𝜆

|

𝑟3−𝑟2

= |
17 − 𝜆 −2 −2
−2 14 − 𝜆 −4
0 −18 + 𝜆 18 − 𝜆

|  

= (18 − 𝜆) |
17 − 𝜆 −2 −2
−2 14 − 𝜆 −4
0 −1 1

|

𝑐2+𝑐3

= (18 − 𝜆) |
17 − 𝜆 −4 −2
−2 10 − 𝜆 −4
0 0 1

|  

= (18 − 𝜆) |
17 − 𝜆 −4
−2 10 − 𝜆

| = (18 − 𝜆)(𝜆2 − 27𝜆 + 162) = 0  

Therefore, the eigenvalues of A are  𝜆1 = 9, 𝜆2 = 𝜆3 = 18. 

3. Find the eigenvectors corresponding to the calculated eigenvalues  

Substituting 𝜆1 = 9 into the equation (𝐴 − 𝜆𝐼) ∙ 𝒙 = 0, we result in the homogneous 

sytem of linear algebraic equations: 

8𝑥1 −2𝑥2 −2𝑥3 = 0
−2𝑥1 +5𝑥2 −4𝑥3 = 0
−2𝑥1 −4𝑥2 +5𝑥3 = 0

 

Solving the system by Gauss elimination methods, we get the eigenvector as follows: 

(
8 −2 −2
−2 5 −4
−2 −4 5

)~…~(
−2 1 0
−2 0 1

) 

That is 

𝒙 = 𝐶1 (
1
2
2
) 

Thus, the vector e1 = (1, 2, 2) is an eginevector associated with 𝜆1. 

Repeat this procedure for the values 𝜆2 = 𝜆3 = 18. We get that  

𝒙 = 𝐶1 (
−2
1
0
) + 𝐶2 (

−2
0
1
) 



It follows that the other eginevectors associated with 𝜆2 .and 𝜆3 are e2 = (-2, 1, 0) and 

e3 = (-2, 0, 1), respectively. 

4. Check the orthogonality of the vectors e1, e2 and e3. It is obvious 〈𝑒2, 𝑒3〉  0 that 

vectors e2 and e3 are not orthogonal.  

Apply the Gramm-Schmidt orthogonalization procedure to the vectors e2 and e3: 

𝑓2 = 𝑒2 = (−2,1,0), 𝑓3 = 𝑒3 + 𝛼𝑓2, where 𝛼 = −
〈𝑒2,𝑒3〉

〈𝑒2,𝑒2〉
= −

4

5
, i.e. 

𝑓3 = (−
2

5
, −

4

5
, 1)  

Normalizing the vectors e1, f2 and f3, the system of orthonormal vectors is obtained as 

follows: 

𝑔1 =
𝑒1

‖𝑒1‖
= (

1

3
,
2

3
,
2

3
), 𝑔2 =

𝑓2

‖𝑓2‖
= (−

2

√5
,
1

√5
, 0) , 𝑔3 =

𝑓3

‖𝑓3‖
= (−

2

3√5
, −

4

3√5
,
5

3√5
) 

5. Form the change of basis matrix P: 

𝑃 =

[
 
 
 
 
 
 
1

3
−
2

√5
−

2

3√5
2

3

1

√5
−

4

3√5
2

3
0

5

3√5 ]
 
 
 
 
 
 

 

which is used to state a relation between the new and old variables as the following: 

𝒙 = 𝑃𝒚 or 

{
 
 

 
 𝑥1 =

1

3
𝑦1 −

2

√5
𝑦2 −

2

3√5
𝑦3

𝑥2 =
2

3
𝑦1 +

1

√5
𝑦2 −

4

3√5
𝑦3

𝑥2 =
2

3
𝑦1 +

5

3√5
𝑦3

 

Using this substitution we have a canonical form of q with respect to the variables y1, y2 

and y3 

𝑞 = 𝐵𝒚 = 9𝑦1
2 + 18𝑦2

2 + 18𝑦3
2, where 𝐵 = [

9 0 0
0 18 0
0 0 18

] 

Check the last result: 

𝑃𝑇𝐴𝑃 =

[
 
 
 
 
 
 

1

3

2

3

2

3

−
2

√5

1

√5
0

−
2

3√5
−

4

3√5

5

3√5]
 
 
 
 
 
 

∙ [
17 −2 −2
−2 14 −4
−2 −4 14

] ∙

[
 
 
 
 
 
 
1

3
−
2

√5
−

2

3√5
2

3

1

√5
−

4

3√5
2

3
0

5

3√5 ]
 
 
 
 
 
 

 



= [
9 0 0
0 18 0
0 0 18

]=B  

 

Quadratic Forms in Geometry 

Example 1. Using the principal axes theorem, define the type of a conic section obtained 

by reducing a given second order expression to the canonical form. Write the change of 

variable matrix corresponding this transformation and make a graph of the obtained 

conic section. 

3𝑥2 − 2𝑥𝑦 + 3𝑦2 + 2𝑥 − 4𝑦 + 1 = 0; 

1. Compose a matrix associated with the terms forming a quadratic form, i.e. 

 (3𝑥2 − 2𝑥𝑦 + 3𝑦2): 

𝐴 = [
3 −1
−1 3

] 

2. Compute the eigenvalues of A: 

𝑑𝑒𝑡(𝐴 − 𝜆𝐼) = |
3 − 𝜆 −1
−1 3 − 𝜆

|=0, i.e. 𝜆2 − 6𝜆 + 8 = 0, then 𝜆1 = 2, 𝜆2 = 4.  

