7. Definite Integral and Its Applications

7.1. Definition, Properties, Geometrical Meaning of a Definite Integral.
Methods of Calculation

Let the function y= f(x) be determined on the interval [a,b]. Let us
divide the interval [ab] into n subintervals by n points
A=Xg <X < <Xy <X << X, =D,

On each subinterval [x;_;,x; ] we choose some point & and compound the

n
sum S, = > (& )Ax which is called an integral sum.
i=L
If there exists some finite limit of the integral sum S, while

A= an_ax{Axi } — 0, which does not depend on the way of division the interval
<1<n

into elementary segments and the choice of the points &, then this limit is called
the definite integral of the function f (x) on the interval [a,b] and is designated

as
b

jf(x)dx:limzn:f(gi)Axi.

A—07
a =1
In this case the function f (x) is called integrable on the interval [a,b].

The geometrical meaning

;1 __ y=1(x) of a definite integral: if f(x)>0

b
vxelab], then [f(x)dx is
a

b
/ = [ f(x)dx
a numerically equal to the area of
a b «___thecurvilinear trapezoid with the
_ base [a,b], restricted by the
Fig. 7.1 straight lines x=a, x=Db and
the curve y = f (x) (fig.7.1).
The properties of the definite integral.
1. The integral changes its sign on opposite if the limits of integration are
replaced:

b a

J'f(x)dx:—'[ f (x)dx.

a b

2. If the lower and the upper limits of integration are equal, then the integral
Is equal to zero: j f(x)dx=0.
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3. The linearity of the integral. If the functions f (x) and g(x) are integrable
on [a,b], then
a) It is possible to take the constant factor outside the integral:

jZCf(X)O'Xz C_/f f(X)dx, (C= const).

b) The integral of the algebraic sum of functions is equal to the algebraic sum
of integrals:

T( f(x)+ g(X))dx:T f (X)dxijig(x)dx.

4. The additivity of the integral. If the function f(x) is integrable on [a,c]
and [c,b], where ce(a,b), then it is integrable on [a,b] and

_T f (x)dx = j f (x)dx + T f (x)dx.

b
5. 1f a<b and f(x)>0, then J'f(x)dxzo, and the equality to zero is
a

)

possible if and only if f(x)=0,vxe(a,b).
b b

6. If a<b and f(x)>g(x), then If(x)dxzjg(x)dx, i.e. the inequality
a a

can be integrated.
7. If the function f (x) is integrable on [a,b], then |f(x)| is also integrable on

[a,b] and the following inequality is valid:

b b
< _ﬂ f(x)|dx.

a

_[f(x)dx
8. The theorem on estimation of a definite integral. If m< f (x)<M, where

a
m=inf f(x), M =sup f(x) then
inf 1(x) sup (x)

b
m(b-a)<[f(x)dx<M(b-a).
a
9. The mean-value theorem. If the function f (x) is continuous Vx €[a,b], then
b
there is at least one point £ 3¢ €(a,b) such that J' f(x)dx=f(&)(b-a).
a

The geometrical meaning of the theorem: let f (x) >0 Vxela,b], then
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y there exists at least one point & e(a,b), that

// the area of the curvilinear trapezoid,
N bounded from the above by the continuous
| curve y= f(x) Is equal to the area of the

: rectangle with the same base and altitude,
a Z b ~x equalto f (&) (fig.7.2).
Fig. 7.2 10. If the functions f(x) and ¢(x)
are continuous on [a,b], and ¢(x) does not
change its sign on this interval, then

T f(X)p(x)dx=f (§)T@(x)dx a<é<b

(the generalized mean-value theorem).
11. If the continuous function f(x), xe[-1,1] is even, then

j f(x)dx = ZJI' f (x)dx.
-l 0
If the function f (x) is odd, then
'If f(x)dx=0.
I.e. the integral of the odd functioalwith symmetric limits is equal to zero.

