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AN INDEFINITE INTEGRAL 

1. Antiderivative of a function .Definition of an Indefinite Integral 

Suppose that a function ( )f x  is given and we want to know is there a function ( )F x  
such that function f is the derivative of F? The process of finding such a function is an 
inverse one to differentiating and it is called the integrating (or the integration).  
Definition 1. The function ( )F x is called the antiderivative of the function ( )f x  on 
the interval ( ),a b  if ( )F x  is differentiable ( ),x a b∀ ∈  and ( ) ( )F x f x′ = . 
Example 1. ( ) cos 4 1F x x x= + +  is an antiderivative of ( ) sin 4f x x= − + , since 

( ) ( ) ( )cos 4 1 sin 4F x x x x f x′′ = + + = − + = . 

Example 2. ( ) lnF x x=  is an antiderivative of ( ) 1f x
x

=  for all non-zero x, since:  

( ) ( ) ( ) 1ln lnF x x x
x

′ ′′ = = =    for any 0x >  

and  

( ) ( ) ( )( ) ( )1 1ln ln 1F x x x
x x

′ ′′ = = − = ⋅ − =
−

   for any 0x < . 

Example 3. ( ) 2 2lnF x x x a= + ±  is an antiderivative of ( )
2 2

1f x
x a

=
±

 for all 

non-zero a, since:  

( ) 2 2
2 2 2 2

1 2ln 1
2

xF x x x a
x x a x a

′   ′ = + ± = + =      + ± ± 
 

2 2

2 2 2 2 2 2

1 1 ( )x a x f x
x x a x a x a

 ± + = = =
 + ± ± ± 

. 

Notes:  
1. If ( )F x  is an antiderivative on the interval ( ),a b , then ( )F x C+  is also an 

antiderivative, where C  is a constant, since ( )( ) ( ) ( ) ( )F x C F x C F x f x′ ′ ′ ′+ = + = = . 
2. If ( )1F x  и ( )2F x  are any two antiderivatives, then 

( ) ( )( )1 2 ( ) ( ) 0F x F x f x f x′− = − =  for any x. Thus, ( ) ( )1 2F x F x C− =  and 

( ) ( )1 2F x F x C= + . It means that any two antiderivatives differ only by constant. 
3. So, set of all antiderivatives coincides with set of functions ( ){ },F x C C R+ ∈ . 
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Definition 2. The set of all antiderivatives ( ){ },F x C C R+ ∈  of the function ( )f x  is 
called the indefinite integral and denoted by the symbol 

( ) ( )f x dx F x C= +∫ . 
Here x is a variable of integration, the function ( )f x  is called the integrand, ( )f x dx  
is the element of integration (or the expression under the integral sign), and, actually, 

∫ is a sign of integration. 

The properties of an indefinite integral: 

10. ( )( ) ( ).f x dx f x′ =∫  

20. ( )( ) ( ) .d f x dx f x dx=∫  

30. ( ) ( ) .dF x F x C= +∫  

40. ( ) ( ) .Cf x dx C f x dx=∫ ∫  

50. ( )u v dx udx vdx± = ±∫ ∫ ∫ . 

All these properties could be simply checked by differentiating and the definition of 
the indefinite integral. 
Note 1. By means of the above examples and the table of derivatives one can construct 
a table of indefinite integrals, but in that case it will be incomplete:  

1. dx x C= +∫   ( )
1

2 1
1

n
n x. x dx C n

n

+

= + ≠ −
+∫     ( )3 0dx. ln x C x

x
= + ≠∫  

( )4 0 1
x

x a. a dx C a
lna

= + < ≠∫      5 x x. e dx e C= +∫  

6. cos xdx sin x C= +∫       7. sin xdx cos x C= − +∫  

28 dx. tan x C
cos x

= +∫          29 cotdx. x C
sin x

= − +∫  

2
10

1

arcsin x Cdx.
arccos x Cx

+
= − +−

∫   2 2
2 2

11 dx. ln x x a C
x a

= + ± +
±

∫  

212
1

arctan x Cdx.
arccot x Cx

+
= − ++ 

∫        13. shx dx chx C= +∫         14. ch xdx sh x C= +∫  

215 dx. th x C
ch x

= +∫          216 dx. cth x C
sh x

= − +∫  

To form complete table we should study first some methods of integrations. 
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Note 2. The name of variable is not important. It means that 
if    ( ) ( )f x dx F x C= +∫ ,   then    ( ) ( )f u du F u C= +∫ . 

