
3. Integration of Particular Classes of Integrals 

Combination of four methods of integration described above helps to find the integrals, 
where the antiderivative of the integrand is expressed through the elementary 
functions. Note, that not all integrands have such antiderivatives. Examples of non-
integrated in elementary functions integrals are 

sin xdx
x   

2xe dx−∫  
ln
dx

x  
3 1

dx

x +
∫  arctg xe dx  sin xdx . 

The most difficult problem is to find the appropriate method of integration. We are 
going to consider several classes of integrals for which there are recommendations for 
their calculation.  

3.1. Integration of 2
dx

ax bx c+ +∫  and 
2

dx

ax bx c+ +
∫ . 

To integrate these integrals it is enough to allocate complete (or full, or perfect) square 
in the expression 2ax bx c+ + . The aim is to gather together linear and quadratic terms 
of x, since no one integral in the table contains both such powers at the same moment. 
Let us remember the formula: 

2 2 2( ) 2A B A AB B± = ± + . 

Underlined expression is 2ax bx+ , i.e. 2 22A AB ax bx± = + , so we need to add 2B  to 
get a full square. Notice, that B is a half of coefficient of A in the second term 2AB . 
Examples. 

1. Find 2 4 3
dx

x x+ +∫ . 

    

22 2

2 2 2 2 2

2 2

4 44 3 4 3 2 4 2 2 3
2 2AB AB BA A

x xx x x x A x, B x x
A x

 + + = + + = = = = = = + + − + =  
 

2 2( 2) 4 3 ( 2) 1x x= + − + = + − . 

[ ]2 2
1 2 1 1 1Table, №14 ln ln
2 2 1 2 34 3 ( 2) 1

dx dx x xC C
x xx x x
+ − +

= = = + = +
+ + ++ + + −∫ ∫ . 



2. Find 
29 6 5

dx

x x+ +
∫ . 

    

22 2

2 2 2 2 2

2 2

6 69 6 5 9 6 5 3 1 9 6 1 1 5
2 6AB AB BA A

x xx x x x A x, B x x
A x

 + + = + + = = = = = = + + − + =  
 

2 2(3 1) 1 5 (3 1) 4x x= + − + = + + . 

[ ]
2

2 2

ln 3 1 (3 1) 4
Table, №17

39 6 5 (3 1) 4

x xdx dx C
x x x

+ + + +
= = = +

+ + + +
∫ ∫ . 

3. Find 
27 12 4

dx

x x+ −
∫ . 

Since 2 24x A− ≠ , we are going to take the sign " "−  out the expression 27 12 4x x+ − . 

    

2 2 2

2 2 2 2

2 2

12 124 12 7 2 3 4 12 3 3 7
2 4AB ABA A B

x xx x A x, B x x
A x

    − − − = = = = = = − − + − − =           
 

( )2 2(2 3) 9 7 16 (2 3)x x= − − − − = − − . 

[ ]
2 2

2 3arcsin
4Table, №16

27 12 4 16 (2 3)

x
dx dx C

x x x

−

= = = +
+ − − −

∫ ∫ . 

Note. Integrals 
2

dx

x ax bx c+ +
∫  and 

( ) 2

dx

cx d ax bx c+ + +
∫  could be reduced to the 

integrals of the considered in this section type by means of substitutions 1x
t

=  

1cx d
t

+ = , correspondingly. 

Example. 
2

2 2
2 2

1 1

1 1 2 22 2 1 2 21

x dtdx dtt t
x x x t tdx dt

t t tt

  −=  −
= = = = 

− + + + += + +  

∫ ∫ ∫  



( )
( )

2
2

2

1 1ln 1 1 1 ln 1 1 1
1 1

dt t t C C
x xt

−  = − + + + + + = − + + + + + 
 + +

∫ . 

3.2. Integration of 2
Cx D dx

ax bx c
+

+ +∫  and 
2

Cx D dx
ax bx c

+

+ +
∫ . 

It is enough to allocate a full square and use a substitution A B t± =  in the integral. 

Example. 2
4 1

25 10 2
xI dx.

x x
+

=
− +∫  

Let us allocate the complete square in the denominator. 

