Control Tasks to Chapter 9

Task 1. Find the natural domains of the following functions. Plot their graphs.

9.1.1. z=arcsiny/ x; 9.1.17. u=|n(1—x2 —y? +22);
: 2, 2y,
9.1.2. z:\/smﬁ(x +Yy°); 9.1.18. Z=\/1—X2 +Jy2 -1
9.1.3. 2 :ln(x2 +y? —1); 9.1.19. z=arcsinx/ y;
1 = :
914, 7= 9.1.20. 2= /xy;
X< +y

9.1.21. z :Jl— (x2 + y)2;

9.1.5. Z:J1+x—y2+Jl—x—y2;
9.1.22. z:Jl—(x+ y2)?:

9.1.6. Z=+/x+Yy-In(y?-x?);
9.1.23. 7=/x+ y In[x? - y?)
917 z:«/x2+y2—1+ 1

) o 9.1.24. 2= :
+In(4-x% - y?); In(x% - y?)

9.1.8 = L ; X
Ao, 2= 5 > ) 9.1.25. z = arccos ;
1-x° -y X+y

9.1.9. z= X+W; 9.1.26. z= arcsin(x2 + y2 -3);

9.1.27. z=arcsin(x+Yy);

9.1.10. u =\/In(1+ z-x2-y?%);

X

1 9.1.28. U= 5
9111 Uu=—— " In(1+z-x°-y°)

Z°—X" -y
7 9.1.29. z = y ;
9.1.12. U= arccos ———; J4-x2 -2y
x2 + y2
2
o _ 9.1.30. 7= NX7Y).

9.1.13. z= arcsm—2+arcsm(1— y); y — X

y

9.1.14. z =J(x2 y2 4 -x2 —y2;

9.1.15. u = In(xyz);

9.1.16. z =In(— x — y);



_|_
9.2.1. u=arctg . , du="?

9.22. u=x+ yey, du="?

x oz
9.23.u=eY +e¥, du="?
9.2.4. u=(x/ y)%, du(;1;1)="?

9.2.5.u :22, du(3;4;5) ="

X2 +y
a\  a
9.2.6. z=4e"2Y +(2x+ 4y -3k ™Y — x—1. Show that (@() +@+ X+2=0.

9.27. 2=

. Show that x%+ yz:—z.
2 S

9.2.8. z=X-arctg X. Show that x%+ yé— z=0.
X X N

X
9.2.9. u=(xy + ). Find all partial derivatives of the 1% order.
y

9.2.10. z= y2 sin(x2 — yz). Show that y2 a + xyé = 2XZ.
x T d

9.2.11. u= In(x3 + y3 +23 —3xyz). Show that a + a + a = L
X & a X+y+1z

a Aa A
9.2.12. u=(X— - — X). Show that —+—+—=0.
u=(x—yXy—-2z)z-x).Show tha 2 4 e

u= X .ShowthatX@+y@+Z@=0.
x/x2+y2+z2 X & a

X_y. Showthat@+@+@—l.

y—z X & a

9.2.13.

9.2.14. U=Xx+

y a a
9.2.15. z=Xxy + xe*. Show that X—+y—=Xy + Z
XK Ty



B . Show that Xé+yg }z.
3X2+y2 X & 3

9.2.16. z =

X

9.2.17.u :etz. Show that 2X@+@:O.
X A

9.2.18. z =\/§sin1. Show that 2 Xé+ 2yg=
X X 2

92.19. u=xY. showthat * 44 L M _5,
y OX In X ay
x3 a a
9.2.20. z= . Show that X—+y—=2z.
X=y XK &
9.2.21. z=e" Iny. Show that x4 yézi.
X & Iny

9.2.22. Find an approximate value of (1,03)3’001.

9.2.23. Find an approximate value of 1,002 - 2,0032 ~3,OO43.

9.2.24. Find an approximate value of Jl,OZ3 +1,973.

9.2.25. Find an approximate value of grcig (ﬂ _ ).
1,02

9.2.26. Find an approximate change of the function z =arcsin y/ X while x changes from
5to 4,5 and y varies from 3 to 3,3.

