3.4. Integration of expressions with trigonometric functions

3.4.1. Direct integration of trigonometric expressions

If your integral contains the trigonometric expressions, you should first try to
use direct integration by means of various trigonometric formulas. Some of these
formulas are

sinkxcosIx :%[Sin(k — I)x +sin(k + 1)x];
coskxcosIx = %[cos(k —1)x 4+ cos(k + 1)x];

sinkxsinlx = %[cos(k —)x —cos(k + 1)x];
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Last two formulas are very useful for integration of even powers of either sine or

cosine.

Examples.
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3. fsin“xdx:f[#] dx:% (1—20052x+00522x)dx:

1+ cos4dx dx:i x—sin2x+1x+13m4x
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4. | tan® xdx = dx= [ — Zdx = [ —l]dx:tanx—x+C.
f fcoszx f cos® X f cos’ X

3.4.2. Integration of fR(sin X,C0s X)dx

:lf 1—2cos2x + +C.
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Let us consider integrals of the form f R(sin x,cosx)dx, where R is a function



obtained by operations of multiplication, division, addition or subtraction under the
functions sinx and cosx. There are four particular cases of recommended substitutions.

Case 1. If | R(—sinx,cosx)=—R(sinx,cosx) |, i.e. this function is odd
relatively the function sin x, then use substitution [ t=cosx |

Case 2. If | R(sinx,—cosx)=—R(sinx,cosx) |, i.e. this function is odd
relatively the function cos x, then use substitution | t=sinx |.

Case 3. If | R(—sinx,—cosx)=R(cosx,sinx) |, i.e. this function is even

relatively both function sinx and cosx simultaneously, then use substitutions
t=tanx |or| t=cotx |

: : : e X
Case 4. In all other cases use universal trigonometric substitution | t = tanE :

Here

1—t? 2dt

> COSX= > dx= >

14t 14t 1+t

Note 1. Last substitution is called universal, since it could be used in any case. But if
it is applied in cases 1-3, then new integral obtained after substitution will be more
complicated.

Note 2. Obtained after substitution integral is integral of rational fraction.

X :
t=tan—, sinx=
2

Examples.

1. Find | :fsin3xdx. This function is odd relatively sinx, since

R(—sin x,cos x) = (—sin x)* = —sin® x = —R(sin x,c0s X) .

t3 cos® X

_ s 2 ; _ 2 _ s . .
_fs|1nt2xsm(>j<tdx_f(t Ddt = 3 t+C= cosx+C.

| — t=cosx
~|dt = —sin xdx

2. Find | :fsin“xcos5 xdXx.

R(sin x,cos x) =sin* xcos® x = R(sinx,—cosx) = sin* x(—cos x)> = —sin* xcos’ x.

Thus, R(sinx,cosx) is odd relatively cosx and we should use substitution t =sinx.



. t =sinXx
I :f3|n4xcos5 xdx =

. 4 2 N2 4 212
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Here R(—sinXx,—Cc0SX) = —— 21 = 1 7— = R(sin x,cosx).
(—sinx)“(—cosx)”  sin“xcos™ x
t=tanx dt= d);
cos” X
dx 1 , 1+tan’x 1412 )
| = = =l+cot°X=———|= 1+t9)dt =
fsinzxcos“x sin? x tan? x f t2 ( )
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:—LJFZtanXthan X+C.
tan x
4. Findf ax
8+ 7Cc0os X+ Ssin X
t:tani; sinX = 5
8+ 7C0SX +Sin X 2dt 1—t? ) 70-t3 2t
dx = 5;COSX = 5 @+t9)|8+ 5 5
1+t 1+t 1+t 1+t

dt dt dt
_2f8—|—8t2—|—7—7t2+2t:2f15+t2—|—2t:2f(t—i—1)2—i—14:

[tanx+1]
= ZiarctanEJr C= iarctan# +C.
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3.5. Integration of Irrational Expressions

