Lection 2.
LIMITS THEORY

2.1. Limit of Numerical Sequence

If to every natural number there corresponds the definite real
number x, then it is said that numerical sequence

X, } = X0, Xoy ey X,y oony IS given. Numbers x;, X,, X,... are called terms
of this sequence. If » is an arbitrary (current) natural number, then
expression x, = f(n) is called general term of the numerical sequence.
So the general term x,, is a function of the natural number x, = f(n).
Definition. Ordered infinite set of numbers
X} = X0 Xoy ooy Xy o (2.1)

is called numerical sequence if each number x  (n=1, 2, ..)isa
function of some natural number, that is x, = f(n).
Example 1. In numerical sequence

-1,1,-1,1,-1, 1, ...
common term is equal to (-1)".

Example 2. Let us consider the sequence
111

4’9167

Obviously that the general term is x, = iz
n

So the numerical sequence (2.1) is particular case of the ordered
discrete variable taking values x;, X,, X;... .

Definition. The numerical sequence is called bounded from above if
there is such number Q, that

X, <Q (or x, <Q) VneN.

Definition. The numerical sequence is called bounded from bellow
if there is such number P that
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X, >P (or x,>P) Vne N.
Definition. The numerical sequence bounded both from above and
from bellow is called bounded.
It is clear that the numerical sequence is bounded if and only if

when M| |x,[<M VneN.

Obviously if a numerical sequence is bounded from above (bellow)
then there exist infinite set of numbers such that x, <Q, <Q, <... (

X, >P >P,>..).

Definition. The least value of all upper bounds is called supremum (
supx,, =a-least upper bound).

Definition. The greatest value of all lower bounds is called infimum (
inf x, =bthe greatest lower bound).

Theorem (without proof). Any non-empty bounded from above
(below) set of real numbers has a finite supremum (infimum).

Definition. Constant number a is called limit of numerical sequence
(2.1) if for every arbitrarily small positive number € > 0 it is possible to
indicate such number N(g) that the following inequality

X, —a <e (2.2)
is fulfilled Yn>N.

In this case we write that
a=Ilimx,. (2.3)

nN—0

So
la=limx, )< (Ve>0 3IN(E) Yn= N =[x, —a|<e).

N—o0

Equality (2.3) based on expression (2.2) means geometrically that
starting with n=N +1 all points x, belong to ¢-neighborhood of the

point x =a. But we can take ¢ arbitrary small it means that as n — o
points x, will be thicken around point x = a.
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So each an arbitrary small neighborhood of the point a contains infinite
set of points X, Xy.;» Xni2» Xnszs---» and in the same time only finite

¢ X X
X N+l N+2 N+3

Fig. 2.1

number of points x,: x;, X,, .., Xy, may be outside of each e-
neighborhood (Fig. 2.1).

2.2. The Simplest Properties of the Limits

1. Any numerical sequence has only one limit.
2. Limit of the constant is equal to the same constant, that is, ima=a.

n—o0

3. Theorem. If a sequence has a limit equal to a (limx, =a) and
N—o0

a<b (a>c) then there exists such number N (3N) that
vn>N = x, <b(x, >c).
Note. In particular if b=0 and limx,=a, a>0, (a<0) then

N—o0

beginning with some number N all values of the variable x,, (n>N)
will be positive (negative) as well, that is, x, >0 (x, <0). Analogously
the case (a>c) may be proved. But in this case as ¢ it should be taken
g=a-cC.

4. Theorem. If a sequence has limit (ﬂlim X, =a) and all values of the

—>0

variable x, <b (x, >c), (¥n>N) starting with some N then a<b
(a>Db) as well.
5. Theorem. If imx, =a, limy,=b and x, <y, then a<b.

nN—0 N—o0

6. Theorem. (The first sign of limit existence). If u, <x, <v, ¥n
and limu, = limv,_ =a then sequence {x,} has also limit equal to a.

N—c0 N—o0
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B Indeed by definition of limit it follows that
Ve>0, IN,, V(n=N,)=|u, —a <,

or
a—-g<u,<a+g, vVn>N,; (2.5)
and 3N,, V(n=N,)= v, —a|<e,
or
a—-e<v,<a+g, Vn>N,. (2.6)

Let N = max(Nl, N, ). Then the both inequalities (2.5) and (2.6) would
be fulfilled simultaneously starting with N. Taking into account the
initial condition it may be written

a—e<U, <X, SV, <a+g =>a-e<X,<a+g=|X,—a<e

It means that lim x, =a.0

N—00

Sometime property 6 is called the theorem about “2 policemen”.
Note. If sequence {x,} has limit equal to a, then it is called
convergent to the number a. Obviously that addition and subtraction
finite number of the terms do not influent on convergence of this
sequence.

