
3.4. Integration of expressions with trigonometric functions  

3.4.1. Direct integration of trigonometric expressions 

If your integral contains the trigonometric expressions, you should first try to 
use direct integration by means of various trigonometric formulas. Some of these 
formulas are 
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Last two formulas are very useful for integration of even powers of either sine or 
cosine. 
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3.4.2. Integration of (sin ,cos )R x x dx  

Let us consider integrals of the form (sin ,cos )R x x dx , where R is a function 



obtained by operations of multiplication, division, addition or subtraction under the 
functions sinx and cosx. There are four particular cases of recommended substitutions. 

Case 1. If  ( sin ,cos ) (sin ,cos )R x x R x x  , i.e. this function is odd 
relatively the function sin x , then use substitution  cost x . 

Case 2. If  (sin , cos ) (sin ,cos )R x x R x x  , i.e. this function is odd 
relatively the function cos x , then use substitution  sint x . 

Case 3. If  ( sin , cos ) (cos ,sin )R x x R x x   , i.e. this function is even 
relatively both function sin x  and cos x  simultaneously, then use substitutions 

tant x  or cott x . 

Case 4. In all other cases use universal trigonometric substitution tan
2
xt  . 
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Note 1. Last substitution is called universal, since it could be used in any case. But if 
it is applied in cases 1-3, then new integral obtained after substitution will be more 
complicated. 
Note 2. Obtained after substitution integral is integral of rational fraction. 

Examples. 

1. Find 3sinI xdx . This function is odd relatively sinx, since 
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2. Find 4 5sin cosI x xdx . 
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Thus, (sin ,cos )R x x  is odd relatively cosx and we should use substitution sint x . 
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3.5. Integration of Irrational Expressions 

Let us consider different classes of integrals containing radicals. 

3.5.1. Integration of 
m l p
n s rR x ,x ,...,x dx

      
  

Here  1 2 sR x ,x ,...,x  is a rational function of its arguments, i.e. it is created by 
operations of addition, subtraction, multiplication and division of its arguments. To 
simplify the integrand and remove all radicals, use the substitution  

kx t= , 

where k is a common denominator of fractions 
r
p,...,

s
l,

n
m . 

Note. Here, the result of the substitution method is an integral of rational fraction. 

Example. 
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3.5.2. Integration of 
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Here  1 2 sR x ,x ,...,x  is a rational function of its arguments and a b
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where k is a common denominator of fractions 
s

s
n
m...,,

n
m,

n
m
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1 . As result, you get a 

rational fraction. 
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3.5.3. Integration of ( )2 2R x, x a dx±∫ , ( )2 2R x, a x dx−∫  

Here  1 2 sR x ,x ,...,x  is a rational function of its arguments and 0a > . To simplify 
these integrals and remove the radicals, you should use the trigonometric substitution 
and the following trigonometric formulas: 

1) 2 2cos sin 1x x+ = ;  2) 2 2cos 1 sinx x= − ;  3) 2 2sin 1 cosx x= − ; 

4) 2
2

11 tan
cos

x
x

+ = ;  5) 2
2

11 cot
sin

x
x

+ = ;  6) 2
2

1 1 tan
cos

x
x
− = ; 

7) 1 sintan
cot cos

xx
x x

= = ;  8) 1 coscot
tan sin

xx
x x

= = . 

Let us consider each integral separately. 

Type 1. ( )2 2R x, a x dx−∫ . 

To remove radical we should change x by such function, that the expression 2 2a x−  



gives the second power of some another function. Let 
  sin , cosx a t dx a tdt  . 

Then by trigonometric formula number 2 we have 
2 2 2 2 2 2 2sin cosa x a a t a t      and 2 2 cosa x a t  . 

As result we get the integral of trigonometric expression. 
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225 25arcsin
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x x x C
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 
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Type 2. ( )2 2R x, a x dx+∫ . 

Let 

2tan ,
cos
adtx a t dx

t
  . 

Then by trigonometric formula number 4 we have 
2

2 2 2 2
2(1 tan )

cos
aa x a t

t
      and  2 2

cos
aa x

t
  . 

As result we get the integral of trigonometric expression. 

Example. 
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2
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x
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 
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2 2 2
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cos 1 tan 1 1
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t t x x

 
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Type 3. ( )2 2R x, x a dx−∫ . 



Let 

2
sin,

cos cos
a a tdtx dx

t t
  . 

Then by trigonometric formula number 6 we have 
2 2 2 2tanx a a t    and  2 2 tanx a a t  . 

As result we get the integral of trigonometric expression. 

Example. 
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3.5.4. Integration of ( )
∫

++ cbxax

dxxPm
2

 and 
( )∫

++α− cbxaxx

dx
n 2

 

Integrals of the form 
( )

∫
++ cbxax

dxxPm
2

, where  mP x  is a polynomial of the m-th degree, 

could be found by means of the formula: 
( ) ( ) 2

12 2

m
m

P x dx dxQ x ax bx c
ax bx c ax bx c

−= + + + λ
+ + + +∫ ∫ , 

where Rλ∈  and 1 2
1 1 2 1 0

m m
m m mQ A x A x A x A 
        is a polynomial of the 

(m-1)–th degree with unknown coefficients. To find coefficients, differentiate the last 
equation, reduce fractions to the same denominator and compare numerators as it was 
done for rational fractions.  

Example. Find 
3 2

2

6 14 2 11

4 5

x x x dx
x x

  

 
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Here 3 2( ) 6 14 2 11mP x x x x    , 3m , so 2
1 2( ) ( )mQ x Q x Ax Bx C      and 

3 2
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x x x dxdx Ax Bx C x x
x x x x

  
     
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Let us find the derivatives of both sides of this equation: 

3 2 2
2

2 2 2

6 14 2 11 ( )(2 4)(2 ) 4 5
4 5 2 4 5 4 5

x x x Ax Bx C xAx B x x
x x x x x x

      
     

     
; 

reduce right part to common denominator: 

3 2 2 2
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6 14 2 11 (2 )( 4 5) ( )( 2)
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x x x Ax B x x Ax Bx C x

x x x x

          
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equate numerators: 

3 2 2 26 14 2 11 (2 )( 4 5) ( )( 2)x x x Ax B x x Ax Bx C x            ; 

and equate coefficients at equal powers of the argument: 

3

2

1

0

: 6 2 6 3 , 2;

: 14 8 2 2 14 10 6, 3;

: 2 10 4 2 2 6 10 0;

: 11 5 2 11 5 2 4.
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Therefore 
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Note. Integral 
( )∫

++α− cbxaxx
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 could be reduced to the previous type of 

integrals by means of substitution 1x
t

−α = . 



3.5.5. Integration of ( )m n px a bx dx  

This class of integrals is called the differential binomial. There are only three 
sets of parameters n, m, p , where it is possible to integrate this expression.  

Case 1. If р is integer, then use substitution Nx t= , where N  is common 
denominator of fractions m, n , to get integral of rational fraction. 

Case 2. If 1m
n
+  is integer, use substitution  n Na bx t+ = , where N  is a 

denominator of p , to get integral of rational fraction. 

Case 3. If 1m p
n
+

+  is integer, use substitution ( )n n n Na bx x b ax t−+ = + = , 

where N  is a dominator of p , to get integral of rational fraction. 

Example. Find 
3 41 x dx

x


 . 

Here 1 1,
3 4

p n  , 1
2

m . So, 1 2m
n
+

=  and we have case 2. 
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