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7. Definite Integral and Its Applications 
 

7.1. Definition, Properties, Geometrical Meaning of a Definite Integral. 
Methods of Calculation 

 

Let the function ( )y f x=  be determined on the interval [a,b]. Let us 
divide the interval [a,b] into n subintervals by n points 

0 1 1i i na x x x x x b−= < < < < < < =  . 
On each subinterval [ ]1,i ix x−  we choose some point iξ  and compound the 

sum ( )
1

n

n i i
i

S f xξ
=

= ∆∑  which is called an integral sum.  

If there exists some finite limit of the integral sum nS  while 
{ }

1
max 0ii n

xλ
≤ ≤

= ∆ → , which does not depend on the way of division the interval 

into elementary segments and the choice of the points iξ , then this limit is called 
the definite integral of the function ( )f x  on the interval [ ],a b  and is designated 
as 

( ) ( )
0 1

lim
b n

i i
ia

f x dx f x
λ

ξ
→ =

= ∆∑∫ . 

In this case the function ( )f x  is called integrable on the interval [ ],a b .  
The geometrical meaning 

of a definite integral: if ( ) 0f x ≥  

[ , ]x a b∀ ∈ , then ( )
b

a

f x dx∫  is 

numerically equal to the area of 
the curvilinear trapezoid with the 
base [a,b], restricted by the 
straight lines x a= , x b=  and 
the curve ( )y f x=  (fig.7.1). 

The properties of the definite integral. 
1. The integral changes its sign on opposite if the limits of integration are 

replaced:  

( ) ( ) .
b a

a b

f x dx f x dx= −∫ ∫  

2. If the lower and the upper limits of integration are equal, then the integral 

is equal to zero:   0
a

a

f ( x )dx .=∫  

 

S f x dx
a

b
= ∫ ( )  

 a  b 

 y 

 x 

)x(fy =  

Fig. 7.1 
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3. The linearity of the integral. If the functions ( )f x  and ( )g x  are integrable 
on [ ],a b , then 

а) It is possible to take the constant factor outside the integral: 

( ) ( ) ( )., constCdxxfCdxxCf
b

a

b

a
== ∫∫  

b) The integral of the algebraic sum of functions is equal to the algebraic sum 
of integrals: 

( ) ( )( ) ( ) ( ) .
b b b

a a a

f x g x dx f x dx g x dx± = ±∫ ∫ ∫  

4. The additivity of the integral. If the function ( )f x  is integrable on [ ],a c  
and [ ],c b , where ( ),c a b∈ , then it is integrable on [a,b] and 

( ) ( ) ( ) .
b c b

a a c

f x dx f x dx f x dx= +∫ ∫ ∫  

5. If a b<  and ( ) 0f x ≥ , then ( ) 0
b

a

f x dx ≥∫ , and the equality to zero is 

possible if and only if ( ) 0f x ≡ , ( ),x a b∀ ∈ . 

6. If a b<  and ( ) ( )f x g x≥ , then ( ) ( )
b b

a a

f x dx g x dx≥∫ ∫ , i.e. the inequality 

can be integrated. 
7. If the function ( )f x  is integrable on [a,b], then ( )f x  is also integrable on 

[a,b] and the following inequality is valid: 

( ) ( )
b b

a a

f x dx f x dx≤∫ ∫ . 

8. The theorem on estimation of a definite integral. If ( )m f x M≤ ≤ , where 
( ) ( )

[ , ] [ , ]
inf , sup
a b a b

m f x M f x= =  then  

( ) ( ) ( )
b

a

m b a f x dx M b a− ≤ ≤ −∫ . 

9. The mean-value theorem. If the function ( )f x  is continuous [ ],x a b∀ ∈ , then 

there is at least one point ξ ( ),a bξ∃ ∈  such that ( ) ( )( )
b

a

f x dx f b aξ= −∫ . 

The geometrical meaning of the theorem: let ( ) 0f x ≥  [ , ]x a b∀ ∈ , then 
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there exists at least one point ( ),a bξ ∈ , that 
the area of the curvilinear trapezoid, 
bounded from the above by the continuous 
curve ( )y f x=  is equal to the area of the 
rectangle with the same base and altitude, 
equal to ( )f ξ  (fig.7.2). 