8. Theorem. If a numerical sequence has a limit lim x, =a then it is

nN—o0

bounded, that is, there exists such number M that |x,|<M ¥neN (N -
Is set of natural numbers).

Note. Inverse statement to the theorem 3 is not true that is, sequence
can be bounded but has no limit. For example, sequence 0, 1, 0, 1, ...

2.3. Limit of Monotonic Sequence

Definition. The numerical sequence {x,} is called monotone
increasing (decreasing) if the following inequality

Xn < Xn+l (Xn > Xn+1)
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isvalid Vhe N.

9. Theorem. Any bounded from above monotone increasing

numerical sequence has limit and this limit is equal to the supremum, i.e.
limx, =a,

n—o0

where a =supx,, X, < X,,4, VN.

n
10. Theorem. Any bounded from below monotonic decreasing
numerical sequence has limit and this limit is equal to infimum, i.e.
limx, =a,

nN—o0

vn.

n+1?

where a =inf x,, X, > X
n

n+l?

2.4. Infinitesimals and their Main Properties

Definition. A sequence {o,}=o0,,a,,0,,.. is called infinitesimal if
limao, =0, i.e., for every however small positive number & >0 there

N—o0

exists such number N that starting with this number the following
inequality

o, | <€
holds true ¥n> N . In other words sequence {a,} is called infinitesimal

if absolute value of its terms becomes and remains smaller than any
however small positive value, as n — .

n-1
Example. Let o, = (1) then

n ]

1 1 1 1
oy :E,(Xz :—Z,O(3 =§,OL4 :—E,...

If we take enough large n we make value |o.,| by an arbitrary small, so

lima, =0.

nN—o0

From definition of infinitesimal it follows that if sequence {a,} is

infinitesimal then sequence {- o, } is infinitesimal as well.
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Some Properties of Infinitesimals:
1) The sum of finite numbers of infinitesimals is also an infinitesimal.
Consequence. The sum of infinite number of infinitesimal sequences
may not be an infinitesimal sequence. For example,

1 1 1 1 1 1 1
—+—+t—=—7—>0 —+—+...+—=1=const
n° n n° n n n n
- _J
Y
n 1tems

f f f =Vn 3¢,

2) The product of an infinitesimal and bounded sequences is
infinitesimal sequence
Consequence. The product of an infinitesimals is infinitesimal.
Note. Product of infinitesimal and unbounded sequences may not
be infinitesimal sequence. For example,
1 1

1 1
—-n=>=-0;, =-n=1=const; ~ n=+Jn > +w .
n N n—o n \/ﬁ n—oo

Theorem. A number a is a limit of sequence {x,}, if and only if the
difference {x, —a} is an infinitesimal. So any numerical sequence, which
has a limit, differs from it on the infinitesimal. If a = lim x_, then

X, =a+o,, (2.8)
where {a,} is infinitesimal.

2.5. Properties of Limits Connected with Arithmetic
Operations

1. Theorem. The limit of algebraic sum of convergent sequences is
equal to the algebraic sum of those limits.
WmLlet limx, =a, limy,=b. Then

N—o0 N—co0
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1) lim(x, +y,)=a+b, or lim(x, £y, )=limx_ +limy,.

N—o0 N—o0 N—o0 N—o0

2) limx,y, =ab, or limx,y,=Ilimx, -limy, O

n—o0 N—o0 n—oo nN—o0

3) Constant factor may be taken out of the limit sign.

limex, =limc-limx, =c-limx,

N—o0 N—o0 N—o0 N—o0
Where ¢ =const.
lim X
X a n .
4) lim t=—=02=2__if b=0
ey, b limy,
n—oo

0

: : X
Note. If limy, =0and lim x, =0, then lim — =o0. The case when

n—oo n—oo N—>co yn
(”Iim X, :O)/\(l!im Y, =0)
will be considered below.