2. Main Methods of Integration 

 There are four main methods of integration, namely the method of direct 
integration by means of elementary transformations, the method of integration by 
changing the expression under the sign of differential, integration by parts and the 
method of substitution. 

2.1. The Method of Direct Integration 

To find the indefinite integral the integrand has to be transformed in order to reduce 
this integral to the table integral (from the table of integrals). It could be done by means 
of elementary transformations. 

Examples.  

1. 

13
21 323 332

3 2

35 5 3 5 3
3 2 1 3
x xx x dx x dx x dx x dx

x

− 
− + = − + = − +  

 
∫ ∫ ∫ ∫

4

4
x C+ = 

3 4310 19
3 4

x x x C= − + + . 

2. ( )2 2 2
3 2 1 2

3 2 3 2 3 2 3 2
1 1 2 1 2 2

x x x x xdx dx dx x dx x dx
x x x xx x

− − + + +
= = + + = + + 

 
∫ ∫ ∫ ∫ ∫  

1 2x dx+ =∫ 1 2 1 2 3 222 4
3

x x x C.−− + + +  

3. 
( )

( ) ( ) ( ) ( )
2 2 2 2 2

2 22 2 2 2 2 2 2 2

1 2 1 1
11 1 1 1

x dx x x x x dx dxdx dx
x xx x x x x x x x

 + + + + = = + = + =
  ++ + + + 

∫ ∫ ∫ ∫ ∫

1 arctan x C
x

= − + + . 

4. 
( ) ( ) ( ) ( )

2 2 2 2

2 22 2 2 2 2 2 2 2
1 1

11 1 1 1
dx x x x x dx dxdx dx

x xx x x x x x x x

 + − + = = − = − =
  ++ + + + 

∫ ∫ ∫ ∫ ∫

1 arctan x C
x

= − − + . 
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5. 
( )( )

2 2 2 2 2 2

4 2 2 2 22 2

1 1 1 1 1 1

1 1 1 1 11 1

x x x x x xdx dx dx
x x x x xx x

 − + + − + + − + = = + =
 − − + − +− +  

∫ ∫ ∫

2 21 1

dx dx

x x
= +

+ −
∫ ∫ = 21ln x x+ + arcsin x C+ + . 

6. 
2 2 2 2

2 2 2 2 2 2 2 2
sin cos sin cos

sin cos sin cos sin cos sin cos
dx x x x xdx dx
x x x x x x x x

 +
= = + = 

 
∫ ∫ ∫

2 2 tan cot
cos sin

dx dx x x C
x x

= + = − +∫ ∫ . 

7. 2
1 1 cot

1 cos2 2 2sin
dx dx x C

x x
= = − +

−∫ ∫ . 

8. 
2 2cos2 cos sin (cos sin )(cos sin )

cos sin cos sin cos sin
x x x x x x xdx dx dx

x x x x x x
− − +

= = =
− − −∫ ∫ ∫  

= (cos sin ) sin cosx x dx x x C+ = − +∫ . 

9. 
1 1 1 12 5 2 5 2 1 5 12 2

5 510 10 10 10 10

xx x x x x x

x x x x xdx dx dx dx dx dx
+ − + −−  = − = − = − 

 ∫ ∫ ∫ ∫ ∫ ∫  

1 1 (1 5) 1 (1 2 )2
5 2 ln1 5 5 ln1 2

x x x
dx C − = − + 

 ∫ . 

10. 

2

2

2

1 2 12 (1 )
12 2 2 2(1 )

2 2

xchx chx x shxch dx chx dx C
xch chx

+ =
= = + = + +

= +
∫ ∫ . 

2.2. The Method of Integration by Changing the Expression 
under the Sign of Differential  

Theorem (on invariance of formulas of integration). The form of a formula of 
integration remains invariable in spite of whether the variable of integration is an 
independent variable or some differentiable function, i.e.  

if    ( ) ( )f x dx F x C= +∫     then    ( )( ) ( ) ( )( )f u x du x F u x C= +∫ , 

where ( )u x  is any differentiable function. 