10. If the functions ( )f x  and ( )xϕ  
are continuous on [a,b], and ( )xϕ  does not 

change its sign on this interval, then 

( ) ( ) ( ) ( )
b b

a a

f x x dx f x dx a bξ ξϕ = ϕ < <∫ ∫  

(the generalized mean-value theorem). 
11. If the continuous function ( )f x , [ ],x l l∈ −  is even, then 

( ) ( )
0

2
l l

l

f x dx f x dx
−

=∫ ∫ . 

If the function ( )f x  is odd, then  

( ) 0
l

l

f x dx
−

=∫ . 

i.е. the integral of the odd function with symmetric limits is equal to zero. 
 

If ( )F x  is an antiderivative for a continuous function ( )f x  on the 
interval [ ]a,b , then the formula of Newton-Leibnitz is true 

( ) ( ) ( ) ( )
b

a

b
f x dx F x F b F a

a
= = −∫ . 

This formula establishes a relation between definite and indefinite 
integrals and allows to calculate definite integrals as the difference of values of 
the antiderivative at upper and lower limits of integration. 

Examples. 

1. Estimate the integral 
3

4

sin x dx
x

π

π
∫ . 

Solution. The integrand ( ) sin xf x
x

=  decrеases on the interval 

         y

               a        ξ                  b    x
Fig. 7.2
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,
4 3
π π 
  

, because its derivative 

( ) ( )
2, ; 0

4 32
x - tanx cosxxcosx - sinxf x = = x tanx x

x x
π π ′ < ∈ = <  

. 

Hence, the minimum of the function is 3 3
3 2

m f π
π

 = = 
 

, and the 

maximum is 2 2
4

M f π
π

 = = 
 

. Using the theorem of estimation of an integral, 

we obtain the following: 







 π

−
π

π
≤≤






 π

−
π

π ∫
π

π 43
22

432
33 3

4

dx
x

xsin , 

i.e. 

240
6
2

8
3220

3

4

,dx
x

xsin, ≈≤≤≈ ∫
π

π
. 

2. Estimate the absolute value of the integral 
19

8
10

sin
1

x dx
x+∫ . 

Solution. Since sin 1x ≤ , then at 10x >  the inequality 8
8

sin 10
1

x
x

−≤
+

 is 

true. Using property 7, we obtain the following: 

( ) 78
19

10
8

19

10
8

10101019
11

−− <−<
+

<
+

∫∫ dx
x
xsindx

x
xsin . 

3. Estimate the following integral from above 
1

2
0

sin
1

xI dx
x

=
+∫ . 

Solution. According to the generalized mean-value theorem we obtain the 
following: 

( )
1 1

1
2 2 0

0 0

0 1
41 1

sinx dxdx sin sin arctanx sin
x x

πξ ξ ξ ξ= = ⋅ = < <
+ +∫ ∫ . 

Since on the interval [0, 1] the function sin x  increases, then sin sin1ξ < . 
Thus we obtain the estimation of the given integral from above: 

6401
41

1

0
2

,sindx
x
xsin

≈
π

<
+

∫ . 

We can obtain a more exact estimation if we apply the same theorem in 
the form: 
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( )
1 1

1
2 2 2 0

0 0

sin 1 1sin 1 cos1 1 cos1 0,46
1 1 1

x dx xdx
x ξ ξ

= = − < − ≈
+ + +∫ ∫  

4. Calculate the integral  

( ) ( )
2 2 2

1 23 2

2 2 2

cos cos cos 1 cos sin cosx xdx x x dx x x dx

π π π

π π π
− − −

− = − = =∫ ∫ ∫   

Let us use the parity of the integrand = 

( ) ( ) ( )
2 2

1 2 1 2

0 0

2 sin cos 2 cos cosx x dx x d x

π π

= = =∫ ∫  

( ) ( ) ( )3 2 22
1 2

0 0

cos 42 cos cos 2
3 2 3

x
x d x

ππ

= = − =∫ . 

5. Calculate the integral, if 0α ≠ , 
( )

( )

1 1

2 2 2
1 1

cos
2 cos 1 cos sin

d xdxI
x x x

α
α α α− −

−
= =

− + − +
∫ ∫ . 

 Solution. 
1

1

1 1 1x cos cos x cosI arctan arctan arctan
sin sin sin sin sin

α α α
α α α α α−

− − + = = + = 
 

 

2 22 21 2 2

2 2
2 2 2 2

sin cos
arctan arctan

sin cos sin cos sin

α α

α α α αα

 
 

= + = 
  
 

 

1 1
2 2 2 2 2 2 2

arctan tan arctan tan
sin sin sin

α π α α π α π
α α α
       + − = + − =              

. 

