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Lecture topic. Numerical and Functional Series 

Note. There is presented only short information about 

numerical and functional series. Full information you 

can find in handbook”L.V.Kurpa,O.S.Mazur, 

T.V.Shmatko. Differential equations and Series.” And 

in “Higher mathematics. Vol.4. Differential Equations 

and Series”  

 

Chapter 14. Numerical and Functional Series 

 
14.1 . Numerical Series. Basic Concepts. Necessary Condition for 

Convergence 

 
Let us consider the sequence of numbers ,...a,...,a,a n21 . The expression 
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nn a...a...aa  is called the numerical series; na is the n-th term 

of the series. The sum of a finite number of the first n terms of a series is called 

the n
th
 partial sum of the series 

.a....aaS nn  21  

The series is called convergent if there exists some finite limit of its 

partial sums the sequence SSlim n
n




. The value S is called a sum of the series. 

If the limit of the sequence of its partial sums is equal to infinity or does not 

exist at all, then the series is divergent. While considering a numerical series, the 

following two problems are solved practically: 

1) Investigate a series for convergence. 

2) Find its sum if the series converges. 

Examples. Investigate the convergence of the series using the definition 

and, if it converges, find its sum. 
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It is obvious that the limit of partial sums sequence of this series exists and it is 

equal to 1 
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Therefore, the series converges and its sum is equal to 1. 
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Solution. Let us expand the n-th term of the series into a partial fractions. 
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3. The series 1+1+...+1+... diverges, as nSn   and .nS
n

n
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The remainder of the convergent series 1 2 ...n n nr a a     tends to 0 

while n . 

The necessary condition for a series convergence. 

If the series converges, then its n-th term tends to zero, i.e. 
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14.2. Sufficient Conditions for Convergence of the Series with Positive 
Terms 

14.2.1.  Signs of Comparison 

Theorem 1 (the sign of comparison). 
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Theorem 2 (the limiting form of the comparison sign). 
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 In practice as a comparison standards we use the so called generalized 
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 which is convergent at 1p  and divergent at 1p , 

and also the geometric progression  
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Examples. Investigate the following series for the convergence. 
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Let us note that at all three examples the necessary condition for 

convergence of a series takes place. 
4. Investigate the convergence of the series 
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Solution. It is obvious that na  is an infinitesimal of the same order as 
n
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converges. For comparison we could choose the series 











1
20

21
1

5145

11

nn
n

n
 

6. 















1

11

2
n

n
ln

nn

. 

Solution. 
 1
2

1

2
1

1

1

11



























 nn
~

n
ln

nn

n
ln

n
a

n
n . 

As 
 











  23

1
0

1

2

nnn

*

n
 and the series 



1
23

1

n n
converges, then the initial 

series converges too. 
 

14.2.1.  The Sign by d’Alembert 
 

The series is called the constant-sign if all its terms are positive (non-

negative). 

Let for some constant-sign series a limit of the ratio exist 

L
a

a

n

n

n




1lim , 

then: 

 for 1L  the series converges; 

 for 1L  the series diverges; 

fort 1L  the sign by d’Alembert is inapplicable. 



 In practice the sign by d’Alembert is recommended to be applied to 

series which terms have factorials or exponential functions. 

 

Note. If the divergence of the series is proved with the help of the sign by 

d’Alembert, then .an 0lim
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 This also relates to the radical sign by Cauchy. 

Examples. Investigate the convergence of the given series 
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As 1L , then according to the sign by d’Alembert the series converges. 

2. 












1

1

1
1

1

n

n

n

n

n

n

)!n(

)n(
a;

!n

n
a;

!n

n
. 

 Solution. 

1
1

1
1

1

1 1
1 
















 
















e

n
lim

n

n
lim

n)!n(

!n)n(
lim

a

a
lim

n

n

n

nn

n

nn

n

n
, the series 
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14.2.2. The Radical Sign by Cauchy 

 

Assume that for a series 
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for 1L  the sign is inapplicable. 
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Solution. Let us apply the radical sign by Caushy: 
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According to the radical sign by Cauchy the series converges. There is no need 

to check the necessary conditions for the convergence sign in this example. 
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3. Investigate the convergence of the series 
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Solution. According to the sign by d’Alembert we obtain 
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14.2.2. The Integral Sign for Convergence of Series (the Sign by Cauchy) 

 

If )x(f  is a continuous, monotonically decreasing, nonnegative function 

at the interval [ ; )1   , then the series 
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Let us check the existence of the improper integral of this function. By the 
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Applying the limiting comparison sign, we find 
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14.3. Alternating Series. Absolute and Conditional Convergence 



 
The alternating series is a series with terms which are real numbers of any 

sign, for example, 
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The alternating series is called the alternating in sign if any its two 
neighbouring terms have different signs, i.e. series like 
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Theorem by Leibnitz. If elements  
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i.e. if Nn,aa nn  1  and 0


n
n

alim , then the series converges. Moreover, 

its sum is positive and less, than the first term of the series: 10 aS  . 