If F(x) is an antiderivative for a continuous function f(x) on the
interval [a,b], then the formula of Newton-Leibnitz is true

b
b

Jf(x)dx: F(x) - F(b)-F(a).
a

This formula establishes a relation between definite and indefinite
integrals and allows to calculate definite integrals as the difference of values of
the antiderivative at upper and lower limits of integration.

Examples.

V3
3 -
1. Estimate the integral J‘wdx.
X

7

Solution. The integrand f(x):w decreases on the interval
X
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[% %} because its derivative

¢ '(x)= xcosxz- Sinx _

(x - tanx)cosx
X

X < tanx, X€|:£; 1} = <0
4 3 X2

Hence, the minimum of the function is m= f(zj:?’\/§

——, and the
27
maximum is M = f(%) :&. Using the theorem of estimation of an integral,

T
we obtain the following:

19 .
2. Estimate the absolute value of the integral _[ sm>;
Tol+X

Solution. Since [sinx|<1, then at x>10 the inequality

dx.

sin x q .
- <1078 is

1+Xx

true. Using property 7, we obtain the following:
19 sin x d ‘ 9 sin x

I <I1+x8

. dx < (19-10)107° <1077,
104+ X 10

1 .
: N inx
3. Estimate the following integral from above | =J' >

2

dx.
01+x

Solution. According to the generalized mean-value theorem we obtain the
following:

. 1
sinx : dx . 1 T
dx =siné =siné - arctanx|. =—siné
E[l+x2 !;1+x2 b 4

(0<&<1).

Since on the interval [0, 1] the function sinx increases, then sin& <sinl.

Thus we obtain the estimation of the given integral from above:
1 .
| S|nx2 dx <~ sinl~0,64.

ol+ X

We can obtain a more exact estimation if we apply the same theorem in
the form:
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1

1 .
J'Slnxzdx= ! 5 sin xdx =
o1+ X 1+8° % 1+¢&

4. Calculate the integral

~(1-cos1)|, <1-cosL~0,46

T

Jcos x — cos® xdx = .2[ \/cos x(l— cos? x)d

[sin x|(cos x)]/2 dx =

l — NN
'-—.N\§

NN

NN

| Let us use the parity of the integrand |=

[N

I
N

2
sinx(cosx ? dx = ZI cosx d(cosx)=
0

(cosx)¥?|2
3/2 ,
5. Calculate the integral, if =0,
I:Jl' dx _J- d(x-cosa)
S XS —2xcosa +1
Solution.

(cos x)]/zd (cosx)=-2

Il
N

O N O Y

4
5

S(x— cosw) +sin?a

1
1 X —COS«
| =— arctan -
Sina Sina

1 l1-cosa X + COS«x
= — arctan— — + arctan———— | =

4 Sina sina sina

. (04 (04
2sin® = 2cos? —
arctan 2 + arctan =
a . o a . o
2C0S—Sin— 2C0S—Ssin—
2 2 2 2

sinax

1 a T l (oo 7 « T
——| arctan| tan— |+ arctan| tan| ——— | | |=—| =+ —=——— |=———.
sma( ( 2) ( (2 ZJD sma(z 2 2) 2sina

Method of substitution in a definite integral.

Theorem. Let the function f(x) be continuous on the interval [a,b] and
the function x=¢(t) be monotone and have a continuous derivative on the

interval [o,f], where ¢(a)=a and ¢(f)=b, then the following formula
concerning the substitution of a variable on a definite integral is valid

jf X)dx = jf o' (t)dt

At changlng the integration variable the values of the function ¢(t) should

not overstep the limits of the interval [a,b] while t is changing on [a,f].
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If the function ¢(t) is monotonous on the interval [«,4], the mentioned

above condition is fulfilled.
Examples.