 
Method of substitution in a definite integral. 
Theorem. Let the function ( )f x  be continuous on the interval [ ],a b  and 

the function ( )x tϕ=  be monotone and have a continuous derivative on the 
interval [α,β], where ( ) aϕ α =  and ( ) bϕ β = , then the following formula 
concerning the substitution of a variable on a definite integral is valid 

( ) ( )( ) ( )∫∫
β

α

ϕ′ϕ= dtttfdxxf
b

a
. 

At changing the integration variable the values of the function ( )tϕ  should 
not overstep the limits of the interval [a,b] while t is changing on [α,β]. 
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If the function ( )tϕ  is monotonous on the interval [α,β], the mentioned 
above condition is fulfilled. 

Examples. 

1. 2 2

0

a

I a x dx= −∫  

Solution. Let sinx a t= . Let us define new integration limits for the 
variable t. Let 0x = , i.e. x is equal to the lower limit of integration in the initial 
integral. Then any solution of the equation sin 0a t =  can be accepted as t, for 
example, 0t = . While calculating the upper limit for the variable t, we put the 
upper limit of integration equal to a instead of x and solve the equation 

sina a t= . From here we obtain sin 1t = , 2 ,
2

t n n zπ π= + ∈ , i.e. the equation 

has an infinite set of the solutions. Choose the solution 
2

t π
=  (at 0n = ). Then 

we obtain that the variable x will monotonously change from 0 to a while t is 

changed from 0 to 
2
π . Thus 

2 2
2 2 2 2 2

0 0

sin ,
cos

sin cos cos0, 0

, 2

x a t
dx a tdt

I a a ta tdt a tdtx t

x a t

π π

π

=
=

= = − = == =

= =

∫ ∫  

2 2 22
2

0

1 cos2 sin 2 sin2 .
2 2 2 2 2 2 40

t a t a aa dt t
π π π π π+    = = + = + =   

   ∫  

2. 
ln 2

2

0

1 xI e dx
−

= −∫ . 

Solution. The function 21 xe−  is continuous and monotone on the 

interval [ ]ln 2,0− . Suppose that 21 xt e= − , then we find the integration limits 
for the variable t. At 0x =  we have 0t = ; at ln 2x = −  we find 

2 ln 2 ln 4 31 1
2

t e e− −= − = − = . It is obvious that the function, which is 

inverse for t and equal to 
( )2ln 1

2

t
x

−
= , will be continuous and differentiable in 

the interval 30
2

t< < . Then 
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2 2 2
ln 2

2

0 2 2

1 , 2 2 ,
1

1

x x

x

x

e t e dx tdt
I e dx tdt tdtdx

e t

− − = − =
= − = =−

= =
−

∫

( )2 3 23 2 3 22

2 2
0 0 0

3 11 1 1 1 3 1 2
2 1 2 21 1 3 1

2

tt dt tI dt t ln ln
tt t

−− +  − 
= = = + = + = +− −   +
∫ ∫  

( ) ( )23 1 32 3 2 3
2 2 2

ln ln= + − = + − . 

3. Calculate the integral 
2

0 2
dxI
cos x

π

=
+∫ . Let us show that the conditions 

of the theorem are satisfies at applying of the substitution method. Suppose, we 

want to use the following substitution 
2
xt tan= . We find the lower limit of 

integration equal to 0 0t tan= = , the upper limit is equal to 0t tanπ= = . Then  

( )

0 0

22
20 0

2

2 2 0
311 2

1

dt dtI
ttt

t

= = =
  +−

+ + 
+ 

∫ ∫ , 

this is impossible since the integrand 1 0
2 cos x

>
+

. The reason of this is that the 

function 
2
xtan  at the point x π= ∈[ ]0, 2π  has a break and, therefore, does not 

have a continuous derivative. The substitution 
2
xt tan=  is inapplicable on the 

interval [ ]0, 2π . The given integral can be calculated as follows. 