( )22 2 2 225 10 2 25 10 1 1 2 5 1 1.x x x x x− + = − + − + = − +  
Then 

( )2 2 2 2

15 1 4 1
4 1 4 95

1 5 25 25; 1 1 15 1 1 5 5

tx t
x dt tdt dtI dx t dtx dx t t tx

+ − = +   +   = = = = + =+ = = + + +− +
 

∫ ∫ ∫ ∫  

( )2
2

2 2 2 2

12 2 9 2 9 2 9ln 1 arctan
25 25 25 25 25 251 1 1 1

d ttdt dt dt t t C
t t t t

+
= + = + = + + + =

+ + + +∫ ∫ ∫ ∫  

22 9ln (5 1) 1 arctan(5 1)
25 25

x x C= − + + − + . 

Note. Integrals 
2 2

dx

x ax bx c+ +
∫  and 

( )2 2

dx

cx d ax bx c+ + +
∫  could be reduced to 

the integrals of the considered in this section type by means of substitutions 1x
t

=  

1cx d
t

+ = , correspondingly. 

Example. 
2

2 2 2 2
2 2 2

1 1
1 2

1 21 11 1 11

x dtdx tdt tdtt t
x x t tdx dt

t t t

  −=  −
= = = = − = 

− + + += +  

∫ ∫ ∫ ∫  

2 2
2

22 2

1 2 1 (1 ) 1 1 12 1 1
2 2 21 1

tdt d t xt C C C
xxt t

+ +
= − = − = − + + = − + + = − +

+ +
∫ ∫ . 

 



3.3. Integration of Rational Fractions 

Rational fractions form the class of integrands that always could be integrated in 
the elementary functions.  
Definition. Rational function is a ratio of two polynomials. 

In general form the rational fraction could be written as 

( ) ( )
( )

1
0 1 1

1
0 1 1

n n
n n n

m m
m m m

P x a x a x ... a x aR x
Q x b x b x ... b x b

−
−

−
−

+ + + +
= =

+ + + +
. 

Here ( )nP x  and ( )mQ x  are polynomials of the n-th and m-th degree, correspondingly.  
Rational fraction is called proper if mn < , and improper in other case. Any 

improper fraction could be presented as sum of a polynomial and a proper rational 
fraction. This presentation could be obtained by dividing the numerator by 
denominator.  

Example.  ( )
4 3 2

2
2 3 1x x xR x
x x

+ − +
=

−
. 

( )

24 3 2

24 3

3 2

3 2

2

2

2 3 1
3 6

3 3

3 3

6 1

6 6
6 1 degree is less than 2

x xx x x
x xx x

x x

x x

x

x x
x

−+ + +
−

+ +−

+
−

−

+
−

−

+

 

So, 2 3 6x x+ +  is a quotient, 6 1x +  is a remainder. Thus, 

( )
4 3 2

2
2 2

2 3 1 6 13 6x x x xR x x x
x x x x

+ − + +
= = + + +

− −
. 

Consequently, the problem of rational fraction integration is reduced to the integration 
of proper rational fraction. 

Note. Proper rational fraction is still too complicated to integrate. To simplify the 
problem of integration it is proposed to reduce it to integration of two simplest types 
of fractions, called partial rational fractions, of the form 

I.  
( )k

A
x a−

          or       II.  
( )2 s

Ax B

x px q

+

+ +
, where 2 4 0p q  . 



The fraction of the first type and of the second in case s=1 are simply integrated (it was 
shown above). For s>1 the fraction is integrated by a substitution 

24 tan
2 2

q ppx t
  .  

Example. Find 
( )22

3

2 2

x dx
x x

−

+ +
∫ . 