a
1. I:_[ a’ — x%dx

Solution. Let x=asint. Let us define new integration limits for the
variable t. Let x=0, i.e. x is equal to the lower limit of integration in the initial
integral. Then any solution of the equation asint=0 can be accepted as t, for
example, t=0. While calculating the upper limit for the variable t, we put the
upper limit of integration equal to a instead of x and solve the equation

a=asint. From here we obtain sint=1, t=%+ 2zn, nez, i.e. the equation

has an infinite set of the solutions. Choose the solution tzg (at n=0). Then
we obtain that the variable x will monotonously change from 0 to a while t is
changed from 0 to % Thus

X =asint,

dx = acostdt 2
=, _0 t=0 |~ J-\/a2 —a%sin’tacostdt = a® I cos® tdt =

X=a, t:%

+cosZt az( sinZtJ
j t+

T 2

T T

%:i(£+8in”j:”a2.

0o 202 2 ) 4

0
—In2

2. 1= j 1—eXdx.
0

Solution. The function v1—e%* is continuous and monotone on the

interval [—In 2,0]. Suppose that t =+1—e?* , then we find the integration limits
for the variable t. At x=0 we have t=0; at x=-In2 we find

t=yl—e22 _\j_g M4 :g. It is obvious that the function, which is

In(1-t?
inverse for t and equal to x =¥, will be continuous and differentiable in

NE

the interval 0 <t < 7. Then
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“In2 1—e?* =t2,—2e%*dx = 2tdt,

= | J1-e™dx=| gt tdt =
'([ 0X=—r=-
e tc -1
J3
2 I
B2 g B2(17-1)+1 T P\ MG , 1
| = = | —5——dt={t+_-In— 1 :7+—In\/_ =
o -1 7§ t° -1 t+1)), 73+1
2
V3 1 V3
:7+E|n(2 \/_) :—+|n(2 \/_)
2
3. Calculate the integral | = J-L Let us show that the conditions
5 2 + COS X

of the theorem are satisfies at applying of the substitution method. Suppose, we
: I X : .
want to use the following substitution t:tanE. We find the lower limit of

integration equal to t =tan0 =0, the upper limit is equal to t =tanz =0. Then

¢ dt 0 dt
|:2j :2j ~0,
0(1+t2)(2+i:ij ot +3

this is impossible since the integrand _ > (0. The reason of this is that the
2 +COS X

function tang at the point x=r € [O, 27:] has a break and, therefore, does not

have a continuous derivative. The substitution t=tan§ Is inapplicable on the

interval [O, 27;]. The given integral can be calculated as follows.

27 T T T
dx dt dt
-[2+cosx: o I2 cost I .ot :j -
0 roszl -7 014 2sin“— o ¢ 1
sin’ — +1
ot
sin® —
t t|*
) P dcot5 B 4 arctancot2 47 o
0§+£C0t2t \/é \/— \/_2 \/—
2 2 2 0




The formula of integration by parts j udv =uv

b
—_[vdu.
a

Examples.

3
1.1 :J'arcsin,/idx.
1+ X
0
Solution. Suppose u = arcsm,/ X , then

1+ X dx
2\ 1+x 2\/_ 1+ X)
1+x

dv=dx,x=v.

| = xarcsin /Fo_%lm:%rcsm 23_‘([( 1+)(\/;()2 ) T
J‘(\/_gd) ( )+} d(&) —;r—\/;‘3+arctan\/§‘3:ﬂ_\/§+
01+(x/_) ol+(\/§) 0 0

+arctan\/_:%7z—\/§.

7/2
2. Calculate the integral 1, = .[sin“xdx.

Solution. Let u=sin""x, then du =(n —1)sin”‘2 xcos xdx, dv =sin xdx,

v =—cos x. We obtain the following

z/2 z/2
+(n-1) '[ sin"2 x(l—sin2 x)dx:(n—l) j sin™? xdx —
0

: /2
|, =—cosxsin" x|,

-(n-)1,=(n-1)1_, —(n—i)ln.