Let us consider different classes of integrals containing radicals.
m | p

3.5.1. Integration of fR X1 XS, X T ldX

Here R(X.,X,,....X;) is a rational function of its arguments, i.e. it is created by

operations of addition, subtraction, multiplication and division of its arguments. To
simplify the integrand and remove all radicals, use the substitution

x =tk ,
. . . m | p
where k is a common denominator of fractions —, —,...,—.
n s r
Note. Here, the result of the substitution method is an integral of rational fraction.
8/x Xx=t*, t:lg/; 24 A4ll
Example. fsx—dx: dx =12tdt :f%:lzf . L gi—
x(¥/x +¥x) . YR t2(t +1)
Ix+¥x=t" +t
14t t

1+t—t 1 1
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ftz(t—i—l) f t2(t+1)  t*(t+1) f[t2 t(t+1)J

B i_l—l—t—t _ i_ 1+t t _ i_} 1 _
_12f[t2 t(t+l)]dt_12f[t2 t(t+1)+t(t+1)Jdt 12f[t2 t+(t+1)]dt

_ 1 _ 1 12 12
_12[—¥—In|t|+ln|t+1|]+c _12[—W—In‘\/§‘+ln‘\/§+l‘]+c.
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Here R(X,,X,,...,X, ) is a rational function of its arguments and 2. % To simplify the
C
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3.5.2. Integration of IR X, (:XJr;)jnl ’[:ersj
X+ X+

integrand and remove all radicals, use the substitution

ax+b

=tk
cx+d '




. . . m, m m
where k is a common denominator of fractions — ,—2,...,— . As result, you get a

m Ny Ng
rational fraction.
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3.5.3. Integration of jR(x,\/xz +a? )dx,J'R(x,x/a2 —x? )dx

Here R(X,X,,...,X; ) isarational function of its arguments and a > 0. To simplify

— 2arctan inarctan[\/g 2_2

these integrals and remove the radicals, you should use the trigonometric substitution
and the following trigonometric formulas:

1) cos®x+sin’x =1; 2) cos®*x=1-sin’*x; 3) sin®x=1-cos’ X;
4) 1+tan’x=———; 5) 1+cot’ X =———; 6) ———1=tan’x;
COS® X sin® x COS® X

1 in x 1 X
7) tanx:—:s—; 8) cotx:—:c_i.
cotXx CcoSX tanx sinx

Let us consider each integral separately.
Type 1. .[R(x,\/az —x? )dx.

To remove radical we should change x by such function, that the expression a® — x>




gives the second power of some another function. Let
X = asint, dx = acostdt|.

Then by trigonometric formula number 2 we have
a? —x?=a?—a%sin’t =a%cos’t and va?— x* =acost.
As result we get the integral of trigonometric expression.
X =5sint
Example. j\/25 —x?dx=| dx=>5costdt |= j5cost -5costdt = 25jcosztdt =
25— x* = 25c0s°t

_ t=arcsini
_25J1+c052tdt_é(HstthrC_ 5 ~
2 2 2 25— x2
sin2t=25intcost=%
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XA/ 25— X }+C.
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=22 arcsin= +
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Type 2. jR(x,\/a2+x2)dx.

Let

adt
cos’t|
Then by trigonometric formula number 4 we have
2

Xx=atant, dx =

a a
a? +xt=a’(L+tan’t)=— and ya’+x* =——.
cos“t cost

As result we get the integral of trigonometric expression.

X=tant
Example. J'L: dx = dt2 =J.L dt2 =Icostdt:sint+C=
(1 2)3 cos’t 1 cos’t
+x°) .
2 1 cos’t
1+ X" =—
i cos“t_
: sint 1 X X
=|sint =——cost = tant = = +C.
{ cost Ji+tan’t 1+ xz} NIED'G

Type 3. J.R(x,\/xz ~a’ )dx.



Let

asintdt
x:— dx = 5
cost cos“t
Then by trigonometric formula number 6 we have

x> —a?=a’tan’t and Vx°—a® =atant.