3. Find eigenvectors corresponding the known eigenvectors: 

for 𝜆1 = 2, we have the solution of the homogeneuos system as 𝒙 = 𝐶1 (
1
1
), as a result 

the vector 𝑔1 = (1,1); 

for 𝜆2 = 4, we have the solution 𝒙 = 𝐶2 (
−1
1
), i.e. 𝑔2 = (−1,1). 

4. The vectors are orthogonal but nor normal. By normalizing, the system of 

orthonormal basis vectors is obtained as follows: 

𝑒1 =
𝑔1

‖𝑔1‖
= (

1

√2
,
1

√2
); and 𝑒2 =

𝑔2

‖𝑔2‖
= (−

1

√2
,
1

√2
). 

5. Form the change of basis matrix P: 

𝑃 =

[
 
 
 
1

√2
−
1

√2
1

√2

1

√2 ]
 
 
 

 

Thus we have a transformation of the variables as follows: 

𝒙 = 𝑃𝒚 or {
𝑥 =

1

√2
𝑥1 −

1

√2
𝑦1

𝑦 =
1

√2
𝑥1 +

1

√2
𝑦1

 

6. The reduction of the intial second order equation by the transformation P leads to 

the expression with zero cross product terms: 



3𝑥2 − 2𝑥𝑦 + 3𝑦2 + 2𝑥 − 4𝑦 + 1 = 3 (
1

√2
𝑥1 −

1

√2
𝑦1)

2
− 2(

1

√2
𝑥1 −

1

√2
𝑦1) (

1

√2
𝑥1 +

1

√2
𝑦1) + 3 (

1

√2
𝑥1 +

1

√2
𝑦1)

2
+ 2(

1

√2
𝑥1 −

1

√2
𝑦1) − 4 (

1

√2
𝑥1 +

1

√2
𝑦1) + 1  

= 2𝑥1
2 + 4𝑦1

2 − √2𝑥1 − 3√2𝑦1 + 1 = 0  

7. Completing of square, we get 

2𝑥1
2 + 4𝑦1

2 − √2𝑥1 − 3√2𝑦1 + 1 = 2(𝑥1 −
√2

4
)
2

+ 4(𝑦1 −
3√2

8
)
2

−
1

4
−
9

8
+ 1  

= 2𝑥2
2 + 4𝑦2

2 −
3

8
= 0, where 𝑥2 = 𝑥1 −

√2

4
 and 𝑦2 = 𝑦1 −

3√2

8
. 

8. Finally,  

𝑥2
2

(
√3
4
)

2 +
𝑦2
2

(
√3

4√2
)

= 1 

This is an ellipse. The graph of the ellipse is presented below: 

 

 

Example 2. Using the principal axes theorem, define the type of a conic section obtained 

by reducing a given second order expression to the canonical form. Write the change of 

variable matrix corresponding this transformation and make a graph of the obtained 



conic section. 

𝑥2 + 4𝑥𝑦 + 4𝑦2 − 2𝑥 − 4𝑦 − 3 = 0; 

1. Compose a matrix associated with the terms forming a quadratic form, i.e. 

 (3𝑥2 + 4𝑥𝑦 + 4𝑦2): 

𝐴 = [
1 2
2 4

] 

2. Compute the eigenvalues of A: 

𝑑𝑒𝑡(𝐴 − 𝜆𝐼) = |
1 − 𝜆 2
2 4 − 𝜆

|=0, i.e. 𝜆2 − 5𝜆 = 0, then 𝜆1 = 0, 𝜆2 = 5.  

3. Find eigenvectors corresponding the known eigenvectors: 

for 𝜆1 = 0, we have the solution of the homogeneuos system as 𝒙 = 𝐶1 (
2
−1
), as a 

result the vector 𝑔1 = (2,−1); 

for 𝜆2 = 5, we have the solution 𝒙 = 𝐶2 (
1
2
), i.e. 𝑔2 = (1,2). 

4. The vectors are orthogonal but nor normal. By normalizing, the system of 

orthonormal basis vectors is obtained as follows: 

𝑒1 =
𝑔1

‖𝑔1‖
= (

2

√5
, −

1

√5
); and 𝑒2 =

𝑔2

‖𝑔2‖
= (

1

√5
,
2

√5
). 

5. Form the change of basis matrix P: 

𝑃 =

[
 
 
 
2

√5

1

√5

−
1

√5

2

√5]
 
 
 

 

Thus we have a transformation of the variables as follows: 

𝒙 = 𝑃𝒚 or {
𝑥 =

2

√5
𝑥1 +

1

√5
𝑦1

𝑦 = −
1

√5
𝑥1 +

2

√5
𝑦1

 

6. The reduction of the intial second order equation by the transformation P leads to 

the expression with zero cross product terms: 

𝑥2 + 4𝑥𝑦 + 4𝑦2 − 2𝑥 − 4𝑦 − 3 = (
2

√5
𝑥1 +

1

√5
𝑦1)

2
+ 4(

2

√5
𝑥1 +

1

√5
𝑦1) (−

1

√5
𝑥1 +

2

√5
𝑦1) + 4 (−

1

√5
𝑥1 +

2

√5
𝑦1)

2
− 2(

2

√5
𝑥1 +

1

√5
𝑦1) − 4 (−

1

√5
𝑥1 +

2

√5
𝑦1) − 3  

= 5𝑦1
2 −

10

√5
𝑦1 − 3 = 0  

7. Completing of square, we get  

5𝑦1
2 −

10

√5
𝑦1 − 3 = (𝑦1 −

1

√5
)
2
−
4

5
 = 𝑦2

2 −
4

5
= 0, where 𝑦2 = 𝑦1 −

1

√5
. 



8. Finally,  

𝑦2 = ±
2

√5
 

This is a pair of two parallel straight lines. The graph of them is presented below: 

 

 