n-1 :
Therefore, 1, =——1,_,. The obtained recurrence allows to get the value
n

of the integral for any natural number n.
_ _ . z/2
N :(2k 1)(2k -3)..3 1Io _(2k P T where 1, = J- ax=
2k (2k —2)...2 (2k)n ] 2
At n=2k +1 we find
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_ 1 72
|y = 2k(2k 2)...2 - (2k).. where I, = J- sinxdx = 1.
(2k—1)(2k—3).311 (2K +1)1 J

/2 z/2
Besides this, jcos“ Xdx = jsin“xdx (i’s obvious from geometrical
0 0

reasons and can be checked out by the substitution t = % —X). Thus,

2 2 (2m-D" 7z if n=2m, or
i i 5 ifniseven
jcosn xdx = jsin”xdx= (2m)it 2
0 0 (2m)!' i n=2m+1,
(2m+1)!!’ orif n is odd
For example,
2 Sllm 5.3-1m 5m

I = [ sin® xdx =
0

6112 6.4.22 32°

7.2. Geometric Applications of Definite Integrals,
Calculation of Volumes Areas, and Arc Length

7.2.1. Calculation of Areas of Plane Figures

If a curvilinear trapezoid is bounded by the curve y = f(x), the straight
b
lines x=a, x=b, (a<b) y=0and f(x)>0 thenitsarea S :j f(x)dx.

a

If f,(x)> f(x), then the area bounded by these curves and by the straight

b
lines x=a and x=b is equal to S = [(f,(x)— f(x))x.

a
x=x(t)
y=y(t)
area is calculated according to the following formula:

If the curve is given in a parametric form { (t, <t<t,), then the

t

t
S=—[y()x'(t)dt = [ x(t)y’(t)dt,
t t
provided that path-tracing is carried out counter-clockwise.
The area of the figure given in the polar coordinates and bounded by

¢=a, ¢=p andbythe curve p=p(g), is calculated as follows

S=£fp2(¢)d¢-
20!
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Examples.

1. Calculate the area of the figure bounded by the circle x* + y> =16 and
the parabola x* =12(y -1).

Solution. Let’s find the points of

A

y

Intersections of the given curves: S
2 2 /
X*+y =16 5
) = 16 —y° =12y -12, >
X =12(y—1) 4\ x2 0 s, X 4 X
y2 +12y-12=0

y, =—14 is unsuitable, as y > 0.
V=2 = X2 =12 = ¥, =+2y/3.

The given curves generate two figures. Let us find the area S;. Then S,
can be calculated as a difference between the areas of the circle and S;.

73 3
S, = 2[2j3«/16 ~ x2dx —1122Rx2 " 12)dx]
0 0

Xx=4sint dx=4costdt

2.3
J;= | /16 - x?dx
0

16 — x? = 4cost

/3 7/3 1
=16 [cos®tdt =8 [(1+cos2t)dt = B(t +osin 2tj
0 0

4
0
2. Calculate the area S of the figure bounded by the curves y=2— x?
and y? =x>.
Solution. Let us solve the system of equations

7/3
= 8(” + ﬁ} :
3

—2_ 2
y X , and find the limits of integration
y2 _ XS

X,=-1 and x,=1. Due to the formula

b

S= _[(yl — y)dx, we get the following:
a
j

3. Find the area of the figure bounded by the curves given in a parametric

=6cost
form: {X C(_)S and y=2\/§(y22\/§).
y =4sint
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Solution. Let’s find the point of intersection of the ellipse and the curve

V3

23 =4sint: sint="2 = t="— x=6cos = =3. R
2 3 3 D B
The figure is a segment of the ellipse, given in a ]
parametric form. Due to the symmetry of the given A ~
figure we calculate half of the area -6 Q j 6
t
%: S; — S, = [y(t)x'(t)dt - S5,

t

where S, is an area of the rectangle O4BC. Obviously S, =3-2+/3 =6+/3.

For the curvilinear trapezoid ODBC the parameter t changes from % to

7 As x decreases at the same time we are to change the sign of the integral on

the inverse.

