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Lection 2.  

 LIMITS THEORY 

 

2.1. Limit of Numerical Sequence 
 

If to every natural number there corresponds the definite real 

number nx  then it is said that numerical sequence 

  ...,,...,,, 21 nn xxxx   is given. Numbers ...,, 321 xxx  are called terms 

of this sequence. If n  is an arbitrary (current) natural number, then 

expression  nfxn   is called general term of the numerical sequence. 

So the general term nx  is a function of the natural number  nfxn  . 

Definition. Ordered infinite set of numbers  

  ...,...,,, 21 nn xxxx         (2.1) 

is called numerical sequence if each number  ...,2,1nx
n

 is a 

function of some natural number, that is  nfxn  . 

Example 1. In numerical sequence  

–1, 1, –1, 1, –1, 1, …  

common term is equal to  n1 . 

Example 2. Let us consider the sequence 

,...
16

1
,

9

1
,

4

1
,1  . 

Obviously that the general term is 
2

1

n
xn  . 

So the numerical sequence (2.1) is particular case of the ordered 

discrete variable taking values ...,, 321 xxx  . 

Definition. The numerical sequence is called bounded from above if 

there is such number Q , that 

Qxn   (or Qxn  ) Nn . 

Definition. The numerical sequence is called bounded from bellow 

if there is such number P  that 
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Pxn   (or Pxn  ) Nn . 

Definition. The numerical sequence bounded both from above and 

from bellow is called bounded. 

It is clear that the numerical sequence is bounded if and only if 

when NnMxM n  . 

Obviously if a numerical sequence is bounded from above (bellow) 

then there exist infinite set of numbers such that ...21  QQxn  (

...21  PPxn ). 

Definition. The least value of all upper bounds is called supremum (

axn sup -least upper bound).  

Definition. The greatest value of all lower bounds is called infimum (

bxn inf the greatest lower bound).  

Theorem (without proof). Any non-empty bounded from above 

(below) set of real numbers has a finite supremum (infimum). 

  

Definition. Constant number a  is called limit of numerical sequence 

(2.1) if for every arbitrarily small positive number 0  it is possible to 

indicate such number  N  that the following inequality  

 axn        (2.2) 

is fulfilled Nn  . 

In this case we write that  

n
n

xa


 lim .    (2.3) 

So  

    


axNnNxa nn
n

0lim . 

Equality (2.3) based on expression (2.2) means geometrically that 

starting with 1 Nn  all points nx  belong to  -neighborhood of the 

point ax  . But we can take   arbitrary small it means that as n  

points nx  will be thicken around point ax  .  
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So each an arbitrary small neighborhood of the point a  contains infinite 

set of points nx : 1Nx , 2Nx , 3Nx ,…, and in the same time only finite 

number of points nx : Nxxx ...,,, 21  may be outside of each  -

neighborhood (Fig. 2.1).  

 

2.2. The Simplest Properties of the Limits  
 

1. Any numerical sequence has only one limit.  

2. Limit of the constant is equal to the same constant, that is, aa
n




lim . 

3. Theorem. If a sequence has a limit equal to a ( axn
n




lim ) and 

ba    ca   then there exists such number N  N  that 

 cxbxNn nn  . 

Note. In particular if 0b  and axn
n




lim , 0a ,  0a  then 

beginning with some number N all values of the variable  Nnxn ,  

will be positive (negative) as well, that is,  00  nn xx . Analogously 

the case  ca   may be proved. But in this case as   it should be taken 

ca  . 

4. Theorem. If a sequence has limit  axn
n




lim  and all values of the 

variable bxn    cxn  ,  Nn   starting with some N then ba   

 ba   as well. 

5. Theorem. If axn
n




lim , byn
n




lim  and nn yx   then ba  . 

6. Theorem. (The first sign of limit existence). If nnn vxu   n  

and avu n
n

n
n




limlim  then sequence  nx  has also limit equal to a . 

  а 

   

Fig. 2.1 

х 
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■ Indeed by definition of limit it follows that  

0 , 1N ,    auNn n1 , 

or 

, aua n  1Nn     (2.5) 

and 2N ,    avNn n2 , 

or 

, ava n  2Nn  .    (2.6) 

Let  21,max NNN  . Then the both inequalities (2.5) and (2.6) would 

be fulfilled simultaneously starting with N. Taking into account the 

initial condition it may be written 

, avxua nnn  axaxa nn ,  

It means that axn
n




lim .□ 

Sometime property 6 is called the theorem about “2 policemen”. 