This theorem allows to reduce many integrals to the table ones. It is usually 
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realized by putting some expression ( )u x  under the sign of the differential. The rule 
is the following: 

If there is a factor in the integrand which is a derivative of some function ( )u x  but all 
other expression could be considered as a function of ( )u x , then we put this function  

( )u x  under the sign of differential and integrate the obtained integral ( )f u du∫ .  

 This method is a variant of the method of changing a variable (the method of 
substitution). 

Examples.  
1. 

( )


( ) ( )5 5

sin (sin )

sin cos cos (sin ) sin sin sin
f x x

x x dx xdx x dx d x xd x
′

′= = = = =  ∫ ∫  

6 6
5 sin

6 6
u xu du C C= = + = +∫ . 

2. 

( )


( )


( ) ( )2 2 2 2

22

2 22 2 2x x x u u x

f xx

xe dx x e dx xdx d x e d x e du e C e C
′

 = = = = = = + = + ∫ ∫ ∫ ∫ . 

3. ( ) ( ) ( ) ( )
2 3

2 2
2 2 31 1

arctgx dx udx d arctgx arctgx d arctgx u du C
x x

 = = = = = + = + + ∫ ∫ ∫  

( )3

3
arctgx

C.= +  

4. 5 5 5( ) 2 2 5 ( ) 2
ln52 2

x x x
xdx dx dxd x d x C

x x x
 = = = = = +  ∫ ∫ ∫ . 

5. ( ) ( )ln
ln ln ln .

ln ln
d xdx dx d x x C

x x x x
 = = = = +  ∫ ∫  

6. ( ) ( )cossintan sin cos ln cos .
cos cos

d xxdxxdx xdx d x x C
x x

= = = − = − = − +  ∫ ∫ ∫  

7. ( ) ( )sincoscot cos sin ln sin .
sin sin

d xxdxxdx xdx d x x C
x x

= = = = = +  ∫ ∫ ∫  

8. ( ) ( )2
2 2

2 2 2

11 2 1 12 1 ln 1
2 2 21 1 1

d xx xdxdx xdx d x x C
x x x

+
 = = + = = = + + + + +∫ ∫ ∫ . 

9. ( ) ( )32 2
3 2

3 3 3

1 41 12 11 4 12
12 121 4 1 4 1 4

d xx x dxdx d x x dx
x x x

−− = − = − = − = − = − − −∫ ∫ ∫  
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31 ln 1 4
12

x C= − − + . 

10. ( ) ( )54 4
5 4 5

5 5 5

11 5 1 11 5 2 1
5 5 51 1 1

d xx x dxdx d x x dx x C
x x x

+
 = + = = = = + + + + +

∫ ∫ ∫ . 

11. ( )
( ) ( )

2
2 2

4 2 22 2

1 2 1 12 arcsin
2 2 21 1 1

x xdx dxdx d x xdx x C
x x x

 = = = = = + − − −
∫ ∫ ∫ . 

12. ( ) ( )sinsin cos (sin cos ) sin ln sin
sin sin

d x xx x x dx x x x dx d x x x x C
x x x x
+

= + = = = +  ∫ ∫ . 

13. 
4 4 4

2 2 2 2 2

arcsin arcsin arcsin

1 1 1 1 1

x x x x x xdx dx dx dx
x x x x x

 +
= + = + =  − − − − − 

∫ ∫ ∫ ∫  

( )2 5 5
4 2 2

2

11 arcsin 1 arcsinarcsin arcsin 2 1 1
2 5 2 51

d x x xx d x x C x C
x

−
= + = − − + = − − +

− −
∫ ∫ . 

14. ( ) ( )1 1 1sin 2 2 2 sin 2 2 sin 2 2 cos2 .
2 2 2

xdx d x dx x dx xd x x C= = = ⋅ = = − +  ∫ ∫ ∫  

15. ( ) ( ) ( )100 10012 3 2 3 3 2 3 3
3

x dx d x dx x dx+ = + = = + =  ∫ ∫ ( ) ( )1001 2 3 2 3
3

x d x+ + =∫  

( )1012 31
3 101

x
C

+
= + . 

Note.  Let ( ) ( )f x dx F x C= +∫ . Then 

( ) ( ) ( ) ( ) ( )1 1f ax b dx d ax b adx f ax b adx f ax b d ax b
a a

+ = + = = + = + + =  ∫ ∫ ∫  

( )1 F ax b C
a

= + + , 

i.e.  

