AN INDEFINITE INTEGRAL

1. Antiderivative of a function .Definition of an Indefinite Integral

Suppose that a function f (x) is given and we want to know is there a function F(x)

such that function f is the derivative of F? The process of finding such a function is an
inverse one to differentiating and it is called the integrating (or the integration).
Definition 1. The function F(x)is called the antiderivative of the function f (x) on
the interval (a,b) if F(x) is differentiable vx e(a,b) and F'(x)= f (x).

Example 1. F(x)=cosx+4x+1 is an antiderivative of f(x)=-sinx+4, since

F’(x):(cosx+4x+l)' =—sinx+4=f(x).
Example 2. F(x)=In|x| is an antiderivative of f (x) L for all non-zero x, since:

F(x)=(In}s) =(Inx) =

% forany x>0

and

F’(x)=(|n|x|)’ :(In(—x))' :_i-(—l) :% forany x<0.

is an antiderivative of f (x) =# for all

x% +a?
Nnon-zero a, Since:

F’(x):(ln‘x+\/x2ia2j L ):
x+yx2 £a? x* +a
1

_ 1 JxZ+a? +x
X+/x% +a’

Example 3. F(x)=1In ‘x+ x? +a?

N

x> +a

= =f
] .o (X).
Notes:

1. If F(x) is an antiderivative on the interval (a,b), then F(x)+C is also an
antiderivative, where C is a constant, since (F(x)+C)' =F'(x)+C'=F'(x)=f(x).
2. If F(x) u F,(x) are any two antiderivatives, then

(R(x)- Fz(x))' =f(x)-f(x)=0 for any x. Thus, F(x)-F,(x)=C and
F.(x)=F,(x)+C. It means that any two antiderivatives differ only by constant.
3. So, set of all antiderivatives coincides with set of functions {F (x) +C,Ce R} :
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Definition 2. The set of all antiderivatives {F(x)+C, C eR} of the function f(x) is
called the indefinite integral and denoted by the symbol

J'f(x)dx: F(x)+C.
Here x is a variable of integration, the function f (x) is called the integrand, f (x)dx

IS the element of integration (or the expression under the integral sign), and, actually,
j Is a sign of integration.

The properties of an indefinite integral:
. ([ £ (x)dx) = F(x).
2°.d([ £ (x)dx) = F (x)ox.
3. [dF (x —F(x)+C.
4. [Cf (x)dx=C[ f(x
59, I( u £ v)dx judx+jvdx

All these properties could be simply checked by differentiating and the definition of
the indefinite integral.

Note 1. By means of the above examples and the table of derivatives one can construct
a table of indefinite integrals, but in that case it will be incomplete:

n+1

1. jdx:x+C 2. jx”dx:r)](+1+c (n=-1) 3. jd—):(=ln|x|+c (x=0)
4, jaxdx_mm (0<a=1) 5. [e*dx=e*+C
6. Jcosxdx:smx+C 7. jsinxdx:—cosx+C
dx d
8. =tan C 9. = —cot C
J.coszx x J-sinzx o

C

arcsinx+C
{ —In‘x+\/xzia2 n

dx dx
10 I\/1_7_ —arccos X+ C 1 jﬁ_

arctan x+C
12. j = - 13. jshx dx=chx+C 14, jchxdx:shx+C
1+ %2 —arccot x+C
dx dx
15. | ——=thx+C 16. | ———=-cthx+C
jchzx J‘shz

To form complete table we should study first some methods of integrations.



Note 2. The name of variable is not important. It means that
if I x)dx=F(x)+C, then jf(u)du:F(u)+C.

2. Main Methods of Integration

There are four main methods of integration, namely the method of direct
integration by means of elementary transformations, the method of integration by
changing the expression under the sign of differential, integration by parts and the
method of substitution.

2.1. The Method of Direct Integration

To find the indefinite integral the integrand has to be transformed in order to reduce
this integral to the table integral (from the table of integrals). It could be done by means
of elementary transformations.

Examples.
3 1

-2 Py 4
2 2 3 3 AN X =
j[S\/; \/X7+x ]dx 5.[x dx — 3JX dx+Jx dx = 53/2 31/3 1 —+C

=%\/?—9§/§+%x4+c.

1+x 1+2x+x 3/2 -1/2
I d —I L j-{ 3/2 3/2 )dx Ix dx+2_[x dx +
+I xY2dx = —2x Y2 1 4xY? +§x3’/2 +C.