 Consequent. For an alternating series satisfying the condition for 
convergence by Leibnitz, the absolute value of the remainder nr  is less than the 

absolute value of the first its term: ,ar nn 1  where  
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n
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Theorem. 

If the series 


1n

na  converges, then the alternating series 


1n

na  also converges. 

 The alternating series 


1n

na is called absolutely converging if the series 




1n

na  converges; and it is called conditionally converging, if the series 




1n

na converges, and the series 


1n

na  diverges. 

Examples.  
1. Investigate the convergence of the series 


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


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
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
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
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Solution. According to the theorem by Leibnitz we have: 
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41
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4 22 




 )n(

n

n

n
 for all 2n   (check it yourself); 



0
4

lim
2


 n

n

n
. Therefore, the series converges. 

Let us form a series of modules of the given series terms 


 1
2 4n n

n
. The 

necessary condition of convergence takes place. Let us compare the series with 

the diverging series 


1

1

n
n

, then according to the comparison sign 

1
4
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22


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n

n
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, i.e. the series of absolute values diverges. 

Therefore the initial series is conditionally converging. 

2. The series 






1

1

5
1

n
n

n n
)( is absolutely convergent as the series  



15n
n
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converges; this can be proved with the help of the sign by d’Alembert. 
Investigate the following series for absolute and conditional convergence: 

3.  





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




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1

1
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n
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n
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1
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1
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n

n

n
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n
cos . As 

n
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n 2

1
lim 2


=0, then the initial series converges. The series formed of 

absolute values behaves like to the series with the common term 
n

1
, as 

n
~

n
cos

n 2

11
1


 . Therefore, it diverges. Thus the series 
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
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
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

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
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1

1
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n
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n
cos  is conditionally converging. 

4.  






1

11
1

n

n

n
sin

n
arctg  . 

Solution. As 
2
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n
~

n
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n
arctg

n 
 , then 







1

11

n
n
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n

arctg  converges, 

from here the absolute convergence of the series follows. 



5.  








1
37

12
1

n

n

n

n
. 

Solution. The series diverges as the necessary condition of the 

convergence does not take place: 0
7

2
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limlim 





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n
a

n
n
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6. 
 
 







4
3

1

n

n

nlnn
. 

Solution. Let us investigate for the absolute convergence, i.e. consider the 

series 
 


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3

1

n
nlnn

; 
   











 nlnnnlnn n

*

33

1
0
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1
. According to the integral sign 

by Cauchy, the series 
 



4
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1

n
nlnn

 diverges (and, therefore, the series 

 


4
3

1

n
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) diverges, as the integral 

 
 
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



4
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3
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1

33
xlnln

xln
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xlnx
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, i.e. diverges. There is no absolute 

convergence. 
According to the theorem by Leibnitz the series is conditionally 

converging, as 1) 
      
1 1

3 1 3 1nln n n ln n


 
, 2) 
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1
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14.4. Functional Series 

 

The series with terms presented by functions on the variable x  is called 

the functional series ...)x(u...)x(u)x(u n  21    

The set of the variable x values at which the series 


1n

n )x(u  converges is 

called a convergence domain of a functional series. In the domain of the series 

convergence its sum is a function of x: )x(SS  . For a convergent 

functional series 0lim 


)x(rn
n

.  

2. Find the convergence domain of the functional series 3

1

3
27

2 3

n n

n

x
x arctan

n



 
 . 

Solution According to the sign by d’Alembert the series converges x , 

satisfying the inequality 
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n

n

n
; 
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x
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
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n
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n
. 

At 
3

1
x  the series converges; at 

1

3
x   the series diverges; at 

3

1
x  we 

obtain the new numerical series 

   
 

1

1 1

1 1 1
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2 3 2 327

n
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n
n n

arctan arctan
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 


 

 
 

 
  . According to the sign by 

Leibnitz this series conditionally converges. At 
3

1
x  the numerical series 

1

1

2 3n

arctan
n



 
  diverges as 

1 1
~

2 3 2 3n
arctan

n n 
. So, the convergence 

domain of the series is: 









3

1

3

1
; . 