9.2.27. The height of the cone is H=10 cm, the radius of its base is R=5 cm. How does the
volume of the cone change approximately if its height is increased by 2 mm and its radius
is decreased by 2 mm?

9.2.28. In the truncated cone the radiuses of its bases are R=20 cm and r=10 cm
respectively, and its height h=30 cm. How does the volume of the cone change
approximately if R is increased by 2 mm, r is increased by 3 mm, and h is decreased by 1
mm?

9.2.29. The cylindrical glass has the following sizes: the radius of its base R=2,5 m, the
height H=4 m and the thickness of its walls /=10 cm. Find an approximate value of the
volume of the material used to manufacture of this glass.

9.2.30. The rectangular parallelepiped has the following sizes: a=2 m,b=3 m, c=6 m. Find
an approximate change of the length of a diagonal of the parallelepiped if a is increased by
2 cm, bisincreased by 1 cm and c is decreased by 3 cm.



Task 3.

9.3.1. Show that the function z=arctanx/y, where X=U+V, y=U-V, satisfies the

. . a o u-—v
foll t Rl .
ollowing proportion 2 + 5 5

u- +v

9.3.2. u=sinx+ F(siny—sinx). Show that 3cosx+éucosy:cosxcosy for any
differentiable function F(u).

9.33.,_ y Showthat 1 & . 1 & _ z forany differentiable function f(u).

f(xz—yz)' XX y& y?

934.z2=Yy+ F(X2 — yz). Prove that ygz( + XZ:SZI = x for any differentiable function F(u)

9.35. z=xy+ XF(u), where U =Y/ X. Prove that X2, +YZ,,=Z+Xy.

la l1a 1z
9.3.6. z= y(p(u), where U = x° — y2. Provethat —— +——=—

XK yd 2

9.3.7. Z:XZy—yZX,where X=ucosv, y=usinv. Find g, é.
Al N

9.3.8. U=x% +y2 + 2%, where X=RC0S@-COSy, y=Rcos¢-siny,
Z=Rsing. Show that ﬂ:O, ﬁ:0.
op oy

V94 a
9.39. z=X+V+oplx/y).Provethat X—+Yy—=X+V.
y+o(x/y) 2y y

1( o 2 a a
9.3.10. z=— -Vy).P that —+—=X+Y.
z 2( +y )+(p(X y). Prove tha xt g y

9.3.11. z=X¢ X —x? —y2. Prove that XéJr yézz—x2 —y2.
2 SN

9.3.12. z=yf (x2 — y2). Prove that y2 z+ xy@: XZ.
2SS}

y

2

9.3.13. z=x" f[
X

a a
. Prove that Xx— + 2y —=nz.
28 &

2
9.3.14. :y—+ @(Xy). Prove that & a_ xyé+ y2 =0.
3x X N



a o X
9.3.15. 2= cos( X — . Provethat — + —=—.
yo(cos(x—y)) &g

y

9.3.16. z=siny+ f(sinx—siny). Show that sec x%+sec ygzl.

9.3.17. z=x 2Iny, where x—E,y 3u — 2v. Fmdé é
v al N
ax
/4 :
9.3.18. u :gy”, where y =asin X,z =cos X. Find d—u
a“+1 dx
X+
9.3.19. Zzzyz. Prove that yé-f-xézz.
F(x“-y?) X A
9.3.20. U:E, where x:et,y:Int,z:t2 —1. Find Zi
X

9.3.21. z = arctan(xy), where y =e*. Find gz
X

9.3.22. u :arcsinﬁ, where z :\/X +1. Find @ and d—u

z X dx
93.23. z=arctg ”, where x =21y —e2t-L ging %
X dt
2 . du
9.3.24. U=Xyz, where x=t“ +1, y=Int, z=tant. Find a
z du
93.25.u=—————, where Xx=Rcost, y=Rsint, z=H . Find a