( ) ( )( ) ( )2 2 2 222 2

2

1 tan
3 3 1 tan 31 tan

cos2 2 tan 11 1

cos

x t
x x t dtdx dx x t

tx x tx dtdx
t

 
 + =
 − − − + −

= = = − + = = 
+ + + + +

= 
 

∫ ∫ ∫  

( )2 2
2 2

2

4 tan sin4 cos 4cos sin cos
coscos1

cos

t dt t t dt t t t dt
tt

t

− +  = = − + = − + = 
  

 
 

∫ ∫ ∫  

2

sin

1 cos2 sin 2 sin4 sin cos 2
2 2 2

d t

t t tdt t t dt t C+  = − + = − + + + = 
 ∫ ∫



 

2 2
2

2 2 2 2
tan ( 1) 2 tan 2( 1)arctan( 1); sin ; sin 2

1 tan 1 ( 1) 1 tan 1 ( 1)
t x t xt x t t

t x t x
 + +

= = + = = = = = 
+ + + + + + 

 

2

2 2
2( 1) 1 ( 1)2arctan( 1)

22 2 2 2
x xx C

x x x x
+ +

= − + − + +
+ + + +

. 

Let ( ) ( )
( )

n

m

P x
R x

Q x
=  (n<m) be irreducible proper rational fraction, i.e. 

polynomials ( )nP x  and ( )mQ x  do not have common factors. The integration of such 
fractions is performed according to the following algorithm: 

1. Factorize the denominator ( )mQ x  into the simplest factors, namely the 

polynomials of the first order ( )x a−  and the polynomials of the second order without 

real roots ( )2x px q+ +  (here 2 4 0D p q   ). It could be done due to the theorems 

of polynomial algebra. 
2. Expand the fraction into the sum of the partial rational fractions due to the 

theorem: 



Theorem. If ( ) ( ) ( ) ( ) ( )2 2
0mQ x b x a x b ... x px q ... x lx s

µ να β= − − + + + + , then 

proper irreducible rational fraction ( ) ( )
( )

n

m

P x
R x

Q x
=  could be expand as 

( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

10 1 01 1
1 1... ...n

m

BP x A A BA BR x
Q x x a x bx a x a x b x b

β−α−
α α− β β−= = + + + + + + + +

− −− − − −
 

( ) ( ) ( )
1 10 0 1 1

1 22 2
... ... ...

M x NM x N M x N
x px qx px q x px q

µ− µ−
µ µ−

++ +
+ + + + + + +

+ ++ + + +

( ) ( ) ( )
0 0 1 11 1

1 22 2
...P x Q P x NP x N

x lx sx lx s x lx s
ν− ν−

ν ν−
+ ++

+ + + +
+ ++ + + +

. 

3. Calculate integral of the obtained sum as sum of integrals. 

Note. The coefficients of this expansion can be determined for the following reasons. 
Written equality is an identity. Therefore, if we reduce the sum of fractions to the right 
to the common denominator, we obtain the same polynomials in the numerators of the 
right and left fractions. Equating the coefficients at the same powers of x, we obtain a 
system of equations to determine the unknown coefficients. 

In addition, the following remark can be used to determine the coefficients: since 
the polynomials in the numerators are equal, then their values are equal for any values 
of x. Given x specific values, we obtain the equations to determine the coefficients. 
Notice, that it is convenient to choose as values of x the root of common denominator. 
In practice, you can use both approaches at the same time to find the coefficients. 

Examples. 

1. 

2
2 2 2

1 23 2 2
2

2 3 0
7 9 12 7 9 12 7 9 123, 1

( 3)( 1)2 3 ( 2 3)
2 3 ( 3)( 1)

x x
x x x x x xdx dx x x dx

x x xx x x x x x
x x x x

 + − =
 + − + − + −

= = = − = =  + −+ − + −  + − = + − 

∫ ∫ ∫ . 

27 9 12
( 3)( 1) 3 1
x x A B C

x x x x x x
+ −

= + + ⇒
+ − + −

27 9 12 ( 3)( 1) ( 1) ( 3)x x A x x Bx x Cx x+ − = + − + − + + . 

Roots of denominator are: 1 2 33, 1, 0x x x= − = = . Let us substitute them into the last 
equation: 



2

2

2

3: 7 ( 3) 9( 3) 12 0 ( 3)( 4) 0 2

1 : 7 1 9 1 12 0 0 1(1 3) 1

0 : 7 0 9 0 12 3 ( 1) 0 0 4

x A B C B

x A B C C

x A B C A

= − ⋅ − + − − = ⋅ + − − + ⋅ ⇒ =

= ⋅ + ⋅ − = ⋅ + ⋅ + ⋅ + ⇒ =

= ⋅ + ⋅ − = ⋅ ⋅ − + ⋅ + ⋅ ⇒ =

 

27 9 12 4 2 1
( 3)( 1) 3 1
x x

x x x x x x
+ −

= + +
+ − + −

; 

27 9 12 4 2 1 4ln 2ln 3 ln 1
( 3)( 1) 3 1
x x dx dx x x x C

x x x x x x
+ −  = + + = + + + − + + − + − ∫ ∫ . 