T

21 .
sint)2dt = 24 [ 17082t 4 _ 1o ¢ _SIN2LY2 _
2 2

T

2
S, =—[4sint-6(-sint)dt = 24

N a

w3

wla—nI3

3

D L S A P E+£ —21+343.
2 27 3 6 4

Answer: S =2(27 +3v/3 - 6v3) =47 - 6+/3.
4. Calculate the area of the figure bounded by the abscissa axis and an arc

x=a(t-sint),
of the cycloid{ ( ) (0<t<2r).

y =a(1-cost).

Solution. The area S =
27 27

J'a2 (1—cost)2 dt:azzjir(1—2c03t+coszt)dt:a2 J (1—2cost+
0 0 0

1+C052tjdt=

' 2
=a? (gt—ZsinH sm2tj d
2 2 )0

5. Calculate the area of the figure bounded by a closed loop of the curve:
X = 3t?
. y
Solution. As x=x(t) is even and 0 | >
y=y(t) isodd, then x=x(y) is even,

sindr

=a’ (gZﬂ—ZSin2ﬂ+ J:37za2 sq. units.
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and, therefore, the plot is symmetric concerning to the axis OX.
y:t(3—t2), y=0.
At =0 =x=0.t;=+/3 =x=0.
By virtue of the symmetry let’s calculate the areas and then double the

result

3 V3 53
S=2j(3t—t3)6tdt=12j(3t2—t4)dt=12 L D 3\/5_& _

: . 5 ), 5
1263 7243

5 5

6. Calculate the area of the figure bounded by the cardioid p =a(l+ cosg).

Solution. The area in the polar coordinates
Is calculated according to the formula:

s 17 20010
5 —Eip (p)do.

By virtue of the symmetry of the figure we obtain:

S =%a2 -Zj(1+ COS(p)Zd(p=a2I(1+ 2c0s ¢ +c0s% ¢ )d e =
0 0

T
3
— > ra’.

= azj'(1+ 2C0SQ + de@ = a? (g(p + 2sing+ 20 2@)
] 2 2 4 ), 2
7. Find the area of the figure bounded by the curve r =2acos3¢ lying

outside the circle r=a.
Solution. r =2acos3¢ is a three-lamellar rose, i.e.

r-0 cos3p>0 = —g+2kns3(psg+2kn = —E+&£@£E+&.

3 6 3
So, we get a figure of 3 lobes with axes
o g2 AT
P =Y, P 3 @3 3’
rmin = 0’ rmax = 2a'

By virtue of the symmetry of the figure

N calculate the 1 part of the necessary area by

\\\\ ° (%)
\%\ the formula S =%jp2d¢ ,

Z1
Let us find the points of intersections of the curves

o
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= C0S3p=— = +
r=a i 2 v= 9 3

1) let us find half an area of one of the three lobes

{r=2acosS¢ 1 z 2kz

7/9 /9
51=% J 4a”cos?3pd ¢ = 2a° J Md(pz
0 0

/9
=a’ £+£ .
0 9 12

2) S, is an area of the quadrant of the circle with the radius a and the angle

2 Sin6(P
=a +

T

equal to —.

k 9
B RZ(p B a’r B ra’
2 2.9 18°

1
l.e. =S=§;,-S,,
6 1792

2 2 2 2
826[7[; LA \/§_7Z'a }:%(27;+3\/§)_

S

12 18

7.2.2. Arc Length Computation

The arc length of a curve in the Cartesian coordinates is:

L=?J1+(y’)2dx (a<h).

X =x(t),
In the case of a parametric representation of the curve {y B y((t))' we have
B— .
L:N(xt>2+(yt)2dt: (c<p).
In the polar coordinates L = j\/p d(p, (0,<9,).
1. Find the length of the astr0|d. y

3, 23 523

/ y a
Solution. / /4
b
The 1%t way. I=J\/1+(Y§<)de- \/a X
a

Differentiating the equation of the astroid we obtain:
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2 3, 2 sy ¥
EX 3 y yx 0 = yx ]/3
Therefore the length of a quarter of the astroid will be equal:

1 e 2aY° 3a¥3x%3 ‘a 3a
Z .([ 1+%dx J.X]/3 dX: 2 ‘O:— :>|:6a
The 2"d way (parametric).

| = I\/ (%) + dt

x=acos’t |x '=-3acos’tsint

y=asin’t |y,'=3asin’tcost

(%' ( '}* =9a? cos? tsin?t, \/(xt ) +(y,')* =3acostsint.