2

20 0 0
2

2

0 2
2 cos 2 cos 1 2sin2 12 sin 1

2 sin
2

x t
dx dt dt dt

tx t
t

t

π π π π

π

π
π

π π −

− =
= → − = = = =

+ −  +→  
+ 

  
 

∫ ∫ ∫ ∫  

20
0

cot cot4 4 22 22 arctan3 1 23 3 3 3cot
2 2 2

t td

t

π

π π π
= − =− = =

+
∫ . 
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The formula of integration by parts 
b b

a a

b
udv uv vdu

a
= −∫ ∫ . 

Examples. 

1. 
3

0

arcsin
1

xI dx
x

=
+∫ . 

Solution. Suppose arcsin
1

xu
x

=
+

, then  

( )22

1 1
1

1
1

x dxdu
x xx

x

+
= =

+ −  + 

( )
, ,

2 1
dx dv dx x v

x x
= =

+
. 

( )
( ) ( )

( )

23 3 3

2
0 00

1 3arcsin 3arcsin 3
1 2 2 31 1

x d xx xdxI x
x x x x

π
= − = − = −

+ + +
∫ ∫  

( )
( )

( ) ( )
( )

2
3 3 3 3

2 2 0 0
0 0

1
3

1 1

x d x
d x x arctan x

x x

+
− + = − + = − +

+ +
∫ ∫ π π  

+ 3arctan 4 3
3
π= − . 

2. Calculate the integral 
2

0

sinn
nI xdx

π

= ∫ . 

Solution. Let 1sinnu x−= , then ( ) 21 sin cosndu n x xdx−= − , sindv xdx= , 
v cos x= − . We obtain the following 

( ) ( ) ( )
2 22 2 2 2

0
0 0

cos sin 1 sin 1 sin 1 sinn n n
nI x x n x x dx n xdx

π ππ − −= − + − − = − −∫ ∫  

( ) ( ) ( )21 1 1n n nn I n I n I−− − = − − − . 

Therefore, 2
1

n n
nI I

n −
−

= . The obtained recurrence allows to get the value 

of the integral for any natural number n. 
( )( )

( )
( )
( )2 0

2 1 2 3 ...3 1 2 1 !!
2 2 2 ...2 2 !! 2k

k k k
I I

k k k
π− − ⋅ −

= =
−

, where 
2

0
0 2

I dx
π π

= =∫ . 

At 2 1n k= +  we find 
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( )
( )( )

( )
( )2 1 1

2 2 2 ...2 2 !!
2 1 2 3 ...3 1 2 1 !!k

k k k
I I

k k k+
−

= =
− − ⋅ +

, where 
2

1
0

sin 1I xdx
π

= =∫ . 

Besides this, 
2 2

0 0

cos sinn nxdx xdx
π π

=∫ ∫  (it’s obvious from geometrical 

reasons and can be checked out by the substitution 
2

t xπ
= − ). Thus, 

2 2

0 0

cos sinn nxdx xdx
π π

=∫ ∫ =

( )

( )

2 1 if 2  or  if  is even2 2
2 if 2 1  or if is odd2 1

m !! n m,, n( m )!!
m !! n m ,, n( m )!!

π− =




= +
 +

. 

For example, 

32
5

2246
135

26
52

0

6
6

π
=

π
⋅⋅
⋅⋅

=
π

== ∫
π

!!
!!xdxsinI . 

 
7.2 . Geometric Applications of Definite Integrals,  
Calculation of Volumes Areas, and Arc Length 

 
7.2.1. Calculation of Areas of Plane Figures 

 
If a curvilinear trapezoid is bounded by the curve ( )y f x= , the straight 

lines , ,x a x b= =  (a<b) 0y =  and ( ) 0f x ≥  then its area ( )
b

a

S f x dx= ∫ . 

If ( ) ( )1f x f x≥ , then the area bounded by these curves and by the straight 

lines x a=  and x b=  is equal to ( ) ( )( )∫ −=
b

a
dxxfxfS 1 . 

If the curve is given in a parametric form 
( )
( )

( )1 2
x x t

t t t
y y t

= ≤ ≤
=

, then the 

area is calculated according to the following formula:  

( ) ( ) ( ) ( )∫∫ ′=′−=
2

1

2

1

t

t

t

t
dttytxdttxtyS , 

provided that path-tracing is carried out counter-clockwise. 
The area of the figure given in the polar coordinates and bounded by 
,ϕ α ϕ β= =  and by the curve ( )ρ ρ ϕ= , is calculated as follows 

( )21
2

S d
β

α

ρ ϕ ϕ= ∫ . 
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Examples. 
 1. Calculate the area of the figure bounded by the circle 2 2 16x y+ =  and 
the parabola ( )2 12 1x y= − . 