2.6. Infinitely Large Values and Their Main Properties

Definition. Numerical sequence {x,} is called infinitely large, if for
each arbitrary large fixed number M >0 starting with some N it will be
x,|>M for all ¥n>N. This fact is denoted by x, — oo or lim x, = .

n—oo N—»00

From this definition it follows that if {x,} is infinitely large value then
sequence {- x, } is infinitely large too.
Example 1. The variable x, =~/n—1. Is infinitely large value

If X, — o and if starting with some N it will be x, >0 ¥n>N

N—c0

then we will write X, —+o or limx, =+o. In the same way such

N—00 N—00

equality
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lim X, = —o

N—c0

Is defined.
Example 2. Let us consider the sequence x, =+/n* —1. It is obviously
that lim x,, = +o.

nN—o0

Some properties of infinitely large values:

1. Sum of an infinitely large value and bounded value is an
infinitely large value.

2. Sum of infinitely large values of the same sign is an infinitely
large value of the same sign.

3. Product of two infinitely large sequences and is infinitely large
sequence.

4. Product of infinitely large sequence and sequence which does not
turn into zero is infinitely large sequence.

2.7. The Connection Between Infinitely Large and
Infinitesimals

Theorem. If {x,} is an infinitely large value then {an}:{i} is an

infinitesimal sequence.
Theorem. If {a,} is infinitesimal sequence and o, = 0 at each n then

{x,}= {i} is infinitely large sequence.

&

2.15. Comparison of the Infinitesimals

In order to compare two infinitesimals values it is necessary to
calculate limit of their ratio.

Let the values o and 3 be infinitesimals values. If lim % =0, then

it means that o approaches zero more quickly than . In this case we
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will say that o is an infinitesimal value of the higher order than g and
write:

a.=0(B).
Example 1. Let us compare two infinitesimals values
1 1
an, = VR IBn -
n n

as n — oo. With this purpose we calculate the following limit

. o .. n o1
Iim =" = [lim — = lim==0.
n—>ooﬂn n—o n—o N

It means that a.=o(B).

If lim < = o, then we will say that the infinitesimal o is value of
lower order than B. Obviously that in this case B =o0(a.).

If lim>=c, where c<w and c=0, then a and B are called

Infinitesimals values of the same order. In this case we will write:
a=07(B),or B=0"(a).

Example 2. Let values o, =1/~/1+n, B, =5/-/n be givenas n— oo
. Then

. 1 . 1
I|m—_I|m =lim ———=Ilm —— =

Vn 1
n—>oo n n-o5.14+n now 5( 1+nj n—o 5( /1+1j 5 |
n n

i.e.,as n—oo, then a,=0(3,).
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Definition. An infinitesimal o is called an infinitesimal of the k -th

order relative to an infinitesimal B, if a :O*(B"), that is, if lim—- =c,
ﬁk

where c is an arbitrary finite number which is not equal to zero.

2.16. Equivalent Infinitesimals
Definition. Infinitesimals values a and (3 are called equivalent ones

if lim > =1. The equivalent infinitesimals are denoted by: o ~ 3.

: : 1 1
Example. Let us consider the variables a, =—, B, = 1 as n — .
n n+

Then

.o . n+1
Iim —"=|im——=1.

N—>0 B L

Hence o, ~ B, as n — oo.
The properties of the equivalent infinitesimals
1. If (a~B)A(B~y)= (o ~y) (Transitivity).
2. Theorem. In order for two infinitesimals o and 3 to be equivalent
it is necessary and sufficient that their difference be an infinitesimal of
the higher order than every of them.
Theorem. The limit of the ratio of two infinitesimals does not change
iIf this ratio is changed by equivalent values.
W Let us suppose thato ~ o ,3 ~ ;. Then
lim > = Iim[g-ﬁ-&]: jim - fim %4 lim P2 = 1..1im %11 = lim %1,
o, Py Oy B B B By
Which is what had to be proved.CI
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Theorem. At adding of two infinitesimal values of the different order
it is possible to ignore by infinitesimal of higher order, because remain
term will be equivalent to all sum.

B Let us suppose that

p

y=a+p, ,3=0(a):|im—=0:|ima+'8=1_
a o

Which is what had to be proved.OI

Consequence. While calculation of limits we can ignore in
numerator and denominator by infinitesimals of higher order because
limit does not change since remain expressions be equivalent to initial
ones. Later we prove that values presented in Tables 1 and 2 are
equivalent.
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