P z

—I —3ajcostsmtdt—3—aj' in 2tdt:—3—acosZt ? :—3—a(—2):3—a.
4 2) i N 2

| =6a.
2. Find the length of the arc of the tractrix:

X = a(cost +In tan %)

y = asint
from the point A(0, a) to the point B(x,y).
y A
Solution. I_j\/ (x) yt) dt.
A Y

: r Y

B asint, =a=t, ==, t,=arcsin>.
/\_‘ 1 1 2 2 a
0 X x{:a[—sint+_i], y; = acost.

sint

(x})? +(yt)? =82(Sin2t—2+ _12 +cosztj=

sin“t
o 1 o(1-sin?) a?cos?t
sin“ t sin“ t sin“ t
AS arcsin1<£, then
a 2
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2 a
7/ ——ainY-am?.

/2
- acost
- J arcsiny/a a y

: sint
arcsiny/a

dt=aln sint|

3. Find the length of the curve r =asin® 3 , If @ is changes from 0 to 3.

Solution. r':a3|n2%cos¢
4Q 29 0
| = a’sin® —+a sin* X cos® “do = p
I\/ 3% 3¢¢
—aJS|n d(p-—J(l cos—)d(p_?"fir
3 3 2

7.2.3. Calculation of Areas of Surfaces of Revolution

b
The area of a surface of revolution is equal to S =2xn j ydl or in the case
a

of a parametric representation of a curve

B
S =2n[ y(t)x (1) + y (t)d.

1. Find the area of the surface formed by rotation of the closed loop
9y? = x(3-x)’

round the X-axis.
Solution. For the upper part of the curve at 0<x<3 we obtain

y= %(3 - x)&. Therefore the differential of the arc d

i X+1 .
is dI :—dx According to the formula ’

b 0 x
S= Zzzj ydl, the area of the surface

o

3
S= 27zj (3-x f;j_l :%'([(ZX_XZ+3)dx:%(9—9+9):37r.

2. Calculate the area of the surface formed by rotation of one arch of the
cycloid round the X-axis

x=a(t —sint)
y =a(l—cost)

(0<t<w).
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Solution. We get

2z 2z
S =27 [a*(L— cost)/(L— cost)” +sin” tdt =87a’ [sin’ %dt -
0 0

2z

2

220

2z
=87ma’ f (1—coszéjsin%dt :87za2(— 2acos%+§cos3£j

0

2 2] 64 ,
=—7a .
3

=87za2(2——+2——
3 3

7.2.4. Calculation of Volumes of Revolution Solids

The volume of revolution solid formed by rotation of the curvilinear
trapezoid, bounded above by the curve y=f(x) and the lines x=a, x=b,

y =0, round the X-axis, can be obtain by the formula

b
Vox =m[ y2dX,
a

b
by rotation round the Y-axis: V,, = 2] xydx.
a

The volume of a solid, formed by rotation of a figure, bounded by the
lines y =y,(x)and y=y,(x) (y; <y,), is equal to

b b
Vox = RI (yg - yl2 )?]X, Voy = an X(Yz - Y1 )dX'
a a

1. Calculate the volume of the sphere with the radius R and the center in
the point of origin. The sphere will be generated by rotation of the semicircle

y =vR? - x* round the X-axis.
Solution.

Vox =7 [ (R® =x?)dx =27 [(R® =X Jax = 27| R~ ‘ 27| RP - |=
i 5 3|0 3
4 3 o
=§7Z'R (cubic units)
7.3. Physical and Mechanical Applications of Definite Integral

Let us consider the applications of a definite integral to solve some
physical tasks.
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Improper Integrals, Problems of Their Convergence
Until now, considering definite integrals, we supposed that the interval of integration is finite
and the integrand is limited on this interval. If these conditions are not fulfilled we deal with
improper integrals which are the generalization of the definite integral for such cases.