( ) ( )F ax bf ax b dx C
a
+

+ = +∫ . 

So, if the integral differs from table integral in such way that the integrand contains a 
linear expression ( )ax b+  as an argument instead of x, use the table result but divide 
the answer by coefficient of x. 
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Examples. 

1. 


[ ] sin 2cos 2 2 .
2ax b

xx dx a C
+

= = = +∫  

2. 


[ ] ln cos3
tan 3 3 .

3ax b

x
x dx a C
+

= = = − +∫  

3. [ ]
2 7

2 7 7 .
7

x
x ee dx a C

+
+ = = = +∫  

4. [ ] ln 3 5
5 .

3 5 5
xdx a C

x
−

= = − = − +
−∫  

5. 
( )

( ) [ ] ( )
( )

1
2

2
3 2 13 2 2 .

1 2 2 3 23 2

xdx x dx a C C
xx

−
− +

= + = = = + = − +
− ⋅ ++∫ ∫  

6. 
( )

[ ]2 2 2 1 arctan( 2) .
4 5 4 4 1 2 1
dx dx dx a x C

x x x x x
= = = = = + +

+ + + + + + +∫ ∫ ∫  

7. 
2 2 2

arcsin1 1 arcsin .1
1

x
dx dx xa C C

a a aa x x
aa

= = + = +
−  −  

 

∫ ∫  

8. 2 2 2 2 2

arctan1 1 1 arctan .1
1

x
dx dx xa C C

a aa x a ax
aa

= = + = +
+  +  

 

∫ ∫  

9. 
( )( ) ( )( ) ( )( )2 2

1 1
2 2

dx dx a a x a a xdx dx
x a x a a x a x a a x a x ax a

+ + + −
= = = =

− + − + − +−∫ ∫ ∫ ∫  

( )( ) ( )( ) ( ) ( )
1 1 1 1

2 2
x a a x dx dx

a x a x a x a x a a x a x a
   + −

= + = − =   
− + − + − +   

∫ ∫  

( )1 1ln ln ln
2 2

x ax a x a C C
a a x a

−
= − − + + = +

+
. 

10. 
2 2

cos tan
2 2 ln tan

sin 22sin cos 2sin cos 2 tan cos tan
2 2 2 2 2 2 2

x xdx ddx dx dx x Cx x x x x x xx
= = = = = +∫ ∫ ∫ ∫ ∫ . 
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11. 2ln tan ln tan
cos 2 2 4sin

2

xdx dx xC C
x x

π + π  = = + = + + π     +   
 

∫ ∫ . 

While considering the examples, we derived a lot of other table integrals. So, the 
complete table of integrals could be presented (See next page). 
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TABLE OF INTEGRALS 
 

1. Cxdx +=∫  

2. 1,
1

1

−≠+
+

=
+

∫ nC
n
xdxx

n
n  

3. Cx
x

dx
+=∫ ln  

4. Cx
x

dx
+=∫ 2  

5. C
xx

dx
+−=∫

1
2  

6. C
a

adxa
x

x +=∫ ln
 

7. Cedxe xx +=∫  

8. Cxxdx +=∫ sincos  

9. Cxxdx +−=∫ cossin  

10. 2 tan
cos

dx x C
x
= +∫  

11. 2 cot
sin

dx x C
x
= − +∫  

12. 2 arctan
1

dx x C
x

= +
+∫  

13. 2 2

1 arctandx x C
a x a a

= +
+∫  

14. C
ax
ax

aax
dx

+
+
−

=
−∫ ln

2
1

22  

15. Cx
x

dx
+=

−∫ arcsin
1 2

 

16. C
a
x

xa
dx

+=
−∫ arcsin

22
 

17. Caxx
ax

dx
+±+=

±∫ 22
22

ln  

18. tan ln cosxdx x C= − +∫  

19. cot ln sinxdx x C= +∫  

20. ln tan
sin 2
dx x C

x
= +∫  

21. ln tan
cos 2 4

dx x C
x

 = + + 
 ∫

π  

22. ch shxdx x C= +∫  

23. sh chxdx x C= +∫  

24. 2 th
ch
dx x C

x
= +∫  

25. 2 cth
sh
dx x C

x
= − +∫  
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