Solution. Let’s find the points of 
intersections of the given curves: 

( )

2 2

2

16

12 1

x y

x y

 + =


= −
⇒ 216 12 12y y− = − , 

2 12 12 0y y+ − =  
1 14y = −  is unsuitable, as 0y ≥ . 

2
2 1,22 12 2 3y x x= ⇒ = ⇒ = ± . 

The given curves generate two figures. Let us find the area 1S . Then 2S  
can be calculated as a difference between the areas of the circle and 1S . 

( )













+−−= ∫∫

32

0

2
32

0

2
1 dx12x

12
1dxx162S  

=
=−

==
−= ∫ tcos4x16

tdtcos4dxtsin4x
dxx16J

2

32

0

2
1  

( ) 







+=






 +=+== ∫∫ 4

3
3

8t2sin
2
1t8dtt2cos18tdtcos16

3

0

3

0

3

0

2 ππππ

. 

2. Calculate the area S  of the figure bounded by the curves 22y x= −  
and 2 3y x= . 
Solution. Let us solve the system of equations 

2

2 3

2y x

y x

 = −


=
, and find the limits of integration 

1 1x = −  and 2 1x = . Due to the formula 

( )1

b

a

S y y dx= −∫ , we get the following: 

( )
15
22

5
3

3
22

1

1

35
31

1

322 =









−−=−−=

−−
∫ xxxdxxxS . 

3. Find the area of the figure bounded by the curves given in a parametric 

form: 
6cos
4sin

x t
y t
=

 =
 and ( )2 3 2 3y y= ≥ . 

y 

B A 

1 

2  x х x1 - 2  

S 

y 

y 

x 4 -4 x1 x2 

S1 

S2 
0 
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Solution. Let’s find the point of intersection of the ellipse and the curve 

2 3 4sin t= ; 3sin 6cos 3.
2 3 3

t t xπ π
= ⇒ = ⇒ = =   

The figure is a segment of the ellipse, given in a 
parametric form. Due to the symmetry of the given 
figure we calculate half of the area 

( ) ( ) 221

2

1
2

SdttxtySSS t

t
−′=−= ∫ , 

where 2S  is an area of the rectangle ОАВС. Obviously 2 3 2 3 6 3S = ⋅ = . 

For the curvilinear trapezoid ODBC the parameter t changes from 
3
π  to 

2
π . As x decreases at the same time we are to change the sign of the integral on 

the inverse. 

( ) ( ) =





 −=

−
==−⋅−=

π

π

π

π

π

π

π

π
∫∫∫

2

3

2

3

2

3

2
2

3

1 2
t2sint12dt

2
t2cos124dttsin24dttsin6tsin4S  

332
4
3

6
12

3
2sin

2
1

32
12 +π=








+

π
=






 π

+
π

−
π

= . 

Answer: ( )2 2 3 3 6 3 4 6 3S π π= + − = − . 
4. Calculate the area of the figure bounded by the abscissa axis and an arc 

of the cycloid 
( )
( )

( )
sin ,

0 2
1 cos .

x a t t
t

y a t
π

= − ≤ ≤
= −

. 

 Solution. The area S =  

( ) ( )
2 2 2

22 2 2 2

0 0 0

1 cos21 cos 1 2cos cos 1 2cos
2

ta t dt a t t dt a t dt
π π π + − = − + = − + = 

 ∫ ∫ ∫
 

2 2 223 sin 2 3 sin 42sin 2 2sin 2 3
02 2 2 2

ta t t a a
π ππ π π   = − + = − + =   

   
 sq. units. 

5. Calculate the area of the figure bounded by a closed loop of the curve: 
2

3

3

3

x t

y t t

 =


= −
. 

Solution. As ( )x x t=  is even and 
( )y y t=  is odd, then ( )x x y=  is even, 

D 

x 

 y 

6 0 -6 С 

В 

А 

у 

       0                  9 х 
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and, therefore, the plot is symmetric concerning to the axis ОX. 

( )23 , 0y t t y= − = . 

At 1 0 0t x= ⇒ = . 2,3 3 9t x= ± ⇒ = . 
By virtue of the symmetry let’s calculate the areas and then double the 

result 

( ) ( )
33 3 5

3 2 4 3

0 0 0

9 32 3 6 12 3 12 12 3 3
5 5
tS t t tdt t t dt t

  
= − = − = − = − =  

   
∫ ∫  

12 6 3 72 3
5 5
⋅

= = . 