1. Improper Integrals with Infinite Limits of Integration (the 1° kind)
and Their Calculation
Let the function f(x) be determined on the infinite interval [a,+oo) and integrated on any
A
finite part [a, A] of the interval (A>a). Then, if there exists lim | f (x)dx, then this limit is called

A—+o0
a

an improper integral of the I* kind or an integral on the infinite interval [a,+oo) of the function

+00
f (x) and is designated as j x)dx. Thus,

a

+00

[ £(x)dx = lim jf

A—>+oo

a

In case if the mentioned limit exists and it is finite, the improper integral converges. If the
limit is infinite or does not exist, the improper integral also does not exist or diverges.

Similarly, we can introduce the concept of an integral on an infinite interval (—oo,a], le.

a a

_[ f(x)dx= BILr[\w f(x)dx.

An improper integral with both infinite limits of integration is defined by the

+o0 a
equatlonj dx— j f dx+ I dx where a is any value. It is supposed that both the
integrals are on the right of the equatlon.
The geometrical meaning of the improper integral

A
If f(x)>0 and is continuous Vxe[a, A], then the improper integral If(x)dx is
a
geometrically represented as an area of a curvilinear y 4

trapezoid, bounded by the axis Ox, the graph of y = f (x) and
the straight lines x=a and x=A. While A increases, the \w
straight line x = A moves to the right. If the improper integral :

400

j f (x)dx converges, than its value is considered to be equal 0 X R
a o . _ a A
to the area of an infinite curvilinear trapezoid.
Example 1.
+00 A A
cosxdx= lim |cosxdx= lim sinx| = lim (sihA-sin0)= lim sin A
5 A—+o0 0 A—+o0 0 Ao+ A—>+o0

The integral diverges, since lim sin A does not exist.
A—+o0



. Thus

A
i dx T
= lim j = lim arctan xll = lim (arctan A—arctanl)=—
2
A—>+o0 1 1+ X A—>+00 A—>+00 2

n
4

NG

the integral converges.
For improper integrals the formulas of the variable substitution and integration by parts are
valid. The usage of substitution method often converts an improper integral to a definite one.

2. Improper Integrals of the 2" Kind — Integrals
of Unbounded Functions

Let the function f (x) be determined on the semi-interval [a,b) and integrable on the interval

[a b - g] where O<e<b—a and lim f( ) . The point b is called a singular point of the

x—hb—-0
y; b—¢
function f(x). Then, if there exists Iirrg) f(x)dx, it is called an
E
b
improper integral of the second kind and designated as Jf(x)dx.
i > a
0 a b-¢ b X b b—s
Thus [ £(x)dx=lim [ f(x)dx.
a >0

In case if the mentioned limit exists and it is finite, the improper integral converges. If the
limit is infinite or does not exist, the improper integral also does not exist or diverges.
If the point x =a is a singular point of the function f (x) then

'Tf(x)dx:lim b f (x)dx.

&—0
a ate

If Ce(a,b) isa singular point of the function f(x), then according to the property of additivity

[ f(x)dx=]f(x dx+l x)dx and

a a
b C-g b
f(x)dx = lim f(x)dx+ lim f (x)dx.
A &—0 a 52—>OC+€2
C b
If, at least, one of the integrals j dx or .[f(x)dx diverges, the improper integral
a C

b
I f (x)dx also diverges.

a
Example Calculate the improper integral of the second kind

- . |
I ,71 - —LOI T - !marcsmx _!m(arcsm(l—g)—arcsmO)_E(the integral

converges).

There are lots of problems dealing with improper integrals that require only investigation for
convergence. As a rule, in such cases, it is recommended to use the special signs of convergence
instead of integral calculations.