. dz
9.3.26. 7 = Insin——, where x=3t2,y =-/t? +1. Find &

Jy

9.3.27. 2= In(x2 +y ) where y _éx?, a dz

+ X. Find— and —
dx

X + dz
9.3.28. z = arctan y , Where y =C0S X. Find —.
1-xy dx

9.3.29.u= Jx +y +122, where x =3t y=2t? .2 =4t%. Find f}llttj

9.3.30. 2 :tan(Bt +2x2% - y), where x = %,y: Jt. Find ji



Task 6. Investigate the following functions for an extremum:

1.f(X,y,2) =4 x>+ 10Xy+6xz2—2y>—4yz+722-28y-2z—4.
2.f(X,y,2)=9x2—2Xy+4xz+3y>—8yz+622+14x+2y—4z7-3.
3.f(X,y,2)=9x2—8xz+9y?>—14yz+ 9722+ 2X— 64 y+56z—6.
4.f(X,y,2)=9x2—2xy+9y>—8yz+927°—-14x—-26y-22z+7.
5.f(x,y,2)=—6x2—2xy—10xz—6y?>—2yz—922-24y—20z + 2.
6.f(X,y,2)=xX2—6Xy—2x2+y>—4yz—-27°-6Xx+12y+2z—1.
7.f(X,y,2) =4 x2=12Xy—4X2+Yy?+2yz+ 22— 12X —6y+ 22— 3.
8.f(X,y,2)=4x2+12xy+4xz+y*+8yz+22—-8x—-30y—-2z—7.
9.f(X,y,2) =9x2—12xz+9y?>+12yz+ 1272+ 30 x —48 y— 60 z + 4.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

23.
24.
25.
26.
Xy, 2)=-3xX2+2xy+2x2-9y?’+14yz—-97°+2x—-6y- 62z +5.

28.
29.
30.

27

f(X,y,2) =6 X2+ 8xXy+4Xx2+6y>+12yz+922+28x+16y+2z-8.
f(X,y,2)=-9Xx>—4xy—2x2—-6y>+4yz—372-34x+8y-147-2.
f(x,y,2) =x2—20xy—8xz+4y>—4yz+772+58x—-28y—-28z—1.
f(X,y,2)=—6x>—14xy—9y?+4yz—12722-52x—72y+56 2 + 3.
f(X,y,2)=-9x*—6Xxy—6y>—6yz—927°+12x+12z— 4.
f(x,y,2)=-3x*—8xy—-4xz2—-6y>—6yz—62°—12x—-20y— 282z 5.
f(X,y,2)=9x2+6Xx2+9y?+6yz+322-12x+42y+12z—1.
f(X,y,2) =4 x>+ 4xy+2xz+y>+10yz+2°+18x+ 12z +5.
fX,y,2) =x2— 16 xy+ 10Xz + 7y’ —6yz+ 22+ 2x+24y- 16z + 7.
f(X,y,2) =3x2+2xy+8xz+9y?—2yz+6722—4x—14y-22-5.
f(X,y,2)=—9X2—6Xy—2X2—-3Yy?+2yz—972+14x—-2y+ 227+ 2.
f(X,y,2) =9x2+6xy+10xz+6y*+4yz+322-10x—-22y-62—2.
f(X,y,2)=6x2+4xy—2xz+3y*+622—14x—-10y—10z + 2.

f(X,y,2)=—9%x>—2Xxy—14xz2—- 6y —6yz—922+50 x + 38 y+ 62 z — 3.
f(x,y,2)=6x2+10xy—10xz+9y?>—4yz+ 622+ 14 x + 30 y+ 8.
f(X,y,2)=-9X>+4xy+8xz—6y>—14yz—922—-10x + 9.
f(X,y,2)=x2—4xy+16xz+4y>+10yz+ 72 +40x +4y+ 26 2 + 6.

f(X,y,2)=4x*—16xX2+y>—4yz+472°+24x+2y-20z—9.
f(X,y,2)=—6x2+8xz—12y>—-8yz—622-32Xx+56y+44 7+ 4,
f(X,y,2)=9x2—2xy+9y?—8yz+972-14x—-26y-2z+17.