      6. Calculate the area of the figure bounded by the cardioid (1 cos )aρ = + ϕ . 
Solution. The area in the polar coordinates 

is calculated according to the formula:  

21 ( ) .
2

S d
β

α

ρ= ϕ ϕ∫  

By virtue of the symmetry of the figure we obtain: 

2 2 2 2

0 0

1 2 1 1 2
2

S a ( cos ) d a ( cos cos )d
π π

= ⋅ + ϕ ϕ = + ϕ + ϕ ϕ =∫ ∫  

2 2 2

00

1 cos2 3 sin 2 31 2cos 2sin .
2 2 4 2

a d a a
ππ

π+ ϕ ϕ   = + ϕ + ϕ = ϕ + ϕ + =   
   ∫  

7. Find the area of the figure bounded by the curve 2 cos3r a ϕ=  lying 
outside the circle r a= . 

Solution. 2 cos3r a ϕ=  is a three-lamellar rose, i.e. 

0 cos3 0r ϕ≥ ≥ ⇒  ⇒π+
π

≤ϕ≤π+
π

− kk 2
2

32
2

 
3

2
63

2
6

π
+

π
≤ϕ≤

π
+

π
−

kk . 

 So, we get a figure of 3 lobes with axes 

1 2 3
2 40,
3 3
π πϕ ϕ ϕ= = = ; 

min max0, 2r r a= = . 
By virtue of the symmetry of the figure 

calculate the 1
6

 part of the necessary area by 

the formula 
2

1

21
2

S d
ϕ

ϕ

ρ ϕ= ∫ .  

Let us find the points of intersections of the curves 
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2 cos3 1 2cos3
2 9 3

r a k
r a

ϕ π πϕ ϕ
=

⇒ = ⇒ = ± + =
. 

1) let us find half an area of one of the three lobes 
9 9

2 2 2
1

0 0

1 1 cos64 cos 3 2
2 2

S a d a d
π π + ϕ

= ϕ ϕ = ϕ =∫ ∫  

9
2 2

0

sin6 3
6 9 12

a a .
π π   ϕ

= ϕ + = +       
 

2) 2S  is an area of the quadrant of the circle with the radius a  and the angle 

equal to 
9
π . 

2 2 2

2
a .

2 2 9 18
R aS π πϕ

= = =
⋅

 

I.e. 1 2
1
6

S S S= − , 

( )
2 2 2 236 2 3 3 .

9 12 18 6
a a a aS π π π

 
= + − = + 

 
 

 
7.2.2. Arc Length Computation 

 
The arc length of a curve in the Cartesian coordinates is: 

( )∫ ′+=
b

a
dxyL 21   (a<b). 

In the case of a parametric representation of the curve 
( )
( )




=
=

;tyy
,txx

 we have 

( ).;dt)y()x(L '
t

'
t β<α+= ∫

β

α

22  

In the polar coordinates ( ) ( )( ) ( )L d= + ′ ≤∫ ρ ϕ ρ ϕ ϕ ϕ ϕ
ϕ

ϕ
2 2

1 2
1

2

; . 

1. Find the length of the astroid: 
2 3 2 3 2 3x y a+ = . 

Solution.  

The 1st way. ( )21
b

x
a

l y dx′= +∫ . 

Differentiating the equation of the astroid we obtain: 

у
    а

 l/4

       а х
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1 3
1 3 1 3

1 3
2 2 0
3 3 x x

yx y y y
x

− − ′ ′+ = ⇒ = . 

Therefore the length of a quarter of the astroid will be equal: 
2 3 1 3 1 3 2 3

2 3 1 3
0 0 0

1 3 31 6
4 2 2

aa ay a a x al dx dx l a
x x

= + = = = ⇒ =∫ ∫ . 

The 2nd way (parametric). 

( ) ( )
2

1

2 2' '
t

t t
t

l x y dt= +∫ . 

3

3

cos

sin

x a t

y a t

 =


=
, 

2

2

' 3 cos sin

' 3 sin cos
t

t

x a t t

y a t t

 = −


=
. 

( ) ( ) ( ) ( )2 2 2 22 2 2' ' 9 cos sin , ' ' 3 cos sint t t tx y a t t x y a t t+ = + = . 

