2.3. The Method of Integration by Parts

This method reduces the problem of finding the integral to calculation of another
simpler integral constructed by means the initial integrand. To get the formula of
integration by parts, let us consider first two differentiable functions u and v and find
the differential of their product:

d(u-v)=du-v+u-dv.
After integration of the last equality we get:
Jd(u-v):jdu-v+ju-dv,

u-v:jdu-v+Iu-dv,

Iu-dv:u-v—jv-du ,

The last formula is called the formula of integration by parts.
How to use it? First of all let us remember that dv = v'dx, du = u’dx and therefore
in that formula the initial integrand and the initial integral, namely
f(x)=u-v' and jf(x)dx:_[u-v'dx,
are replaced by new integrand and new integral, namely
g(x)=u’-v and Ig(x)dx:ju'-vdx.

Thus, to obtain new integral, one of two factors in f(x) should be differentiated,

another one should be integrated. This method is used to simplify the integral, therefore
f (x) should be factorized in such way that after differentiating of one of factors the

obtained integral becomes simpler.
Example. Find jxexdx. We should analyze which of two factors, x or €%, gets

simpler when ones finds the derivative of it? Since e* is unchanged at differentiating,
it is better to differentiate the polynomial to decrease its power and make the integral
simpler. Let us consider both possible variants to check the validity of the assumption:

u=x du=1-dx
1) = = jv-du :Iexdx
dv = e*dx v=e*



{v: x2/2

_ AX
2) u=¢e =
dv = xdx

du=e*-dx

= Iv du = %Ixzexdx

Variant one gives simpler integral. Let us apply the formula by integration by parts to

find answer:

Ixexdx =

- ueyx
dv =e*dx
:égi—fg:gzzxex—ex+c
dU=1dX u v v d
| v=e* |

Note 1. Sometimes the integration by parts must be repeated to get the answer. For

example, in the integral j x2e*dx we have to differentiate x* twice to get constant and

to obtain simpler integral:

'[ x2eXdx =

u=xX

dv = e*dx
du =2x-dx

X

V=g

2

= x%e* - Ierde =

u=-2X
dv = e*dx
= x%e* + (-2x)e* - j—Zede =
du=-2-dx
v=e*

= x%* —2xe* +2e* +C.

Note 2. As a rule this method is used in the case when the integrand contains a product
of polynomial and either trigonometrical or transcendental functions. For such
integrands the following recommendations could be given.

For the integral an(x) f (x) dx, where B, (x) is a polynomial of the n-th order, use

the method of integration by parts with the following choice of factors:

f(x)

arcsinax

arccos ax

arctan ax u=f(x)
arccotax {dv =P, (x)dx
In x

log, x



Examples.

u=x, du=dx

1. fxsinxdx: dv = sin xdx :—xcosx+fcosxdx:—xcosx+sinx+C.
V= —CO0S X
U = arctan x; du:ldx2 2
2. fxarctan xdx = TX —arctan x - ———f =
X2 1+x
dv:xdx; V=—
2
X“+1 X2 2
:—arctgx——f( ) :—arctanx——fdx+ :X—arctanx——+
1+ X2 2 1+x* 2 2
+%arctanx+C.
dx

=In(x+1); du=

3.f|n(x+1)dx_ X+1]=(X+1)In(x+1)— f(x+1)

dv=1dx; v=x+1
:(x+1)|n(x+1)—fdx:(x+1)|n(x+1)—x+C.

1_

Note 3. Sometimes the integration by parts helps to derive the equation for calculating
the initial integral. Let us demonstrate this procedure by two examples:

1.1 :j\/a2+x2dx.

2 2 xdx
u=va“+x°, du=———
I:J a® + x2dx = JaZ+x? |=xva?+x2 -

dv = dx, V=X

= xy/a2 + x° f(x\/i dx = xy/a? + x% —
a% + x*

—xyaZ +x% —1 +a2In(x+\/x2+a2)+2C.