Task 8. Write equations of a tangent and a normal plane for the given curves at the

given points:

9.8.1. x=t-sint, y=t—cost, z=4sint/2 att=7x/2;

9.8.2. x2 + y2 + 22 =6, X+ Y+ 2z=0 at the point (1, 1, — 2);

9.8.3. x2 + y2 + 22 =0, x2 y2 +72 =4 atthe point (1, 1, 2);

9.8.4. x2 + y2 =10, y2 +22 =25 at the point (1, 3, 4);

9.8.5. y2 + 72 =9, x2 y2 =3 at the point (2, 1, 2);



9.8.6. X + y2 +2%2 =25, x+ y +Z =5 at the point (2, 2.3, 3);
9.8.7. On the curve x=cost, y=sint, z =e! find the point, at which the tangent is
parallel to the plane~/3 x + y—-4=0.

t
9.8.8. On the curve X=-, y=-—, Z=-— find the points at which the tangent to this
4 3 2

curve is parallel to the plane X+ 3y +2z-10=0.

For the given surfaces 9.8.9-9.8.16 find the equations of the tangent planes and
normals at the given points:

9.8.9. x* + y2 + 2% = 2Rz at the point (Rcosa, Rsina, R);

X y
9.8.10. ZA + 2/ =8 at the point (2, 2, 1);
9.8.11. xzyz +2x%z2 - 3xyz + 2 =0 at the point (1, 0, —1);

9.8.12. 7 =e*%®Y at the point 1, =, 1/e);

9.8.13. 4+Jx2 +y2 +2% =X+ y + 2 at the point (2, 3, 6);

9.8.14. z = arctan?. at the point (1, 1, z/4);
X
3 3
X7 —3axy +
9.8.15. z = 2y y at the point (a, a, — a).
a

9.8.16. 22 + 4z + X% =0 at the points of intersection with the axis OZ.

9.8.17. For the surface x2 — 22 — 2x + 6y =4 find the equation of the normal parallel to

the curve X+2:X:Z—+1.

1 3 4

9.8.18. For the surface z =4x — xy + y2 find the equation of the tangent plane, parallel to
the plane 4Xx+y+z-2z+9=0.

9.8.19. Find the distance between the origin (0,0) and the tangent plane to the surface
z=ytanx/ a atthe point (za/4, a, a).

9.8.20. Find the tangent planes to the surface x2 + 2y2 +322 =21 parallel to the plane
X+4y+6z=0.



9.8.21. On the surface X2 + y2 ~ 72 _ 2x find the points at which the tangent planes are
parallel to the coordinate planes.

X2 y2 z2
9.8.22. Show that the cone — = and the sphere
2 2 2
a b C
2 2 2
b +c b
x2 +y2 +(z- )2 :2(b2 +02) touches each other.

C C

9.8.23. Define the tangent plane to the surface x2 4 4y2 + 22 =36 parallel to the plane
X+y—-2=0.

9.8.24. Find the distance between the point of origin (0,0) and the tangent plane to the
surface (Za2 - zz)x2 —a’y? =0 at the point (a, a, a).

9.8.25. Find at which point the tangent plane to the surface z=4 — x2 y2 is parallel to
the plane 2X + 2y + z =0. Find the equation of this tangent plane.

2

9.8.26. Show that the cone z2=x2 + y2 and the spherex2 + y2 +(z—2)2 =2 are

tangent at the point (0, 1, 1).

9.8.27. Show that the surfaces x+2y—-Inz+4=0 and x2

tangent at the point (2, — 3, 1).

—Xy—-8x+z+5=0 are

9.8.28. Find the tangent plane to the surface x2 _ y2 — 3z =0 passing through the point
A(0, 0, —1) parallel to the curve X_ y = E.

2 2
9.8.29. On the surface x° + y2 +2% - 6y + 4z =12 find the point, at which the tangent

planes are parallel to the coordinate planes.

9.8.30. For the surface z = Xy find the equation of the tangent plane perpendicular to the
X+2 y+2 z-1

curve :
2 2 -1