( )
2 2 2

00 0

1 3 3 3 33 cos sin sin 2 cos2 2
4 2 4 4 2

a a a al a t tdt tdt t

π π π

= = = − = − − =∫ ∫ . 

6l a= . 
2. Find the length of the arc of the tractrix: 

cos ln tan
2

sin

tx a t

y a t

  = +  
 

 =

 

from the point ( )0,A a  to the point ( ),B x y . 

Solution. ( ) ( )
2

1

2 2 .
t

t t
t

l x y dt′ ′= +∫  

1 1 2sin arcsin
2

ya t a t , t .
a

π
= ⇒ = =  

1sin
sintx a t ,

t
 ′ = − + 
 

  costy a t.′ =  

( ) ( )

.
tsin

tcosa
tsin

sin1a1
tsin

1a

tcos
tsin

12tsinayx

2

22

2

2
2

2
2

2
2

222
t

2
t

=






 −
=






 −=

=





 ++−=′+′

 

As arcsin
2

y
a

π
< , then 

 0 x 

 y 

 A 

 B 
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2
2

arcsin
arcsin

cos ln sin ln ln .
sin y a

y a

a t y al dt a t a a
t a y

π
π= = = − =∫  

         3. Find the length of the curve 3sin
3

r a ϕ
= , if ϕ  is changes from 0 to 3π . 

Solution. 2' sin cos
3 3

r a ϕ ϕ
= . 

3
2 6 2 4 2

0

sin sin cos
3 3 3

l a a d
π ϕ ϕ ϕ

= + ϕ =∫  

=
3

2

0

sin
3

a d
π ϕ

ϕ∫
3

0

2 31 cos
2 3 2
a ad

π πϕ = − ϕ = 
 ∫ . 

 
7.2.3. Calculation of Areas of Surfaces of Revolution 

 

 The area of a surface of revolution is equal to ∫π=
b

a

ydlS 2  or in the case 

of a parametric representation of a curve 

∫
β

α

′+′π= .)()()(2 22 dttytxtyS  

1. Find the area of the surface formed by rotation of the closed loop  
( )229 3y x x= −   

round the X-axis. 
 Solution. For the upper part of the curve at 0 3x≤ ≤  we obtain 

( )1 3
3

y x x= − . Therefore the differential of the arc 

is 1
2
xdl dx

x
+

= . According to the formula 

2
b

a

S ydlπ= ∫ , the area of the surface 

( ) ( ) ( )
3 3

2

0 0

1 12 3 2 3 9 9 9 3
3 3 32

xS x x dx x x dx
x

π ππ π+
= − = − + = − + =∫ ∫ . 

2. Calculate the area of the surface formed by rotation of one arch of the 
cycloid round the X-axis 

( )
( sin )

0
(1 cos )

x a t t
t

y a t
π

= −
≤ ≤ = −

. 

  0 ρ
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Solution. We get 

.
3

64
3
22

3
228

2
cos

3
2

2
cos28

2
sin

2
cos18

2
sin8sin)cos1()cos1(2

22

2

0

2

0

3222

2

0

32
2

0

222

aa

ttaadttta

dttadttttaS

zz

ππ

ππ

ππ

π π

ππ

=





 −+−=

=





 +−=






 −=

==+−−=

∫

∫∫

 

 
7.2.4. Calculation of Volumes of Revolution Solids 

 
The volume of revolution solid formed by rotation of the curvilinear 

trapezoid, bounded above by the curve ( )y f x=  and the lines ax = , bx = , 
0=y , round the X-axis, can be obtain by the formula 

∫π=
b

a
ox dxyV 2 , 

by rotation round the Y-axis:  ∫π=
b

a
oy xydxV 2 . 

The volume of a solid, formed by rotation of a figure, bounded by the 
lines ( )xyy 2=  and ( ) ( )211 yyxyy ≤= , is equal to 

( ) ( )∫∫ −π=−π=
b

a
oy

b

a
ox .dxyyxV,dxyyV 12

2
1

2
2 2  

1. Calculate the volume of the sphere with the radius R and the center in 
the point of origin. The sphere will be generated by rotation of the semicircle 

2 2y R x= −  round the X-axis. 
Solution. 