3 J-(lJFZX ) 1+ X% + x* 1+ x* x*

o] ) " ) )l

1
=——+arctanx+C.
X

1+ x% = x? 1+ x? NG

* I 2(1+x) x2(1+x2)dX:I x2(1+x2)_x2(l+x2) dX:J.F

1
=———arctanx+C.
X



V1= x2 +41+ % - VI-x2 1+ J1-x2 N ~
SIJ N : _j\/(l—xz)(l+x2)d J{\/1 X2\1+ X2 \/1 X1+ X2 ]d

:J'\/dx - +I\/dx - =In‘x+\/1+x2 +arcsinx+C.
1+X 1-x

6-I dx _Jsm X + C0S° dx:j sin? x . cos? X ]dx:

sin? xcos? x sin? xcos? x sin® xcos®x  sin® xcos® x

dx dx
:.[ +j ——=tanx—cotx+C.
COS“X *sin“x

dx 1, dx 1
7. = =——cotx+C.
-[ jsinzx 2

1-cos2x 2
2 2 : :
COS 2X COS™ X—=sSIn" X COS X —SIN X)(COS X +SIN X
8. [ gy | X g [ ¢ L Jax -
COS X —Sin X COSX—=SIn X COSX—=SIn X

=I(cosx+sin X)dx =sinx —cosx+C.

ox+Hl _ px-1 X+l x-1 X
9. j—d _j dx — j—dx 2j—d _= —d _2( de—
10* 10* 10* 10* 10X

L1y s 12
5-[(2] dx_zln]/S 5In1/2JrC

. 1+ chx = 2ch? 2 . . shy
10. Ichzzdx: . 2 :j—(1+chx)dx—§+7+c.
h2§=§(1+chx)

2.2. The Method of Integration by Changing the Expression
under the Sign of Differential

Theorem (on invariance of formulas of integration). The form of a formula of
integration remains invariable in spite of whether the variable of integration is an
independent variable or some differentiable function, i.e.

if j x)dx=F(x)+C then If(u(x))du(x): F(u(x))+C,
where u(x) is any dlfferentlable function.

This theorem allows to reduce many integrals to the table ones. It is usually



realized by putting some expression u(x) under the sign of the differential. The rule
is the following:

If there is a factor in the integrand which is a derivative of some function u(x) but all
other expression could be considered as a function of u( ) then we put this function

u(x) under the sign of differential and integrate the obtained integral j u)du.

This method is a variant of the method of changing a variable (the method of
substitution).
Examples.
1. jsins x cosx dx =[ cos xdx = (sinx)'dx =d (sinx) | = _[sin5 xd (sinx) =
F(sinX) (sinx)’

6 . 6
:J.u5du=u—+C:Sln XiC.
6 6

2. Jer dx_'fgé dx :[2xdx:d(xz)}z.[exzd(xz):_[e“du:e“+C:eX2+C.
(Xz f(xz)

3
3 (e :{ X _g(arct }: tgx)2d (arctgx) = [u2du ="+ C =
f oo X . (arctgx) j(arc gx)"d (arctgx) _[u u=—2+

~—

3
(arctgx) LC

3
N5 N5 N5
e 5V dx 5VXdx 5
“ 77 LJ_ d(\/_)} j _2j +
5. [ :[%:d(lnx)}:jm:In||nx|+C.
J xInx X In x
6. :tanxdx:jslzzix=[sinxdx— cosx] .[ C(;ZSXX =—In|cos x| +C.
7. _'cotxdx:jccs)isnxjx_[ osxdx =d ( smx] J s?rl1nxX) In|sin x|+ C.
. _ 2\]_ 1 2xdx (1+X)_ 2
8. | dx [Zxdx—d(l+x )}_EIH_—I T _Eln‘1+x ‘+C.
2 2 o7 1e—12ddx 1 d(1-4%°)
9. e dx—[d(l—4x )——12x dx}——ﬁj‘ L ae 2V



=—iln‘1—4x3‘+c.
12

5
[ (1+x) 5x4dJ J'SX ax _1 lez 1+x° +C.
1+4x° O 1+x5 5

1 2xdx 1

10.
IV1+X
2xd ——arcsmx +C.

11. jﬁdx:[ () \/7 \/7

d(xsinx)

Sin X + XCOS X
12, j :
XSin X

XSin x

-4 -4
arcsm X+ X arcsin “ x X arcsin “ x
13. J. J.[ + ]dXZJ-—dX—I-

I NI et Rl Il i

d{1-x 5
=jarcsin4xdarcsinx+—j ( ) arcsin X_lz 1-x2 4 = AesInX
=27 1-x° 5 2

dx = (sin x + xcosx)dx =d (xsinx) | =I

=In|xsinx|+C.