Note. If sequence  nx  has limit equal to a , then it is called 

convergent to the number a . Obviously that addition and subtraction 

finite number of the terms do not influent on convergence of this 

sequence. 

8. Theorem. If a numerical sequence has a limit axn
n




lim  then it is 

bounded, that is, there exists such number M that Mxn   Nn  (N – 

is set of natural numbers). 

  

Note. Inverse statement to the theorem 3 is not true that is, sequence 

can be bounded but has no limit. For example, sequence 0, 1, 0, 1, … 

 

2.3. Limit of Monotonic Sequence 
 

Definition. The numerical sequence  nx  is called monotone 

increasing (decreasing) if the following inequality 

1 nn xx   1 nn xx  
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is valid Nn . 

9. Theorem. Any bounded from above monotone increasing 

numerical sequence has limit and this limit is equal to the supremum, i.e. 

axn
n




lim , 

where n
n

xa sup , 1 nn xx , n . 

10. Theorem. Any bounded from below monotonic decreasing 

numerical sequence has limit and this limit is equal to infimum, i.e. 

axn
n




lim , 

where n
n

xa inf , 1 nn xx , n . 

2.4. Infinitesimals and their Main Properties 

 

Definition. A sequence   ,...,, 321 n  is called infinitesimal if 

0lim 


n
n

, i.е., for every however small positive number 0  there 

exists such number N that starting with this number the following 

inequality  

n  

holds true Nn  . In other words sequence  n  is called infinitesimal 

if absolute value of its terms becomes and remains smaller than any 

however small positive value, as n . 

Example. Let 
 

n

n

n
2

1
1


 , then 

,...
16

1
,

8

1
,

4

1
,

2

1
4321   

If we take enough large n  we make value n  by an arbitrary small, so 

0lim 


n
n

. 

From definition of infinitesimal it follows that if sequence  n  is 

infinitesimal then sequence  n  is infinitesimal as well. 
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 Some Properties of Infinitesimals: 

1) The sum of finite numbers of infinitesimals is also an infinitesimal. 

Consequence. The sum of infinite number of infinitesimal sequences 

may not be an infinitesimal sequence. For example, 

const1
1

...
11

;0
11

...
11

222


 nnnnnnn n
 

   


n

n
nnn

1
...

11
. 

2) The product of an infinitesimal and bounded sequences is 

infinitesimal sequence 

Consequence. The product  of an infinitesimals is infinitesimal. 

Note. Product of infinitesimal and unbounded sequences may not 

be infinitesimal sequence. For example,  

;1
1

;0
11

2
constn

nn
n

n n





n
nn

n

1
. 

 

Theorem. A number a  is a limit of sequence  nx , if and only if the 

difference  axn   is an infinitesimal. So any numerical sequence, which 

has a limit, differs from it on the infinitesimal. If n
n

xa


 lim , then 

nn ax  ,    (2.8) 

where  n  is infinitesimal. 

 

2.5. Properties of Limits Connected with Arithmetic 

Operations 
 

1. Theorem. The limit of algebraic sum of convergent sequences is 

equal to the algebraic sum of those limits. 

■ Let axn
n




lim , byn
n




lim . Then  

n   items 
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1)   bayx nn
n




lim ,    or            n
n

n
n

nn
n

yxyx


 limlimlim .  

2) abyx nn
n




lim ,  or  n
n

n
n

nn
n

yxyx


 limlimlim .□ 

3) Constant factor may be taken out of the limit sign. 

n
n

n
nn

n
n

xcxccx


 limlimlimlim  

 Where  constc .  

4)

 

0,
lim

lim
lim 






bif

y

x

b

a

y

x

n
n

n
n

n

n

n
 

 

.□ 

Note. If 0lim 


n
n

y  and 0lim 


n
n

x , then 


n

n

n y

x
lim . The case when 

   0lim0lim 


n
n

n
n

yx  

will be considered below. 