As result we get the integral of trigonometric expression.
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X=——
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Example.j dx _ dX:smtht :I _13 smtzdt:J—c'oe;t dtzjd_S'?tz
(X2_1)3 cos“t sin“t cos“t sin“t sin“t
x2—1 sinzt cos’t
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——1+C—{smt—\/1 cos t—‘/l X - }— ——+C
sint X —1
3.5.4. Integration of | P (X)X and | ox
Vax® +bx+c (x—a)"Vax? +bx+c

P, (x)dx
Jax? +bx+c

could be found by means of the formula:
J' x)dx =Q,.(x)Vax® +bx+c +KI dx ,
\/ax +bx+c Jax® +bx +c
where 2eR and Q, ;= A, X" '+ A, ,X"?+...4+ Ax+ A, is a polynomial of the
(m-1)-th degree with unknown coefficients. To find coefficients, differentiate the last

equation, reduce fractions to the same denominator and compare numerators as it was
done for rational fractions.

6x° +14x% + 2x —11
X% £ 4x+5
Here P, (x) = 6x° +14x* +2x—11, m=3,50 Q_ ,(X) = Q,(x) = Ax* + Bx+C and

3 2 _
f6x +14Xx° 4+ 2x 11dx:(AX2 + BX+C) X2 +4x+5 ‘|‘>\f Ox )
X? + 4% +5 s

Integrals of the form j where P, (x) is a polynomial of the m-th degree,

dx.

Example. Find f




Let us find the derivatives of both sides of this equation:

6x3+14x2+2x—11:(2AX+B) Xz+4x+5+(Ax2+Bx+C)(2x+4) A\

+ ;
VX +4x+5 X2 +4x+5 X2+ 4X+5

reduce right part to common denominator:

6X> +14x% +2x—11  (2AX+B)(X* +4x+5) + (AX* +Bx+C)(x+2) + )\ .

XL 4X+5 X2+ 4X+5 ,

equate numerators:

6x° +14x% + 2x —11= (2AX + B)(x?* + 4x +5) + (Ax* + BX+ C)(X + 2) + \ ;
and equate coefficients at equal powers of the argument:

x3:6=2A+A =6=3A, A=2;
x?:14=8A+B+2A+B =2B=14—10A=-6, B=-3;
x': 2=10A+4B+2B+C =C=2-6B—10A=0;

x?: —11=5B+2C +X =X=-11-5B—-2C =4,

Therefore

3 2 .
f6x ‘|‘14X +2X 11dX:(2X2_3X) /XZ +4X+5+4f
VX2 +4x+5

:(2x2—3x)\/x2—|—4x—|—5+4f

dx B
VX2 +4x+5
— (2x% —3X)Vx® + 4x+5 +

dx
J(xX+2)2 +1
—|-4In‘x—|—2—|—\/(x—|—2)2 +1‘+C.

dx

(x—a)"Vax® +bx+c

: I 1
integrals by means of substitution x —a. = .

Note. Integral |

could be reduced to the previous type of



3.5.5. Integration of fxm(a+bx”)'°dx

This class of integrals is called the differential binomial. There are only three
sets of parameters n, m, p, where it is possible to integrate this expression.

Case 1. If p is integer, then use substitution [x=t"| where N is common
denominator of fractions m, n, to get integral of rational fraction.

m+1 . . . .
Case 2. If —— s integer, use substitution [a+bx"=t"| where N is a
n

denominator of p, to get integral of rational fraction.

Case 3. If m+1

+ p is integer, use substitution (a+bx”)/x” =b+ax "=tN|

where N is a dominator of p, to get integral of rational fraction.

3/ 4
Example. Find fﬂdx

Jx
Here pzl,nzl, m:—l.So, m_+1:2 and we have case 2.
3 4 2 n
3144 t=1+¥xex=0t-1"
Jx dx = 12(t3 —1)3t2dt (t° 1)
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- f 1203 — )t =12| - L
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+c:%<§/1+74&)7—3(mr+c.
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