_f x2dx

VaZ 4+ x?
— [ va? + x%dx + a? &
[

Thus we have the equation

| =xyaZ+x%—1 +a2In(x+\/x2+a2)+2C;




21 = xy/a? + x? +a2In(X+\/X2+a2)+2C;
I :f Ja’ +x2dx:%{x\/a2 + X2 +a2In(x+\/x2 +a? )]+C.

2. 1 :feax cosnxdx .
u=e#, du = ae*dx sinnx a
I :feaxcosnxdx: : :eax———feaxsin nxdx =
sinnx
dv =cosnxdx, v= n n
n
u=e”, du = ae™dx sinnx  a cosnx a
= _ cosnx | = €% ——|—e* +— f e cosnxdx | =
dv=sinnxdx, v=— n n n n
n i
e (. acosnx) a’
=—|sinnx + ——2I+C.
n n n
e (. acosnx)| a’
| =——|sInnx + ——2I+C.
n n n
a‘2 ax
14+ = :—Z(nsinnx—i—acosnx)—l—c.
n n
ax
| =———(nsinnx + acosnx) +— 2n2.
ac+n a‘+n
%/_/
C0
ax
I:feaxcosnxdx: >~ (nsinnx +acosnx)+C,.
ac+n

2.4. Integration by Substitution

The most commonly used method of integration is a method of change of
variable or the method of substitution. Let us consider some continuous monotone

function x =¢(t) with continuous derivative. It is known that such function has the

inverse function t =g *(x). Then

[ ()dx=]f(o(t))e(t)dt

The validity of this equality could be checked by differentiating:




The success of integration by this method depends largely on the right choice of
substitution. The function x =¢(t) should be chosen so that the obtained integral for

variable t is simpler than the initial.

Note 1. That it is important to get the answer in terms of x variable. So, replace t by
t=¢ () in the final expression.

Note 2. When you use the substitution, you define the dependence between old and
new variables. But the dependence between their differentials is also necessary to get

the integral in terms of new variable. It could be found by calculating the differentials
of the both sides of equation connecting two variables, i.e.

dx=de(t) or dt=de ™ (x).
Examples.

dt = 2t 3

1 J-ﬂ _ X+l=tex=t-1 —jz(t_l) 1
' (x+1)° - dx:d(t—l):l.dt:dt B 2

A3-3)e

_j(z_—s jdt =2Inft|- 3—1+C 2|n|x+1|+i1+c

2. | :I 23X_1 dx.
4x° —8x+13
Let us allocate the complete (or full, or perfect) square in the denominator.

4x ~8x+13=4(x* —2x+1-1)+13=4(x-1)" +9=(2x-2)"+9.

Then

t
2x—-2=t 31+—|-1
3x-1 X 1 (Uj Wt ot
T O g e O LY
(2x-2)"+9 X=1+§; dX:E 2 t“+9 49t°+9 Jt°+9



2tdt 3.d(t*+9 dt 3 1 t
_2° It2+9 -[t2+9 8-[ £2+9)+.[t2+9:gln‘t2+9‘+§arctan§+C:
2X—2 2X—2

:—In‘(Zx— 2)? +9‘ +Larctan +C :Eln‘4x2 —8x+13‘+1arctan +C.
8 3 8 3
X =tant < t = arctan x 1
t
2
3. I:ILW: x? +1=tan’t+1= 12 = Ltgj/zz_[costdt:sinHC:
(x2+1) cos“t ( 1
2
dx=d(tant)= 12 dt cos™t
cos’t

\/ \/ tan’t X X
=+/sin’t = iy = _ +C
sin?t Vi+cot®t Vtan®t+1 x2+1| Jx2+1

) t =sinx
4, f5|n4xcos3xdx: fsm X COS xcosxdx_ft (1 t )dt_
dt = cos xdx M Tt T

(" —1°)dt = %—%JFC:S"; X—Sin? Xic.