 

2.6. Infinitely Large Values and Their Main Properties 
 

Definition. Numerical sequence  nx  is called infinitely large, if for 

each arbitrary large fixed number 0M  starting with some N it will be 

Mxn  for all Nn  . This fact is denoted by 
n

nx  or 


n
n

xlim . 

From this definition it follows that if  nx  is infinitely large value then 

sequence  nx  is infinitely large too. 

Example 1. The variable  1 nxn . Is infinitely large value 

If 
n

nx  and if starting with some N it will be 0nx  Nn   

then we will write 
n

nx  or 


n
n

xlim . In the same way such 

equality 
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


n
n

xlim
 
 

is defined. 

Example 2. Let us consider the sequence 12  nxn . It is obviously 

that 


n
n

xlim . 

Some properties of infinitely large values:  

1. Sum of an infinitely large value and bounded value is an 

infinitely large value. 

 2. Sum of infinitely large values of the same sign is an infinitely 

large value of the same sign. 

 3. Product of two infinitely large sequences and is infinitely large 

sequence. 

4. Product of infinitely large sequence and sequence which does not 

turn into zero is infinitely large sequence. 

 

2.7. The Connection Between Infinitely Large and 

Infinitesimals 
 

Theorem. If  nx  is an infinitely large value then  









n

n
x

1
 is an 

infinitesimal sequence. 

Theorem. If  n  is infinitesimal sequence and 0n  at each n  then 

 











n

nx
1

 is infinitely large sequence. 

2.15. Comparison of the Infinitesimals 
 

In order to compare two infinitesimals values it is necessary to 

calculate limit of their ratio.  

Let the values   and  be infinitesimals values. If 0lim 



, then 

it means that   approaches zero more quickly than . In this case we 
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will say that   is an infinitesimal value of the higher order than   and 

write:  

  o .  

Example 1. Let us compare two infinitesimals values 

nn
nn

1
,

1
2

   

as n . With this purpose we calculate the following limit 

0
1

limlimlim
2


 nn

n

nn
n

n

n 


. 

It means that   o . 

If 



lim , then we will say that the infinitesimal   is value of 

lower order than . Obviously that in this case   o .  

If c



lim , where c  and 0c , then   and  are called 

infinitesimals values of the same order. In this case we will write: 

  *O , or   *O .  

Example 2. Let values ,1/1 nn   nn /5  be given as n

. Then 

5

1

1
1

5

1
lim

1
5

1
lim

15
limlim 




















 







nn

nn

n

nnn
n

n

n 



, 

i. е., as n , then  nn O  * .  
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Definition. An infinitesimal   is called an infinitesimal of the k -th 

order relative to an infinitesimal , if  kO  * , that is, if c
k





lim , 

where c  is an arbitrary finite number which is not equal to zero.  

 

2.16. Equivalent Infinitesimals 
 

Definition. Infinitesimals values   and  are called equivalent ones 

if 1lim 



. The equivalent infinitesimals are denoted by:  ~ . 

Example. Let us consider the variables 
1

1
,

1




nn
nn  as n . 

Then 

1
1

limlim 







 n

n

n
n

n

n
. 

Hence nn  ~  as n .  

The properties of the equivalent infinitesimals 

1. If       ~~~  (Transitivity).  

2. Тheorem. In order for two infinitesimals   and   to be equivalent 

it is necessary and sufficient that their difference be an infinitesimal of 

the higher order than every of them. 

Theorem. The limit of the ratio of two infinitesimals does not change 

if this ratio is changed by equivalent values. 

■ Let us suppose that 11 ~,~  . Then 

1

1

1

11

1

1

1

1

1

1

1

lim1lim1limlimlimlimlim

















































, 

Which is what had to be proved.□ 
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Theorem. At adding of two infinitesimal values of the different order 

it is possible to ignore by infinitesimal of higher order, because remain 

term will be equivalent to all sum.  

■ Let us suppose that  

  1lim0lim, 










 o . 

Which is what had to be proved.□ 

Consequence. While calculation of limits we can ignore in 

numerator and denominator by infinitesimals of higher order because 

limit does not change since remain expressions be equivalent to initial 

ones. Later we prove that values presented in Tables 1 and 2 are 

equivalent. 

 