2. 
3 2 3 2

4 3 3
3 4 1 3 4 1

( 1)
x x x x x xdx dx

x x x x
− − + − − +

=
− −∫ ∫ . 

3 2

3 3 2
3 4 1

1( 1)
x x x A B C D

x xx x x x
− − +

= + + + ⇒
−−

3 2 2 33 4 1 ( 1) ( 1) ( 1)x x x A x Bx x Cx x Dx− − + = − + − + − + . 
Roots of denominator are: 1 20, 1x x= = . Let us substitute them into the last equation: 

0 :1 ( 1) 0 0 0 1
1 : 1 0 0 0 1 1

x A B C D A
x A B C D D
= = ⋅ − + ⋅ + ⋅ + ⋅ ⇒ = −
= − = ⋅ + ⋅ + ⋅ + ⋅ ⇒ = −

 

To determine the coefficients B and C, let us equate coefficients at x  and 3x : 
3 2 2 3 2 33 4 1x x x Ax A Bx Bx Cx Cx Dx− − + = − + − + − +  

1

3

: 1 1 0

: 3 3 4

x A B B A

x C D C D

− = − ⇒ = + =

= + ⇒ = − =
 

3 2

3 3
3 4 1 1 4 1

1( 1)
x x x

x xx x x
− − + − −

= + +
−−

. 

Thus 
3 2

3 3 2
3 4 1 1 4 1 1 4ln ln 1

1( 1) 2
x x x dx dx x x C

x xx x x x
− − + − − = + + = + − − + −−  ∫ ∫ . 

3. 
  3 21 1 1

dx dx
x x x x


     . 

   22
1

1 11 1
A Bx C

x x xx x x


  
    

   ( ) ( )( )21 1 1A x x Bx C x= + + + + − . 



To find unknowns we substitute the root of denominator 1x =  in the last equation and 
also equate the coefficients at equal powers of x from different sides of equation:  

2

0

11: 1 3
3

1: 0
3

2: 1 1
3

x A A

x A B B A

x A C C A

= = ⋅ ⇒ =

= + ⇒ = − = −

= − ⇒ = − = −

Нехай  x=1, тоді  1=3А,  А=1/3. 

So, 

3 2 2
1 1 2 1 1 2 4
3 1 3 3 1 3 21 1 1

dx dx x dx xdx dx
x xx x x x x

 
    

             

2

2 2 2
1 1 2 1 1 3 1 1 ( 1)
3 1 3 2 3 2 3 1 3 21 1 1

dx x dx dx d x xdx
x xx x x x x x

  
     

             

 
 2

2
2

1 1 1 1 2 1ln 1 ln 1 arctg .
2 3 6 3 331/ 2

2

dx xx x x C

x


       

      

  

4. 
2

2 2( 1)( 4)
x dx

x x  . 

2 2 2

2 2 2 2 2 2
( )( 4) ( )( 1)

( 1)( 4) 1 4 ( 1)( 4)
x Ax B Cx D Ax B x Cx D x

x x x x x x
      

  
     

; 

2 2 2( )( 4) ( )( 1)x Ax B x Cx D x      . 

There are no roots in the denominator, therefore we equate coefficients at the equal 
powers of x to find unknown coefficients: 

3

2

1

0

: 0 0 4 ( ) 3 0

: 1 1 (4 ) 3 1 3

: 0 4

: 0 4 4 4 3

x A C A C A C A A C

x B D B D B D B B

x A C

x B D D B

= + ⇒ = + − + = ⇒ = =

= + ⇒ = + − + = − ⇒ = −

= +

= + ⇒ = − =

 

2

2 2 2 2

1 4
1 23 3 arctg arctg
3 3 2( 1)( 4) 1 4

x dx xdx x C
x x x x


    

      . 

 