3. Find the convergence domain of the series: 







1

21
n
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x
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x
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u
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1
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





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n
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x
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Solution According to the sign by d’Alembert 
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At 0lim1 12  



n

n
x:x , 0lim 22 



n

n
x . 


1lim 1 x

u

u

n

n

n
the series 

converges. 

At 
2

1
1  nu:x , the series diverges. 

At 1x , according to the sign by d’Alembert we obtain: 
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1
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n
, i.e. the series converges. 

Therefore, the series converges at all x, except 1x . 
 



14.4.1.  Power Series 
 

The power series is a series like 








0

10

n

n
n

n
n )ax(a...)ax(a...)ax(aa ,  (14.1) 

consta,constai  . Particularly, if 0a , then we have the series 








0

10

n

n
n

n
n xa...xa...xaa    (14.2) 

The series (14.1) is transformed to the series (14.2) by the substitution 
yax  . 

Theorem by Abel. 1) If power series (14.2) converges at some value 
00  xx , then it absolutely converges at all values of x satisfying the 

condition 0xx  . 

2) If the power series diverges at some value 1xx  , then it diverges at all values 

of x  satisfying 1xx  . 

From here the existence of the convergence interval of a power series 

)R;R(  follows. In other words, the series converges at Rx   and diverges at 

Rx  . At the points Rx   an additional investigation for each concrete series 

is required. Interval of the convergence can degenerate to the point 0R  or 
coincide with the whole axis Оx: R . A radius of the power series 
convergence is searched for according to the formula  

1


n

n

n a

a
limR  or 

n
n

n
alim

R




1

. 

Basic properties of the power series. 
1. Inside the interval of convergence the power series sum is continuous. 
2. Inside the interval of convergence a power series can be integrated and 
differentiated term by term any number of times. Radius of the obtained power 
series convergence does not change. 

Examples 

1. Find the convergence domain of a series 


 



1

2

32

1

n
n

n

)n(

)x(
.  

Solution. Let us use the sign by d’Alembert: 
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At 1
3

1 2


 )x(
 the series converges, i.e. at 3113  x  the series 

converges. 
Let us check convergence of the series at ends of the convergence 



interval. At 13 x  we obtain the series  






 






1 1

2

2

1

32

3

n n
n

n

n)n(

)(
. The 

divergence of a series is checked by a comparison with the harmonic series 




1

1

n n
. Thus the interval of the convergence is );(x 3113  . 

2. Find the convergence domain of the series 

 



1n

n
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, 

!n

n
a

n

n  , 
 
 !n

n
a

n

n
1

1
1

1







 . 

Solution. Radius of the series convergence 
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 
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At 
e

x
1

  the series converges. Let us investigate the series convergence at the 

points 
e

x
1

 . 

At 
e

x
1

  we obtain the numerical series 
 

1

1

!
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n
n

n

n e






 . 

According to the Stirling’s formula at large n  we have n
e

n
!n

n

2







 . Let us 

consider the series 
   























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n
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e

n

n




. According to the theorem by 

Leibnitz this series converges. As convergence of a series is defined by 
behaviour of its common term at sufficiently large n , from here it follows that at 

e
x

1
  the considered series conditionally converges. 

At 
e

x
1

  the numerical series 
1

n

n
n

n

n!e





  diverges, as the series 
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


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
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

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 diverges: 









 nn n

* 1
0

2

1


, 1

2

1
p . 

So, the convergence domain is: 









e
;

e

11
. 



3. Find the convergence domain of the series 
 



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

1

2
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1

n
nn x

n
.  

Solution. Let us assume 
3

1




x
y , then we obtain the power series 

 







1

2

5

1

n
n

nyn
. Its radius of convergence is 
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 

5
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1
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



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n
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From here the initial series convergence at 
5

1
3 x follows. At 

5

1
3 x  we 

have the divergent numerical series  










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1
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n
n

, as   01lim 2 
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n
n

; 

at 
5

1
3 x  the series also diverges. The convergence domain of the series is 

.;;x 
















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5
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4. Find the series sum ...
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x
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x
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Solution. The convergence radius of the series is

 1

1

1

1

limlim

1











n

n

a

a
R

n
n

n

n
. 

At 1x  we obtain the divergent series 


1

1

n n
. At 1x  we obtain the 

alternating series 
1

1
( 1)n

n n





 , which is conditionally convergent according to the 

sign by Leibnitz. So, the initial series converges at [ 1 1)x ;  . 

 