~\J1-%x*+C,

14. [sin2xdx=[d (2x) = 2dx ] =%Isin 2 - 20x =%Isin 2xd (2x) = —%c052x+C.

100 1 100 1 100
15. [(2+3x) dx:[d(2+3x)=3dx]=§j(2+3x) 3dx:§j(2+3x) d(2+3%)=
101
_1@+3%) o
3 101

Note. Letj x)dx=F(x)+C. Then
J £ (ax-+b)dx = d (ax+ b) =ac == [ 1 (ax-+b)adk == [ f (ax-+b)d (ax+b) -

:éF(ax+b)+C

.e.
F
(ax+hb) L
a
So, if the integral differs from table integral in such way that the integrand contains a
linear expression (ax + b) as an argument instead of x, use the table result but divide

jf(ax+b)dx:

the answer by coefficient of x.



Examples.

1. 'cosgﬁdx:[azz]:smzx+c.
' ax+b 2
2. [tan 3x dx:[a:3]:—M+
o -
ax+b
N e2+7x
3. [e*dx=[a=7]= +C.
4. 'i:[a:_ ]:_M+C_
7 3-5x 5
-1
5. [ 2=j(3+2x)‘zo|x=[a=2]:M+c=— I _.c
" (3+2x) -1.2 2(3+2x)
dx dx dx
6. = = =|a=1|=arctan(x + 2) + C.
I X2 +4x+5 J‘x2+4x+4+1 J.(x+2)2+1 [a=1] (x+2)+
. X
arcsin =

X
a . C=arcsinZ +C.

_[ dx :EJ‘ dx :l
: /az_xz a (XJZ a 1 a
N a
a

\l

X

dx 1 dx 1 arCta”g 1 X
8. J.m:?IW:?T‘l‘C:garctang-Fc.

1+ — a
a

dx dx 1 a+a 1l ¢ x+a+a—x

9. = - d = — d =
J.xz—az -[(x—a)(x+a) ZaI(x—a)(x+a) " 2a-[(x—a)(x+a) "

%J((x_ﬁila)+(X_Z)}§+a>]dx=%f((xfa)—(xia)}j“

=2i(ln|x—a|—ln|x+a|)+c=2iln a4 ¢c.
a a |x+a
X X
coS— dx dtan—
1O.I_dX= ix v x2 v SX X:j X2:Intan§+c.
SInX 23in5(:osE 23in200322 2tan2c0522 tanE 2



+C.

X+T
I _[ =In|tan A +C =In|tan 5+E
COS X ( ] 2 2 4
sin 5

While considering the examples, we derived a lot of other table integrals. So, the
complete table of integrals could be presented (See next page).



1Idx Xx+C 1. [ 2dxzzilnx—a+C
X —a 2a |X+a
n+1
2.jx dx = +C,nx-1 - dx )
n+1 15. =arcsinx +C
R 1_X2
3 In\x\+C
16. j\/i_arcsmx+c
- dx
4, dTZZX/;-l-C ) dx
"X 17. :In‘x+ x% +a’
] “Jx?+a?
X 1
5 —2:——+C .
X X 18. tanxdx:—ln|cosx|+C
a* - .
6. IaXdX= e 19. [cotxdx =Insinx|+C
Ina .
. dx X
7. le*dx =e* +C 20. J_—=Intan—+C
. sin X
8. [cosxdx=sinx+C .
J 21. i:In tan(5+£j+c
J Ccos X 2 4
9. |sinxdx=-cosx+C ]
) 22. | chxdx =shx +C
dx
10 Icoszx_tanHC 23. [shxdx =chx +C
11._[ ax =—cotx+C 24 dx thx + C
sin? X e ML
dX dX
12.I > =arctanx +C 25. | —— = —cthx+C
1+X Sh2X
1 X
13. =—arctan—+C
J.a2+x2 a a

TABLE OF INTEGRALS

+C
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