( ) ( )

( )

3 3
2 2 2 2 2 3

0

3

2 2 2
03 3

4 cubic units
3

R R

ox
R

Rx RV R x dx R x dx R x R

R

−

   
= − = − = − = − =   

   

=

∫ ∫π π π π

π

 

 
7.3. Physical and Mechanical Applications of Definite Integral 

 
Let us consider the applications of a definite integral to solve some 

physical tasks. 



 

 
1

Improper Integrals, Problems of Their Convergence 
Until now, considering definite integrals, we supposed that the interval of integration is finite 

and the integrand is limited on this interval. If these conditions are not fulfilled we deal with 
improper integrals which are the generalization of the definite integral for such cases. 

 
1. Improper Integrals with Infinite Limits of Integration (the 1st kind)  

and Their Calculation 
Let the function  f x  be determined on the infinite interval ,a   and integrated on any 

finite part  Aa,  of the interval  aA  . Then, if there exists  lim
A

A
a

f x dx
  , then this limit is called 

an improper integral of the Ist kind or an integral on the infinite interval ,a   of the function 

 f x  and is designated as  
a

f x dx


 . Thus, 

   





A

aAa

dxxflimdxxf . 

In case if the mentioned limit exists and it is finite, the improper integral converges. If the 
limit is infinite or does not exist, the improper integral also does not exist or diverges. 
Similarly, we can introduce the concept of an integral on an infinite interval  ,a , i.e. 

   lim
a a

B
B

f x dx f x dx




  . 

An improper integral with both infinite limits of integration is defined by the 

equation      
a

a

f x dx f x dx f x dx
 

 

    , where a  is any value. It is supposed that both the 

integrals are on the right of the equation. 
The geometrical meaning of the improper integral 

If   0f x   and is continuous  ,x a A  , then the improper integral  
A

a

f x dx  is 

geometrically represented as an area of a curvilinear 
trapezoid, bounded by the axis Ox, the graph of  y f x  and 
the straight lines x a  and x A . While A increases, the 
straight line x A  moves to the right. If the improper integral 

 
a

f x dx


  converges, than its value is considered to be equal 

to the area of an infinite curvilinear trapezoid. 
Example 1. 

 
0 0

cos lim cos lim sin lim sin sin 0 lim sin .
0

A

A A A A

A
xdx xdx x A A



   
       

The integral diverges, since lim sin
A

A


 does not exist. 

      y 
 
                            y=f(x) 
 
 
       0                                          x 
                 a                       A 



 

 
2

Example 2.  
442

1arctanarctanlimarctanlim
1

lim
1 1

1
2

1
2













 



 Ax
x

dx

x

dx
A

A

A

A

A
. Thus 

the integral converges. 
For improper integrals the formulas of the variable substitution and integration by parts are 

valid. The usage of substitution method often converts an improper integral to a definite one. 
 

2. Improper Integrals of the 2nd Kind – Integrals  
of Unbounded Functions 

Let the function  f x  be determined on the semi-interval ,a b  and integrable on the interval 

 ,a b  , where 0 b a    and  
0x b

lim f x
 

  . The point b is called a singular point of the 

function  f x . Then, if there exists  
0

b

a

lim f x dx






  , it is called an 

improper integral of the second kind and designated as  
b

a

f x dx . 

Thus                     
0

b b

a a

f x dx lim f x dx







  . 

In case if the mentioned limit exists and it is finite, the improper integral converges. If the 
limit is infinite or does not exist, the improper integral also does not exist or diverges. 

If the point x a  is a singular point of the function  f x , then  

   
1

1
0

b b

a a

f x dx lim f x dx







  . 

If  ,C a b  is a singular point of the function  f x , then according to the property of additivity 

     
b C b

a a C

f x dx f x dx f x dx     and  

     
1

1 2
2

0 0

Cb b

a a c

f x dx lim f x dx lim f x dx


 




 


    . 

If, at least, one of the integrals  
C

a

f x dx  or  
b

C

f x dx  diverges, the improper integral 

 
b

a

f x dx  also diverges. 

Example. Calculate the improper integral of the second kind 

  
1 1

2 20 0 0
0 0

1
1 0

0 21 1

dx dx
lim lim arcsin x lim arcsin arcsin

x x



  

 


  


     

 
  (the integral 

converges). 
There are lots of problems dealing with improper integrals that require only investigation for 

convergence. As a rule, in such cases, it is recommended to use the special signs of convergence 
instead of integral calculations. 

y 

y=f(x  

x a b b- 0 




